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Editorial

The IXth International Workshop on "Intelligent Statistical Quality Control" took
place in September 2007 in Beijing, China, and was hosted by Professor Quan-lin
Li (chairman) and Professor Wu Su (co-chairman), Department of Industrial
Engineering, Tsinghua University, Beijing, P. R. China. The workshop itself was
jointly organized by Professors H.-J. Lenz, P.-T. Wilrich and Quan-Lin Li.

The twenty-three papers in this volume are carefully selected, reviewed and
revised for this volume, and are divided into three parts: Part I: “On-line Control —
Control Charts”, Part II: “On-line Control — Surveillance Sampling and Sampling
Plans” and Part I1I: “Off-line Control”.

In Part I “On-line Control — Control Charts”, Knoth starts with a general view
on this topic in his contribution “Control Charting Normal Variance — Reflections,
Curiosities, and Recommendations”. The author looks especially at two-sided
setups, discusses competing statistics like S and S* used for variance monitoring
and makes recommendations.

Tsung and Wang make a plea for adaptive charts in their paper entitled “Adaptive
Charting Techniques: Literature Review and Extensions”. They compare the
performance of a double-sided directionally variant chart with conventional
multivariate charts. The detection power of unpredictable shifts and robustness are
the two great advantages of their charts.

Reynolds and Stoumbos’ jointly author the paper “Multivariate Monitoring of the
Process Mean and Variability Using Combinations of Shewhart and MEWMA
Control Charts”. They analyze the problem of simultaneously control charting the
mean and the variability of multivariate normal variables. They recommend a
combination of MEWMA charts that includes one chart based on the squared
deviations from target.

Colosimo, Mammarella and Petro in their paper on “Quality Control of
Manufactured Surfaces” study multivariate surface monitoring where the quality
characteristic is the response to one or more location variables (in time or space).
They present a new method which is based on a combined spatial autoregressive
regression model.

In “Statistical Process Control for Semiconductor Manufacturing Processes”
Higashide, Nishina, Kawamura and Ishii consider SPC for the semiconductor
manufacturing chemical industry where automatic process adjustment and process
maintenance are widely used. Two case studies are presented related to adjustment
and maintenance of auto-correlated processes.



vi Editorial

Cheng and Thaga in their paper “The MAX-CUSUM Chart” propose a single
CUSUM control chart capable of detecting changes in both mean and standard
deviation. They make a comparative study with other single charts like the Max-
EWMA chart and Max chart based on the ARL criterion.

Hryniewicz and Szediw propose a new control chart based on Kendall’s t in their
study entitled “Sequential Signals on a Control Chart Based on Nonparametric
Statistical Tests”. In the case of a Gaussian auto-regressive production process this
chart behaves in a similar way to the well known autocorrelation chart, but it is
more robust in non-Gaussian cases.

A slightly different perspective on control charts is taken by Golosnoy, Okhrin,
Ragulin and Schmid in “On the Application of SPC in Finance”. The field of
interest is a fast on-line detection of changes of the optimal portfolio of a financial
investor. Different types of EWMA and CUSUM control charts are analyzed by
an extensive Monte Carlo simulation study using the ARL.

In Part II “On-line Control — Surveillance Sampling and Sampling Plans”
Frisén pre-sents a paper on ‘“Principles for Multivariate Surveillance”. She
reviews general approaches and makes suggestions on the special challenges of
evaluating multivariate surveillance methods.

Woodall, Grigg and Burkom present an overview paper entitled “Research Issues
and Ideas on Health-Related Surveillance” and compare surveillance methods
used in health-care with industrial quality control.

In his paper “Surveillance sampling schemes” Baillie proposes a new type of
sampling scheme for the simultaneous acceptance inspection of a number of large
lots of similar size. For a beta prior distribution of the process fractions
nonconforming, the expected proportion of lots accepted and the expected number
of items inspected per lot are derived analytically.

Matsuura and Shinozaki in “Selective Assembly for Maximizing Profit in the
Presence and Absence of Measurement Error” study the selective assembly of two
mating components. They assume that the two component dimensions are
normally distributed with equal variance, and that measurement error, if any, is
Gaussian, too. It is shown numerically that the expected profit based on a density
optimal partition decreases with increasing variance of the measurement error.

In his paper “A New Approach to Bayesian Sampling Plans” Wilrich designs a
new (adaptive) Bayesian sampling plan for inspection by attributes based on a beta
binomial model. The lot acceptance decision is directly based on the posterior
distribution of the fraction nonconforming in the lot. The author illustrates that the
adaptive single Bayesian plan dominates the equivalent ISO plans.
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In Part III “Off-line Control” von Collani and Baur in “Stochastic Modelling as
a Tool for Quality Assessment and Quality Improvement Illustrated by Means of
Nuclear Fuel Assemblies” are concerned with modelling the quality assessment of
fuel rods. Their Bernoulli-space model enables an accurate prediction of the
performance of fuel rods, and supports a safe increase of the burn-up of nuclear
fuel.

Mastrangelo, Kumar and Forrest in “Hierarchical Modeling for Monitoring
Defects” propose a hierarchical linear model for linking the impact of process
variables to defect rates. Process data drawn from the various gates are used to
estimate the defect rates. Additionally, the output from the sub-models may be
monitored with a control chart that is ‘oriented’ towards yield.

Gob and Miiller on “Conformance Analysis of Population Means under Restricted
Stratified Sampling” analyze risk-based auditing. The authors propose a restricted
stratified sampling plan as an alternative for auditing.

In “Data Quality Control based on metric data models” Képpen and Lenz consider
metric variables linked by the four arithmetic operators due to balance equations.
Assuming a multivariate Gaussian distribution and an error in the variables model
estimation of the unknown (latent) variables, the authors use MCMC-simulation to
determine the “exact” distributions in non-normal cases and under cross-
correlation.

Process capability studies are an important part of modern off-line control. Spiring
picks up this topic in his contribution “The Sensitivity of Common Capability
Indices to Departures from Normality”. The author devises a procedure to analyze
the robustness of Cpw to departures from normality, and discusses its impact.

In his paper “A note on the estimation of restricted scale parameters of Gamma
distributions”, Chang derives an admissible estimator for the scale parameter of a
Gamma distribution. Simulation results illustrate the improvement of the new
estimator compared with the traditional ones.

Kametani, Nishina and Suzuki investigate whether or not there exists an
empirical relationship between the maturity of quality concerning the environment
and the environmental lifestyle. The survey supports such a hypothesis for Japan.

Yasui, Ojima and Suzuki reconsider the Box and Meyer statistic in their study
“On Identifying Dispersion Effects in Unreplicated Fractional Factorial
Experiments”. The distribution of the statistic under the null hypothesis is derived
for unreplicated fractional factorial experiments. The power of the test for the
detection of a single active dispersion effect is evaluated.
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Suzuki, Yasui and Ojima look at tournament systems in sports. In their paper
“Evaluating Adaptive Paired Comparison Experiments” they remind the reader
that in the incomplete case forming pairs is crucial. They propose an evaluation
method, a new criterion, and give examples.

The study ”Approximated Interval Estimation in the Staggered Nested Designs for
Precision Experiments” is authored by Yamasaki, Okuda, Ojima, Yasui and
Suzuki. For the interval estimation of reproducibility a staggered nested precision
experiment is proposed and evaluated by a Monte-Carlo simulation experiment.

The quality of any workshop is primarily shaped by the quality of papers that are
presented at the meeting and their subsequent revision and submission for
publication. The editors would like to express their deep gratitude to the members
of the scientific programme committee, who did a superb job concerning the
recruiting of invited speakers and the refereeing of the papers:

Mr David Baillie, United Kingdom
Prof. Elart von Collani, Germany
Prof. Olgierd Hryniewicz, Poland
Prof. Hans-J. Lenz, Germany

Prof. Quan-lin Li, P. R. China
Prof. Yoshikazu Ojima, Japan
Prof. Peter-Th. Wilrich, Germany
Prof. William H. Woodall, U.S.A.

We would like to thank very much our colleague Quan-lin Li and his students of
the Department of Industrial Engineering, Tsinghua University, Beijing, who very
efficiently supported the organization of the workshop: Mrs. Qingin Zhang, Mrs.
Rui Liu, Mr. Junjie Wu and Mr. Shi Chen.

Moreover, we again thank Physica-Verlag, Heidelberg, for their continuing
efficient collaboration.

Finally, we are very sad to announce that three former participants have passed
away: Professors Poul Thyregod, Zachary G. Stoumbos and Edward G. Schilling.
Poul Thyregod was a permanent member of the programme committee for many
years until he retired. Furthermore, he acted as the host of the third workshop at
the Technical University of Denmark, Lyngby, 1986.

Berlin, February 2009 Hans - J. Lenz
Peter - Th. Wilrich
Wolfgang Schmid
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Part 1

On-line Control

Control Charts



Control Charting Normal Variance —
Reflections, Curiosities, and Recommendations

Sven Knoth

Engineering, Advanced Mask Technology Center’, Dresden, Germany,
Sven.Knoth@amtc-dresden. com, http://www.amtc-dresden.com

Summary. Following an idea of Box, Hunter & Hunter (1978), the consideration of
the log of the sample variance S? became quite popular in SPC literature concerned
with variance monitoring. The sample standard deviation S and the range R are
the most common statistics in daily SPC practice. SPC software packages that
are used in semiconductor industry offer exclusively R and S control charts. With
Castagliola (2005) one new log based transformation started in 2005. Again, the
search for symmetry and quasi-normality served as reason to look for a new chart
statistic. Symmetry of the chart statistic could help in setting up two-sided control
charts. Here, a comparison study is done that looks especially to the two-sided setup,
straightens out the view of the available set of competing statistics used for variance
monitoring and, eventually, leads to recommendations that could be given in order
to choose the right statistic.

1 Introduction

Monitoring the mean of normally distributed random variable is the most pop-
ular task within Statistical Process Control (SPC). For setting up the related
control charts, one has to identify the underlying variance. Its value influences
the chart design and performance heavily. Thus, it seems to be reasonable to
check continuously the assumption about a certain variance level. Of course,
there are further objectives of applying variance control charts, e.g., in the
field of monitoring uniformity.

Before starting with estimating or monitoring variance, one may (or
should) take into account that there could be several variance components.
This was already considered in, e.g., Yashchin (1994), Woodall & Thomas
(1995), and Srivastava (1997). This paper will focus on one variance compo-
nent.

A further important topic is the amount of data that are collected at a
given time point. The usual assumption is that the size of the sample could

TAMTC is a joint venture of Qimonda, AMD and Toppan Photomasks.

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_1, © Springer-Verlag Berlin Heidelberg 2010
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be chosen freely. Three major types could be distinguished here: (i) only one
data point per time, (ii) a small (possibly arbitrary) number larger than one,
and (iii) a large number. To illustrate all three cases consider two examples
from daily practice in a mask shop like AMTC (Advanced Mask Technology
Center), a company that is producing photomasks for wafer fabs. On certain
monitor masks a larger number (100 and more) of lines are measured in order
to monitor both mean level and variation. These lines (the so-called critical
dimensions or abbreviated CD) have nominally the same size. Then average
and standard deviation are calculated and used in a control chart. For an
appropriate SPC setup for the mean one has to regard the mask-to-mask
variation, consequently situation (i) is present. For monitoring variation on the
mask one has to deal with (iii). These CD values are usually determined with
a CD SEM (scanning electron microscope). Now, the CD SEM is monitored
by repeating measurements at some fixed locations on a further specific mask.
The number of repetitions has to be small, because the measured structures
become more and more contaminated so that the CD size will change. Thus,
situation (ii) is present. In case (i), typical approaches are relying on the
Moving Range or certain measures of deviation from a given mean value pg
(see Acosta-Mejia & Pignatiello Jr. (2000) or also Domangue & Patch (1991)).
This is not studied here. Nevertheless, it is an interesting and challenging
topic. In case (iii) certain approximations will work quite well. In this paper,
case (ii) will be studied in deeper detail.

In the first decades of executing SPC, R (range) and MR (moving range)
control charts dominated (they survived in a lot of SPC software packages,
quality circles etc.). Besides, control charts based on the sample variance
S? and it’s square root S were considered. Later on, EWMA (exponentially
weighted moving average) and CUSUM (cumulative sum) control charts were
constructed for nearly all considered statistics.

In the late 20th century a number of papers were written that compared
several of these charts. It is possible that one of the items on the list ”Gen-
eral Trends and Reseach Ideas” (in SPC) in Woodall & Montgomery (1999)
led to plenty of papers about monitoring variance. Woodall & Montgomery
(1999) stated: ”There has been a trend toward more research on monitoring
process variability, but more work is needed on this topic.” Thereby, a cou-
ple of transformations such as the popular log $? and the recently introduced
a+blog(S? +¢) (a,b, c are chosen to get nearly normality; Castagliola (2005)
was the beginning of a whole family of publications) should improve shape
and, hopefully, the performance of the considered schemes.

Eventually, by monitoring variance one could be interested in detecting
increases and /or decreases. While an increased variance level indicates mostly
some trouble that should be detected and removed, a decreased variance could
weaken the performance of a simultaneously operated mean chart.

Now, this paper will focus on

e EWMA (exponentially weighted moving average) charts
e in two-sided fashion.
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The latter is chosen because all these normalizing transformations are moti-
vated by the search for symmetry (and normality). Essentially, this seems to
be reasonable only for two-sided schemes. Given the two-sided case, EWMA
control charts are more practicable by design. For applying CUSUM charts,
one has to combine two single charts. And this is, of course, a disadvantage for
application despite the (slightly) better performance. However, some remarks
about CUSUM charting for monitoring variance are given in the remaining
part of this section.

There is a large number of papers about CUSUM charts for monitoring
normal variance. Refer to Amin & Wilde (2000) for a Crosier-type CUSUM
chart based on log §2. In Acosta-Mejia, Pignatiello Jr. & Rao (1999) and al-
ready Tuprah & Ncube (1987) several CUSUM charts based on S, S?, and
R are compared. See also Box & Ramirez (1991), Srivastava & Chow (1992),
and recently Poetrodjojo, Abdollahian & Debnath (2002) for more compar-
ison studies. Already in Page (1963) CUSUM charts deploying R were ana-
lyzed. Hawkins (1981) considered a CUSUM chart for a normalized version of

|(X — o)/ o0 | 12, Acosta-Mejia et al. (1999) reviewed a couple of more normal
approximations. Lowry, Champ & Woodall (1995) compared CUSUM-type
variance charts (using S2, S, and R) with classical S and R Shewhart charts
extended with runs rules (different from the Western Electric recommended
ones). Finally, not only in Chang & Gan (1995) and in Poetrodjojo et al.
(2002) it was pointed out that S? CUSUM is the optimal scheme in the one-
sided setup if looking at the famous worst case criterion due to Lorden (1971).
See Table 1 for a small example.

Table 1. Slightly modified and shortened update of Table 5 in Chang & Gan (1995)
—the EWMA schemes are also one-sided and equipped with a lower reflecting barrier,
see Knoth (2005) for more details.

CUSUM-S? CUSUM-InS? EWMA-S? EWMA-In S2
kn=1.285 Kk =0.309 A=0.15 A8 =0.28
o hp=2922 RB®=1210 c¢=24831 % =1.4085

1 100.0 100.0 100.0 100.0
1.1 27.9 30.2 279 30.0
1.2 12.8 13.8 12.9 13.8
1.3 7.75 8.15 7.86 8.26
1.4 5.47 5.63 5.57 5.76
1.5 4.22 4.29 4.30 4.43

2 2.08 2.11 2.11 2.22

The boldly written rows in both tables (1 and 2) are indicating the case
the chart was optimized for. For further examples see, e. g., Lowry et al. (1995)
who (numerically) demonstrated that CUSUM charts based on S? dominate
those based on § or R. This is not really surprising because of the support



6 Sven Knoth

by theoretical results for the S? version. To illustrate the same for detecting
decrease see Table 2.

Table 2. Update of Table 2 of Acosta-Mejia et al. (1999).

CUSUM-S?  CUSUM-In S?
ki =0.793  k°=0.375

o h=2332  hl*=4389
1 199.67 200.02

9 38.40 41.51

8 14.16 15.78

7 8.25 8.86

6 5.97 5.88

To make it clear, it is evident that for the one-sided charts the original
sample variance, S?, should be used.

For fixed mean p one should use instead of $2 = 1/(n—1) > (X;—X)? the
statistic S2 = 1/n 3 (X; — po)?. The latter was called CP CUSUM (change
point CUSUM) in Acosta-Mejia et al. (1999).

Finally, Srivastava & Chow (1992) gave also some results for a Shiryaev-
Roberts procedure for monitoring normal variance.

2 Two-sided EWMA charts for monitoring variance

The first papers dealing with EWMA control charts for monitoring the vari-
ance came from Wortham & Ringer (1971) and, a decade later, Sweet (1986),
where only rough recommendations for the control chart design parameters
were given. Thereafter, Domangue & Patch (1991), Crowder & Hamilton
(1992), MacGregor & Harris (1993), and Mittag, Stemann & Tewes (1998)
investigated EWMA control charts based on S2, S and the natural log of the
S52. Ng & Case (1989) evaluated EWMA charts based on R and MR. Addition-
ally, in papers by Srivastava (1994), Gan (1995), Reynolds Jr. & Stoumbos
(2001), and Knoth (2007) the joint monitoring of mean and variance with
EWMA schemes was considered.

It is interesting that EWMA smoothing of log S? (the natural log) has
reached great popularity. There are different reasons for this phenomenon. Box
et al. (1978) and others had recommended this transformation and so started
Crowder & Hamilton (1992) with an EWMA chart smoothing log 52 instead
of S? itself or S and R, respectively. Mainly, it is the transition from a scale-
change model to a level-change model that motivates the log-transformation.
Now, changes in the scale do not affect the variance of the new chart statistic.
Furthermore, log $2 is nearly normally distributed and so one can transfer the
known results from the EWMA mean control chart. Finally, the distribution
of log $? is more symmetric than that of S? so that two-sided control charts
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are simpler to design. This attained a certain climax with papers following
Castagliola (2005) who tuned log S? by choosing suitable constants a, b, and
c to get with a+ b log(S? + ¢) a nearly normally distributed random variable.
By the way, Castagliola (2005) did not simply choose a, b, and ¢ to create a
statistic that has in the in-control case mean 0, variance 1, and — as one might
expect — skewness 0. He considered a three-parameter log-normal distribution,
that is, a random variable Y where a+b log(Y +c¢) is exactly standard normally
distributed. Then, a, b, and ¢ are chosen to match the first three moments of
Y and S2. The resulting variable a +b log(S? + ¢), however, is skewed and has
a different curtosis than a normal distribution. See Table 3 for some numerical
results.

Here, all these different statistics will be compared and studied in more
detail. To begin with, some basic notation will be introduced now.

Let {X;;} be a sequence of subgroups of independent and normally dis-
tributed data. Each subgroup ¢ consists of n observations X1, ..., X;,. The
subgroup size n is larger than 1 (called case (ii) in the Introduction). The
following change point model is considered for the variance o2:

2 0(2) ,1<m
o2 #02 i>m

The parameters 03 and o} denote the in- and out-of-control values of the
monitored variance. Then, based on the sequence of sequentially observed
data one wants to detect the unknown integer value m, which is called the
change point. In the sequel, the subscript m will refer to the actual change
point position. Thus, e.g., F,,(-) denotes the expectation under a change
point m (m = oo stands for no change at all). Without loss of generality the
variance o3 is set to 1.

The basic idea of EWMA control charts is to smooth an appropriate statis-
tic such as the average for mean monitoring. For variance monitoring, the
following statistics will be studied.

Ri = maXXZ-j - m;nXij ,
J J

(Xij - Xi)z X, = % Xij |,

(3
n—1
1 7j=1

S2 — Ly
]:

S; =4/S? ,1S;i=1logS? ,abcS;=a+blog(S?+c).

To get a first impression about the differences, the density functions for
all 5 competitors are plotted in Figure 1 for n = 5. In order to allow better
judgment, the densities are standardized under the in-control model. While
it is quite simple to get numerical results for all statistics derived from S?
(here the function dchisq() in the statistics software R was used), it is quite
demanding for the (normal) range R. In standard text books one can find
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tables (and formulas) that give the mean and the standard deviation of R for
given sample size n — the famous constants ds and ds. It is not easy to find
results for the cumulative distribution (cdf) or density function (pdf) of R.
Here, a result of Bland, Gilbert, Kapadia & Owen (1966) was taken:

oo

P(R/o <71) = / no(z)(P(x+r) — @(x))n_l dx .
>

To get the density, the term above was differentiated by r and — as already

done for the cdf — the integral was evaluated with numerical quadrature.

In Figure 1 the pdf for all five statistics is drawn for 3 process states,
in-control (o = 1) and two out-of—control states (o = 0.8 and o = 1.25). In
the in-control case, the third moment ; and the fourth moment o (here the
excess curtosis is calculated) of all considered chart statistics, except of S2, are
collected in Table 3. Recall that the first and second moment do not affect the
control chart performance. For S, v; = 1/8/(n — 1) and 7o = 12/(n—1). The

Table 3. Third and fourth moments of the distribution of logS?, Castagliola’s
abeS, S, and R for different sample sizes n. Thereby, 2 denotes the so-called excess
curtosis. A normally distributed variable would have v2 = 0.

n log S2 abcS S R

7 2 71 Y2 71 Y2 Y1 Y2
31 -1.1395 2.4000 | 0.5572 -0.3206 | 0.6311 0.2451| 0.6461 0.2866
41 -0.9170 1.6125| 0.3752 -0.3947 | 0.4857 0.1082| 0.5230 0.1884
5|-0.7802 1.1875 | 0.2746 -0.3803 | 0.4057 0.0593 | 0.4656 0.1694
6| -0.6879 0.9312| 0.2119 -0.3478 | 0.3542 0.0370| 0.4350 0.1699
7| -0.6209 0.7626 | 0.1697 -0.3142| 0.3179 0.0251 | 0.4176 0.1761
8| -0.5699 0.6442 | 0.1398 -0.2837 | 0.2906 0.0181 | 0.4073 0.1840
9| -0.5293 0.5569 | 0.1176 -0.2572| 0.2692 0.0136 | 0.4012 0.1921

10| -0.4962 0.4901 | 0.1007 -0.2344 | 0.2519 0.0106 | 0.3976  0.2002
11| -0.4686 0.4374 | 0.0874 -0.2147 | 0.2374 0.0085 | 0.3957 0.2076
12| -0.4450 0.3949 | 0.0768 -0.1978 | 0.2252 0.0070 | 0.3950 0.2144
13| -0.4247 0.3597 | 0.0681 -0.1834 | 0.2147 0.0058 | 0.3949 0.2233
14| -0.4069 0.3303 | 0.0610 -0.1703 | 0.2055 0.0049 | 0.3953 0.2258
15| -0.3911 0.3053 | 0.0550 -0.1591 | 0.1974 0.0042 | 0.3962 0.2330

sample variance S? (see also Figure 1) is obviously the “least” normal one.
The case n = 5 (the n chosen in Figure 1 and written in bold in Table 3) leads
to 71 = v/2 and 72 = 3 which are considerably larger than the corresponding
values in Table 3.

The densities of S, R, and abcS look quite similar. Only the numbers in
Table 3 demonstrate that abcS is less skewed and S’s curtosis is closer to
a normal one. The original log transformation, the log $? is “less” normal
than the previous candidates. There is no reason to prefer log S? in terms
of symmetry or normality. Its charm comes from the scale to a level change
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model transformation. Thus, the competing process states are only shifts of
the chart statistic density. Eventually, S? distinguishes itself by the widest va-
riety among the three given states. Moreover, it is the “least” normal statistic.
Apparently, it is too early to predict the most powerful basis for an EWMA
control chart.

By writing V; as a dummy for the related variance estimator, the EWMA
sequence with smoothing constant A € (0, 1] is given by:

Zy =20 = Ex(Vi), (1)
Zi=(1-NZii +AVi ,i>1. )

Note that both Crowder & Hamilton (1992) and Castagliola (2005) started
their EWMA schemes not at E(V;), but at (o3 = 1)

L logo2 =0 (log S?)
T la+b log(02 4+ ¢) = 0.211  (abeS)

which are larger than

Eo(log §%) = —0.2704 (log S?)

)= {Eoo (a+blog(S? +¢)) = 0.0075  (abeS)

Thus, they gave their schemes a head-start for detecting increases. Here, all
schemes are started from their in-control mean level F(Z;) = Eoo(V5).

As already announced, two-sided EWMA charts will be considered. Thus,
an alarm is given as soon as

Zi <aN Z;>cy.
Or, written as stopping time,
L=min{i e N:Z; ¢ [c,c.]}.

Recall that (using the independence)

Zi=(1- NG +AS (1N,
j=1

Var(Z;) = ﬁ (1-1=XN?)Var(V;).

The thresholds given in the above alarm rule are not normalized.

All EWMA control charts will be evaluated in terms of their Average Run
Length (ARL). This is nothing else than F;(L) and Eo, (L) for the (special)
change point m = 1 and no-change point situation, respectively.

Many papers were written about calculating the ARL. Most of the numer-
ical approaches could be embedded into the class of procedures for solving
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Fredholm integral equations of the second kind. Thereby, the following inte-
gral equation that characterizes the ARL L as function of the starting value
zo = z (see (1)) should be solved.

£(2) = 1+/ £(az)§f <L;A)Z> de , zcloyed.  (3)

For more details about this integral equation see Crowder (1987), Champ &
Rigdon (1991), or Knoth (2005). Popular approaches for solving (3) are

e applying mid point rule to the integral (equivalent to the famous Markov
chain approach due to Brook & Evans (1972) and already proposed by
Page (1963)) or

e evaluating the integral with Gauss-Legendre quadrature (see Crowder
(1987) for the first application to EWMA ARL) or Simpson rule.

As pointed out in Knoth (2005), these (and other) approaches are not accurate
for EWMA charts built on characteristics with bounded support such as for
52, S, R, and also abeS = a + b log(S? + ¢). Collocation is the approach that
is used here. For more computational details see Knoth (2005). Castagliola
(2005) did not mention how he actually had solved the corresponding integral
equation for abcS.

In the following section, an ARL based comparison is done for all five two-
sided EWMA charts in order to find out an appropriate choice of the statistic
to be deployed in the EWMA smoothing.

3 Comparison study

The variance EWMA control charts under consideration are tuned for two
situations. In the first case, the chart should detect small changes as fast as
possible. The related out-of-control o values are 4/5 = 0.8 and 5/4 = 1.25
(recall that g = 1). In the second case these two values are 2/3 ~ 0.667 and
3/2 = 1.5. Moreover, the so-called in-control ARL, E (L), should be 500 for
all schemes. To ensure a certain symmetry of the ARL function £, = L,(z =
20) in o, the idea of unbiased ARL functions proposed by Acosta-Mejia et al.
(1999) is applied. The idea is simple: The maximum of the ARL function
should be attained for o = 0. This was realized like in Knoth (2005). It has
to be mentioned that none of the five schemes provides symmetry by choosing
symmetrical control limits (¢;,¢,) — see Table 5 for the final control limits.
The smoothing parameter A was chosen to give the smallest value for

Log+L125 and Loeer +L15 , respectively.

This led to the following values for A searched on {0.02,0.03,...,0.99}.
It is comfortable that these values do not differ considerably. In Figure 2
an illustration is given for the optimal A search. Here, the ARL functions for
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Table 4. Optimal values for smoothing A.

case statistic
R S? S 1S abeS
Los+ L1225 | 0.06 0.07 0.06 0.05 0.07

Loss7 +L15 | 0.15  0.17 0.15 0.12 0.16

o
S —
n
o
S -
N
o ]
w0
Z
o
< N
o ]
-
v —
o~ —
05 0.25 0.08 | 0.05 0.02 0.05 0.08 0.25
— |
I I’l‘ A< A I A< I : Ll
0.5 1.0 1.5

Fig. 2. Comparison of ARL profiles for S EWMA control charts with various A
values. The arrows in the bottom line indicate the corresponding area of optimality.
The gray vertical lines mark the o values used for the tuning.

various A of only the S? based EWMA chart are drawn. As usual, the smaller
the change that should be detected, the smaller A has to be chosen.

Now, the ARL L, function is calculated for o € [0.25,1.75]. In Figure 3
all 5 schemes were compared on a log scale for the ARL values (the log scale
was already used in Figure 2). Their control limits are listed in Table 5.

Table 5. Control limits and “center” lines for Lg.s + £1.25 optimal charts.

chart parameter 9 statistic
R S S s abcS
Cu 2.757 1.425 1.109 0.054 0.529
Ew (Vi) 2.326 1 0.940 -0.270  0.008

c 1.944 0.688 0.788 -0.618 -0.468
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Fig. 3. ARL profiles of all 5 EWMA charts — the Lo.8 + L£1.25 case. The arrows
in the bottom line indicate the corresponding area of optimality. The gray vertical
lines mark the o values used for the tuning.

Despite or because of the log scale, no big differences between the five com-
petitors could be seen (except the tails). Therefore, in Figure 4 the difference
between the S? scheme and each of the competitors is plotted (on original
scale). Additionally, in Table 6 some ARL numbers are collected.

From Figure 4 one can conclude that the S? EWMA procedure does a
good job for a large range of possible values for o. The two log based variants
provide the best behavior for small o values. However, the logS? EWMA
has the worst performance for detecting increases and small up to moderate
decreases. Even the R EWMA is better. The numbers in Table 6 support
these conclusions. Based on the results given, one would take S2 or S. To put
it in other words, there is no reason to apply the more artificially looking log
based charts in practice. Additionally, for small sample sizes like n = 5, the
range R provides similar power like the other statistics.

How does the picture change by optimizing for larger changes? See now
Figure 5. Again, on the log scale the profiles look quite similar. Therefore,
Figure 6 displays the difference between S2 EWMA ARL and the remaining
schemes.

Now, the S? variant beats all competitors for a long range within o < 0.
S gives the best performance for small increases. For ¢ > 1.3 all schemes,
except log S?, are very close to each other. Again, one may conclude that
there is no need to choose one of the log schemes.
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Fig. 4. Difference between the ARL function of all 5 EWMA charts and S? EWMA
— the Lo.8 + L£1.25 case. The arrows in the bottom line indicate the corresponding
area of optimality. The gray vertical lines mark the o values used for the tuning.

Table 6. ARL table for the Lo.s + £1.25 competition.

statistic
152 abcS? S? S R
0.5 | 6.348 6.617 7.943 6.881 7.033
0.6 8.977 8651 9.779 9.004 9.215
0.7 13.97 12.72 13.48 13.09 13.43
0.75 | 18.59 16.63 17.03 16.90 17.37
0.8 26.65 23.66 23.40 23.62 24.32
0.9 85.00 7831 73.43 7434 76.78
1.0 500.000
1.1 84.25 80.39 77.66 76.12 79.54
1.2 30.76  27.02 25.19 26.19 27.30
1.25 | 23.02 19.65 17.95 19.16 19.92
1.3 18.46 15.40 13.79 15.06 15.63
1.4 13.39 10.80 9.308 10.55 10.92
1.5 10.67 8396 6.976 8.155 8.424
1.6 8.978 6.928 5.564 6.677 6.887

g
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Fig. 5. ARL profiles of all 5 EWMA charts — the Lo.667 + £1.5 case. The arrows
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The ARL profiles in Figure 3 and 5 are nearly symmetric for all five com-
petitors with ARL values that are slightly smaller for o < og than for o > oy.
Thus, by utilizing the concept of unbiased ARL function the potential control
chart user would get a nearly symmetric scheme for all considered charts. The
question remains open whether it is reasonable to ask for a control chart design
that provides ARL performance symmetric in ¢ = gg. The results obtained
here and their practical meaning will be summarized in the next section.

4 Conclusions

It was and is quite popular to deploy the log transformation in order to get an
appropriate symmetric control chart for monitoring normal variance. It turned
out that the log schemes are not more symmetric than the older schemes based
on 52, S, and R. Moreover, the best performance in terms of the ARL profile
is given by the S? and S EWMA charts. The first log example, log S? is even
beaten by R. Generally speaking, cach of the charts, except the logS?, is
usable. In practice, variation is mostly evaluated in terms of S or R. Then
nothing could be said against their usage in an EWMA chart. If the sample
size n increases, then S is the favorite in practice. Eventually, take the S?
scheme and get the best.
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Summary. The continuous development of SPC is driven by challenges arising from prac-
tical applications across diverse industries. Among others, adaptive charts are becoming
more and more popular due to their capability in tackling these challenges by learning un-
known shifts and tracking time-varying patterns. This chapter reviews recent development
of adaptive charts and classifies them into two categories: those with variable sampling pa-
rameters and those with variable design parameters. This review focuses on the latter group
and compares their charting performance. As an extension to conventional multivariate
charts, this work proposes a double-sided directionally variant chart. The proposed chart is
capable of detecting shifts having the same or opposite directions as the reference vector
and is more robust to processes with unpredictable shift directions.

1 Introduction

As an efficient tool for monitoring process status and helping identify assignable
causes, Statistical Process Control (SPC) has been successfully applied in applica-
tions across diverse industries, including manufacturing, financial service (Tsung
et al. (2007)), healthcare (Woodall (2006)), medical research and others. With
more and more challenges arising from these real world scenarios, SPC techniques
have been evolving continuously from the days of Shewhart (1931), when the
concept of control charts was first introduced.

The challenges facing SPC are multi-faceted. Under the seemingly contrary
goal of pursuing lower false alarm rates and higher sensitivity, SPC algorithms
have to handle complex while practical situations like unknown shift magnitudes,
high dimensionalities and process dynamics. Some control charts can be tuned to
be more sensitive to specific shifts magnitudes. However, when true shift magni-
tudes are unknown or not constant, either assumptions have to be made regarding
shift sizes or capable algorithms have to be designed to estimate such information.
The curse of dimensionality is a well-known obstacle to achieving better charting
performance. Process dynamics, especially when confounded with unknown pa-
rameters and high dimensionalities, have given serious challenges to the SPC
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community. In Section 2, features and current solutions to these issues will be
summarized.

So far, one of the best ways to tackle the above challenging problems is to use
control charts equipped with adaptive capability. Literally, adaptive control charts
are smarter than ordinary charts in the sense that they can update themselves to fit
for different situations. Therefore, even if initial settings of these charts are not ac-
curate, they are expected to achieve optimality via self-adjustment. In Section 3,
adaptive control charts with variable design parameters are extensively reviewed
and some general guidelines for implementing these charts are provided.

In Section 4, a new multivariate adaptive control chart is proposed, which fills
one of the gaps we identified in our review. Finally, Section 5 concludes this chap-
ter with recommendations on future research topics.

2 The Challenges facing SPC

Due to the fast development of manufacturing and sensing technology, as well as
the continuously increasing demand for high service levels in banking, healthcare
and other industries, SPC are encountering challenges driven by versatile practical
applications. In this section, we summarize several challenges along which we see
active SPC research. In Section 3, we review different types of adaptive control
charts, which have been proposed to tackle these challenges.

2.1 Detecting unknown or mixed-range shifts

The primary criterion for evaluating any SPC schemes is their capability in detect-
ing process changes quickly and correctly. Given a fixed false alarm rate, the one
with the shortest delay in detecting a specific shift is usually favored. While it is
relatively easier to tune a control scheme to be sensitive to a specific shift, as the
CUSUM chart presented in Section 2, true shifts may have unpredictable sizes and
directions. Most control charts are good at detecting only shifts with particular
magnitudes. For example, Shewhart-type charts, including univariate I-chart, X -

chart and multivariate Hotelling’s T? chart, are more sensitive to large shifts than
to small shifts; while some other schemes, such as the exponentially weighted
moving average (EWMA) chart, cumulative sum (CUSUM) chart, and multiva-
riate versions of these charts, multivariate EWMA (MEWMA) and multivariate
CUSUM (MCUSUM), are more sensitive to shifts with small sizes.

The way that historical information is incorporated influences the performance
of a control chart in detecting shifts of different sizes. Usually, if both latest and
past observations are put together for monitoring, shifts with small sizes are more
likely to be identified. The foregoing EWMA, CUSUM, MEWMA and
MCUSUM are all this type of charts that accumulate historical information in cer-
tain ways to improve sensitivity. On the contrary, if merely the newest observa-
tions are studied, large shifts can be detected with a shorter delay since the infor-
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mation conveyed by these observations is not averaged out across a time span. The
aforementioned Shewhart-type control charts possess this feature and are therefore
more suitable for detecting large shifts.

More fundamentally, the settings of parameters dominate the performance of
control charts over specific shift ranges (Montgomery (2005)). For example, the
EWMA chart with a small smoothing parameter is more sensitive to small shifts
than the same chart with a large smoothing parameter; the CUSUM chart with a
certain reference value is most sensitive to that specific shift size.

Obviously, if the shift magnitude of a process is unknown or keeps varying
over time, none of the above schemes, which are designed for either small or large
shifts, can perform uniformly well. One possible treatment is to combine multiple
charts to take care shifts in all ranges. For example, applying Shewhart control
limits to EWMA or CUSUM charts to detect both large and small shifts (Lucas
(1982), Albin et al. (1997), Chih-Min et al. (2000), Reynolds and Stoumbos
(2005)).

Recently, adaptive EWMA charts (Capizzi and Masarotto (2003)) and adaptive
CUSUM charts (Sparks (2000), Shu and Jiang (2006)) have been proposed and
studied. By varying design parameters of the conventional charts, adaptive charts
have been seen to be a promising tool for detecting unknown or mixed-range
shifts. A more detailed review of adaptive control charts will be presented in next
section.

2.2 Dealing with high dimensionalities

As processes in both manufacturing and service industries are getting more and
more complex, dozens or even hundreds of correlated quality characteristics or
process variables may need to be monitored simultaneously, which becomes
another challenge to SPC. The false alarm rate of a chart that monitors multiple
variables is much higher than when it monitors a single variable. If the false alarm
rate is controlled by loosening control limits, the sensitivity of the chart will in
turn be harmed. Due to the curse of dimensionality, the effect of shifts in one vari-
able becomes less prominent when the variable is banded together with others.

Besides using the aforementioned Hotelling’s T chart for large shifts or the
MEWMA and MCUSUM charts for small shifts, dimension reduction is a major
technique to deal with high dimensional processes. Among others, principal com-
ponent analysis (PCA), partial least square (PLS) and independent component
analysis (ICA) are the most popular ways to extract a smaller set of variables that
are representative enough for process monitoring.

PCA-based control charts try to find effective principal components (PCs),
which are linear combinations of original process variables to represent the origi-
nal high dimensional process. The number of PCs is usually much smaller than the
number of original variables. Therefore, control charts can avoid high dimensio-
nalities by monitoring these PCs only (Jackson (1991), Nomikos and Macgregor
(1995), Mastrangelo et al. (1996), Runger and Alt (1996), Jolliffe (2002)). Recent-
ly, Tsung (2000) proposed to monitor dynamic processes with dynamic PCA. In-
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stead of using fixed principal components, Tsung (2000) proposed to conduct
PCA online, which is more suitable for processes with time-varying shifts. The
application of dynamic PCA is also found in Yoo et al. (2002) and Choi et al.
(2006).

If one is interested in monitoring a group of correlated variables, PCA might be
utilized first to find representative components. While if the influence of these va-
riables on quality characteristics is known, PLS can be performed first to identify
a set of latent variables that are capable of better predicting quality variables
(Macgregor et al. (1994)). The latent variables are linear combination of original
process variables and can be monitored against process changes (Palm et al
(1997)). Nomikos and Macgregor (1995) introduced PLS-based methods that inte-
grate initial setup condition, process variables and product variables together for
process monitoring. A discussion on choosing latent variables in PLS was given
by Li et al. (2002).

Ding et al. (2006) presented an example in which ICA outperforms PCA during
data reduction. Different from PCA that tries to maximize explainable variation,
ICA searches for components that can cluster data into distinct groups. Lee et al.
(2003) integrated ICA with MEWMA for process monitoring; Albazzaz and Wang
(2004) applied ICA-based SPC techniques to batch operations. Satisfactory results
have been demonstrated by the authors.

It is becoming gradually common for profiles to be collected to characterize
product quality or process status in many processes. Profiles reflect functional re-
lationships between a response variable and one or more explanatory variables.
Compared with a multivariate dataset, profiles contain even more data point and
have to be modeled as an extremely high dimensional problem. Both model-based
and model-free methods have been proposed for profile monitoring (see Woodall
et al. (2004) for an extensive survey).

As a mathematical tool in signal processing, wavelet transformation has been
applied to filter and decompose profile-type variables or quality characteristics
(Ganesan et al. (2004), Jeong et al. (2006)). Wavelet transformation has the poten-
tial to reconstruct signals on multiple scales. Therefore, SPC schemes can be de-
veloped to monitor wavelet coefficients of different resolutions to detect slow or
fast changes in underlying processes (Bakshi (1998), Ding et al. (2006)). Even
though different wavelet basis functions can be chosen, such functions do not take
engineering knowledge of original signals into consideration. Instead, model-
based methods have been developed to model profile data for SPC. For example,
Williams et al. (2007) advocated fitting nonlinear models to profiles first and then
monitoring fitted parameters.

Recently, Wang and Tsung (2005) introduced an application where the quality
of a surface is to be monitored. The authors borrowed profile-monitoring tech-
niques to monitor product surface images. However, much information has been
lost when modeling a surface as a profile. New technologies are to be developed
for similar applications.

In Section 3, we review the most recent research on adaptive multivariate charts,
which is more effective in monitoring high-dimensional processes.
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2.3 Monitoring processes with dynamic means

A usual assumption behind most SPC schemes is that the normal status of the tar-
get process is stable. Means of manufacturing processes are usually assumed to be
constant at a specific level when no assignable causes exist. However, there are
situations under which a “normal” operational status changes over time. For ex-
ample, the via etch process studied by Spitzlsperger et al. (2005) has drifting mean
due to aging effects and its mean resets every time chamber maintenance is con-
ducted. Such natural drifting trends must be decoupled from sampled signals so
that true process faults can be identified.

To monitoring processes with dynamic means, adaptive control charts have
been successfully applied in the literature. Section 3 gives examples of adaptive
charts for monitoring such processes.

2.4 Detecting dynamic shifts

Dynamic shifts could be generated due to process autocorrelation, inertia proper-
ties or the existence of feedback controller (Tucker et al. (1993), Wang and Tsung
(2007b)). Compared to sustained shifts, shifts that change over time are more dif-
ficult to capture. One way to detect time-varying shifts is to calculate smoothed
trends while ignore local details. Atienza et al. (2002) proposed to use a backward
CUSUM chart to monitoring autocorrelated observations. However, if the dynam-
ic shifts happen to oscillate around the in-control process means, the smoothed
signals lose useful information for shift detection.

Some researchers appeal to model-based methods (Lin and Adams (1996),
Montgomery and Mastrangelo (1991), Pandit and Wu (1993), Apley and Tsung
(2002)). By fitting time series models first, process shifts can be estimated by one-
step-ahead predictions. Control charts based on residuals have been thoroughly
investigated. For example, Lu and Reynolds (1999) applied EWMA charts to
monitor residuals obtained from a model-based forecasting. However, the perfor-
mance of model-based methods depends heavily on the accuracy of the time series
models. Poor estimates of model parameters inevitably lead to poor forecasting
accuracy.

Most of the above research focuses on detecting dynamic shifts in univariate
processes. Apley and Tsung (2002), Tsung and Apley (2002), Wang and Tsung
(2007a) and Wang and Tsung (2007b) studied the detection of dynamic shifts in
multivariate processes. Since the performance of some multivariate charts is dom-
inated by not only shift magnitudes but also shift directions, we will investigate
this issue extensively in following sections and propose a new double-sided direc-
tionally variant chart for multivariate process monitoring.

Table 1 summarizes the above discussion and classifies the literature based on
their primary purposes.
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Table 1. Recent development of SPC along different directions

Objective New Techniques and Literature
Detecting unknown or Univariate charts: adaptive EWMA (Capizzi and Masarotto
mixed-range shifts (2003)), adaptive CUSUM (Sparks (2000))

Multivariate charts: adaptive T chart (Wang and Tsung
(2007a), Wang and Tsung (2007b))
Dealing with high dimen- Dynamic PCA (Tsung (2000), Yoo et al. (2002), Choi et al.
sionalities (2006))
ICA (Ding et al. (2006))
Wavelet-based methods (Ganesan et al. (2004), Jeong et al.
(20006));
Profile-targeted methods
Linear profile models (Kang and Albin (2000), Kim et al.
(2003))
Nonlinear profile models (Williams et al. (2007))
Surface (Wang and Tsung (2005))
Monitoring processes with Batch process monitoring (Spitzlsperger et al. (2005))
dynamic means
Detecting dynamic shifts Cuscore (Shu et al. (2002)); RF-Cuscore (Han and Tsung
from a stable process (2006))
Dynamic 7 (Tsung and Apley (2002)); Adaptive 7> (Wang
and Tsung (2007a), Wang and Tsung (2007b))

3 Adaptive Control Charts for Process Monitoring

In control chart design and implementation, there are two sets of parameters need
to be determined. The first set includes the sample size and the sampling interval,
which can be classified as sampling parameters since settings of these parameters
directly influence the way a control chart is operated; the second set contains de-
sign parameters of charting statistics, for example, the reference parameter that a
CUSUM control chart is designed for, the intended shift magnitude that an
EWMA control is designed for.

Adaptive control charts, in the same fashion, can be classified into two catego-
ries: those with adaptive sampling parameters and those with adaptive design pa-
rameters. Several review works on adaptive control charts is seen in the literature.
Tagaras (1998) reviewed the development of adaptive charts until 1998. However,
the author surveyed mainly univariate charts. In addition, only sampling parame-
ters, including the sample size, the sampling interval, are allowed to be variable
(the control limits are allowed to change with these parameters as well). Another
broad review presented by Woodall and Montgomery (1999) covered some me-
thods with variable sampling schemes. Zimmer et al. (2000) compared the per-
formance of Shewhart-type control charts with adaptive sample sizes and/or sam-
ple intervals.
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In practice, using control charts with adaptive sampling parameters needs the
cooperation of operators, since their ordinary working pace or procedures might
be interrupted or altered. In contrast, adaptive design parameters can be easily rea-
lized as long as SPC schemes are implemented with the aid of computers. Auto-
mated software can be designed to adapt to continuously updated parameter with-
out affecting practical operational procedures. In this review, we focus on the
second category of adaptive charts, that is, control charts with adaptive design pa-
rameters.

Adapting design parameters of control charts is driven by practical situations in
which true process parameters are critical to charting performance while impossi-
ble to obtain. In the following, we review adaptive control charts and group them
based on the way that critical design parameters are estimated and updated.

3.1 Recursive estimation of in-control mean/variance/covariance parameters

Some researchers have classified the control chart implementation procedure into
two distinct stages: Phase I and Phase II (Woodall (2000)). In Phase I, historical
data are collected and parameters are estimated. Control charts are then set up
based on estimated parameters. Phase II involves online monitoring and signaling
(Woodall (2000), Wang and Tsung (2005)).

However, as noted by Spitzlsperger et al. (2005), obtaining data in Phase I to
reach acceptable level is too costly for some applications. While if insufficient
number of samples is used in Phase I, large uncertainties may be seen in parameter
estimation. Jones (2002) studied the design of EWMA charts with estimated pa-
rameters; Jones et al. (2004) evaluated the run length performance of CUSUM
charts when parameters are estimated. Jensen et al. (2006) reviewed the impact of
parameter estimation on control chart properties. Aside from all the work that tries
to quantify the impact of parameter estimation uncertainties on ARL performance,
a seemingly better alternative is to improve estimation accuracy by using samples
collected in Phase II. This idea has been adopted by some adaptive control charts.

Spitzlsperger et al. (2005) applied Hotelling’s T chart to monitor a via etch
process on a dual-frequency capacitive coupled parallel plate machine. Due to the
aging effects and periodic chamber maintenance, some variables show slow drifts
and quick jumps periodically.

Let z, be a vector of the 7 th sample, i =1,...,n . Each element of z, is stan-
dardized with respect to sample mean x; and standard deviation o,. However, as

u; and o, are unknown in practice, the authors estimated and updated x; via

:&j = ﬂ,x{./. + (1 _/?'):[l‘,‘—l P

and updated o, via
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N -2, 1 N
6’ =p—0'f_] +;(xij - i,),

p—1
where A is a smoothing parameter. By recursive estimation of such parameters,

the resulting chart is capable of compensating aging effects and detecting true
process faults.

3.2 Recursive estimation of out-of-control mean shifts

Unlike process parameters that can be estimated in Phase I, true process shifts are
only available when the process is already running and assignable causes have oc-
curred. As some control charts can be designed to be most sensitive to a specific
shift, online estimation of process shifts becomes crucial to those charts (Capizzi
and Masarotto (2003), Sparks (2000)).

As noted by Sparks (2000), the CUSUM statistic can only be optimized if accu-
rate information on a specific sustained process shift is known. The derivations in
Section 2 also demonstrate the way that CUSUM relies on a specific reference pa-
rameter, 0 . Therefore, under situations where such information is not available,
algorithms must be designed to predict the future value of § and tune the chart
for predicted values.

Sparks (2000) proposed an adaptive CUSUM chart, which monitors the follow-
ing statistics:

z, =max| 0,z,_, +(x, =5, /2)/h(5,)].

Compared with the conventional CUSUM chart, the adaptive CUSUM procedure
replaces the constant term, § , by time-varying statistics, o,. A new function

h(0,) is added to maintain a constant control limit. The shift magnitude, ¢, , is on-
line updated via an EWMA-type equation,

5! = maX(WX,_l + (1 - W)é;_l > é‘min) .

=0.5 for detecting smaller shifts and J,

The author suggested taking o, i =1.0
for detecting shifts larger than 1.0. The ARL performance of the adaptive CUSUM
chart is studied by Shu and Jiang (2006).

As the smoothing parameter of a traditional EWMA control chart is usually
chosen according to intended shift magnitudes, Capizzi and Masarotto (2003) pro-
posed an adaptive EWMA procedure and suggested using a variable smoothing
parameter, which is determined based on estimated shift magnitudes. In specific,

the adaptive EWMA takes the following form,
z, =(1-w(e))z,_, +w(e)x,,

where e, =x, —z,, and w(e,) is a function of e,. For small values of ¢,, w(e,)

takes a relative small value; while when e, is large, the value of w(e,) becomes
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large accordingly. Therefore, the adaptive EWMA can adjust its smoothing para-
meters according to estimated shift sizes.

3.3 Recursive estimation of shift directions of multivariate processes

Shifts in multivariate processes are characterized by not only shift magnitudes but
also shift directions. Some multivariate control charts can therefore be designed to
be sensitive to shifts along a specific direction. If the ARL performance of a chart
depends on the mean vector and variance-covariance matrix only through the non-
centrality parameter, the chart is directionally invariant. In contrast, if the perfor-
mance is also influenced by shift direction, the chart is directionally variant
(Lowry and Montgomery (1995), Wang and Tsung (2007a)). MEWMA,
MCUSUM and Hotelling’s 7° charts all belong to the latter category.

Hawkins (1993), Jiang (2004b) and Zhou et al. (2005) considered the following
format for a directionally variant chart:

T} =d"27'x, > h, (1)

where d is a constant vector that indicates the direction along which the control
chart is optimized. Jiang (2004a) proposed a U, chart and a U chart for moni-

toring feedback-controlled processes. The U, and U_ charts can be proved to be

directionally variant charts designed for shifts identified for representing transient
and steady-state status. However, in order to implement the above charts, specific
and constant shift directions must be identified.

Zhou et al. (2005) proposed to combine both directionally variant and invariant
charts together for process monitoring. The directionally variant charts are de-
signed for most likely directions along which shifts may occur; the directional in-
variant chart is in place to take care of general shifts:

TP =d/X7'x, >
T} =dlX7'x, > h,

T’ :fo"lxt > h,

If any one of the charts signals, the process is diagnosed as out-of-control. Similar
to the chart in Equation (1), Zhou et al. (2005)’s method requires some specific
shifts to be known in advance. Furthermore, the simultaneously functioning mul-
tiple charts have overlapped regions. For example, a large shift along direction d,

is expected to trigger both 7;* and 7* charts to signal. Such an overlapped design

can obviously harm the overall sensitivity of the scheme.
Recently, Wang and Tsung (2007b) and Wang and Tsung (2007a) proposed an

adaptive T° chart:

2
T =d’x7x, —%dTZ"d @

t t

>h,
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where d, is a time-varying vector that indicates the direction along which the

control chart is optimized for.
As d, is unknown in practice, Wang and Tsung (2007a) proposed two ways of

forecasting d, . The first one is model-based forecasting. An ARMA(1,1) time-

series model was fit to the data sequence and the one-step-ahead prediction is ob-
tained, which is used to estimate d, . The second one is model-free EWMA

smoothing. The authors update d, recursively by
d =Ax +(1-4)d .

Based on simulation results, the authors found that EWMA-based forecasting is
more robust to model misspecification.

To tackle strong oscillations found in feedback-controlled processes, Wang
and Tsung (2007b) proposed an oscillated EWMA for shift forecasting. Similar to
the EWMA forecasting with uses exponentially decaying weights, the oscillated
EWMA uses decaying weights with alternative signs. That is,

d =Ax, —(1-4)d_, .
When applied to a data sequence with signals go up and down alternatively, the
oscillated EWMA can pickup such trend and enhance useful signals for fault de-

tection.
Table 2 summarizes the adaptive charts that have variable design parameters.

Table 2 Adaptive charts with variable design parameters

Adaptive parameters Control charts and representative literature

Shift magnitude Adaptive EWMA (Capizzi and Masarotto (2003))
Adaptive CUSUM (Sparks (2000))
GLRT (Apley and Shi (1999))

Process mean/covariance matrix ~ Adaptive PCA (Tsung (2000))
Hotelling’s T : (Spitzlsperger et al. (2005))

Shift pattern and shift direction Dynamic 7 (Tsung and Apley (2002))

Adaptive T' : (Wang and Tsung (2007a), Wang and
Tsung (2007b))

One fundamental assumption behind the above study is that the process is un-
dergoing a sustained mean shift. Therefore, directionally variant charts show good
performance in designated areas and the adaptive 7° chart with EWMA forecast-
ing exhibit satisfactory results in detecting small shifts. However, if process shifts
are difficult to be estimated accurately, the performance of the above charts will
be deteriorated. In the following section, we propose a double-sided directionally
variant chart that takes the advantageous of both directionally variant charts and
adaptive charts. The charting performance of the new chart is expected to be supe-
rior to other charts when double-sided shifts are to be detected.
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4 A double-sided directionally variant chart
for multivariate processes

It has been noted in previous sections that the multiple-chart scheme proposed by
Zhou et al. (2005) has overlapped detection regions and failed to fully utilize the
capability of all control charts. The adaptive T chart due to Wang and Tsung
(2007a) is good at detecting shifts that can be forecasted by EWMA equations.
However, at any step, the adaptive chart is still a one-sided chart. If true process
mean shifts are difficult to be estimated via EWMA, such as the feedback-
controlled process discussed by Wang and Tsung (2007b), the resulting perfor-
mance may be seriously deteriorated.

To improve the performance of the adaptive T~ chart, there are two possible
solutions: one way is to find intelligent forecasting algorithms so that the shifts
can be estimated more accurately; the other way is to design robust charts to re-
duce the adverse effect of estimation uncertainties. Accurate forecasting algo-
rithms may be case-dependent. For example, the oscillated EWMA proposed by
Wang and Tsung (2007b) is suitable for strongly oscillated signals. Designing a
robust control chart, on the other hand, may be a generally fitted solution.

Aiming to compensate the low efficiency of one-sided directionally variant
chart, we propose a double-sided directionally variant chart. This chart takes care
of both positive and negative shifts. This chart preserves the flexibility of the
adaptive T chart in estimating process shifts while uses doubled-sided statistics
to avoid missing unexpected shifts in opposite directions.

We start from the directionally variant chart in Equation (1). Let d_ be an es-

timated shift direction and is standardized, d"X7'd_ =1, let d_ be the opposite of
d_, d_=-d_. We define two charting statistics,

77 =d"x7'x,
and
T =)' =7,
We know that the chart 7, is capable of detecting all shifts that satisfy
p'z'd >0 (3)
while 7, is capable of detecting all shifts that satisfy
p'zld- >0 “4)

Since d_ =—d_ holds, the region characterized by Equations (3) and (4) covers all

possible shifts.
We now define the double-sided directionally variant chart as
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T; =max(d"X7'x,,(d°) Z7'x,) > h

As T and T; follow the same statistical properties and d_ = —d_, the above eq-
uation can be further simplified as

T)=d’Z7'x, > h
Analogous to the adaptive 7° chart, we estimate the shift via EWMA updating
d=>1-wyd, , +wx,.

Once d, is obtained, d_ will be derived as

d o
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(b) Double-sided directionally va-

riant chart

(c) ARL difference between the

double-sided chart and the adaptive 7°
chart

Figure 1 Performance comparison between the double-sided directionally variant
chart and the adaptive 7 * chart
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d
d =——

Jd'za,
which is standardized to satisfy d”X"'d_ =1 at each step.

We now conduct simulations to investigate the performance of the newly pro-
posed double-sided chart and compare it with the adaptive 7° charts. A bivariate
process with an identity covariance matrix is studied. Different from the above
studies, dynamic shifts rather than sustained and constant shifts are applied to the
process. At each step, shift vectors, with a sustained shift magnitude, are flipped
with a probability of 50% to simulate shifts that EWMA cannot forecast accurate-
ly. The ARL contour plots of the adaptive T* chart are shown in Figure 1 (a),
which is seen to expand away from the center and implies that the sensitivity of
this chart has decreased. Figure 1 (b) shows the ARL performance of the double-
sided directionally variant chart under the dynamic shifts described above. The
ARL contour plots show that even though the proposed chart employs directional-
ly variant statistics, the chart itself is invariant to shift directions. Compared with
the adaptive T chart, as Figure 1 (c) shows, the proposed chart is advantageous
in detecting moderate and large shifts.

4 Conclusions

This chapter has summarized the recent challenges that are facing SPC, including
unknown or mixed-range shifts, high dimensionalities, and process dynamics. To
better tackle these challenges, adaptive control charts with variable sampling and
design parameters have been reviewed. In specific, we have emphasized those
charts with adaptive design parameters.

Adaptive control charts are ideal for meeting the above challenges due to its
fundamental capabilities: learning and tracking. The learning capability of a con-
trol chart makes it possible for unknown shifts to be estimated. As a result, control
charts can be optimized to detect such shifts. The tracking capability makes it
possible for dynamic shifts to be captured.

This chapter has also proposed a double-sided directionally variant 7° chart.
The newly proposed chart possesses the flexibility of an adaptive 7° chart and is
more robust to shift oscillated seriously and cannot be accurately forecasted via
EWMA.

It is learned from our review that research efforts are still needed to design bet-
ter learning and tracking algorithms. Current EWMA-based or time-series-model-
based methods are not sufficient for general purposes. Such issues are important
topics for future research.
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Summary. Control charts are considered for the problem of simultaneously monitoring the
mean and variability of a multivariate process when the joint distribution of the process va-
riables is multivariate normal. We investigate sets of univariate EWMA charts used in
combination with sets of Shewhart charts or in combination with sets of EWMA charts
based on the squared deviations of the observations from target. We also investigate the
MEWMA control chart used in combination with a multivariate Shewhart control chart or
with a form of MEWMA-type chart based on the squared deviations from target. We con-
clude that a combination of multivariate charts gives somewhat better average performance
than a combination of sets of univariate charts, and that a combination of MEWMA charts
that includes one based on the squared deviations from target gives the best overall perfor-

mance.

1 Introduction

When the quality of a process is characterized by a normal random variable, it is
important to detect special causes that may change the mean g and/or the va-
riance 0. The traditional Shewhart control charts are effective for detecting
large shifts in process parameters, but EWMA control charts are much more effec-
tive for detecting small shifts. When the objective is to detect both small and large
shifts in process parameters, it is frequently recommended that EWMA charts be
used in combination with a Shewhart chart (see, e.g., Lucas and Saccucci (1990)).
Reynolds and Stoumbos (2001, 2004, 2005) have recently shown that a very effec-
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tive combination for detecting both small and large shifts in x and o is a com-
bination of the standard EWMA chart for monitoring x# and an EWMA chart of
squared deviations from target for monitoring o?.

In many applications process quality may be characterized by p variables that
are assumed to have a multivariate normal distribution with mean vector p and
covariance matrix X . In this setting a simple and still widely used approach to
process monitoring is to use sets of univariate charts applied to each of the p va-
riables. However, this approach may not perform well because the correlation be-
tween the variables is not used effectively.

The first control chart based on a multivariate statistic was a Shewhart-type
chart proposed by Hotelling (1947). This chart suffers from the same disadvan-
tage as other Shewhart charts in that it is not effective for detecting small shifts in
process parameters. A multivariate analog of the EWMA chart is the multivariate
EWMA (MEWMA) chart developed by Lowry, Woodall, Champ, and Rigdon
(1991).

For the problem of monitoring p and X, Reynolds and Cho (2006), Reynolds
and Kim (2007), and Reynolds and Stoumbos (2008) have recently investigated
combinations of the standard MEWMA chart for monitoring p and MEWMA-
type charts based on the squared deviations from target for monitoring X .

As an extension from the univariate setting, it has been recommended that in
the multivariate setting the Shewhart and MEWMA charts be used together in
combination. Reynolds and Stoumbos (2008) investigated the performance of this
type of combination relative to combinations involving the squared deviations
from target.

The objective of this paper is to extend the investigation of Reynolds and
Stoumbos (2008) involving combinations of Shewhart and MEWMA charts and
combinations of the standard MEWMA chart and MEWMA-type charts based on
the squared deviations from target. This extension includes an investigation of the
performance of combinations of sets of univariate Shewhart and EWMA charts
applied to each variable. This extension also includes an investigation of the per-
formance of control charts with and without the use of regression adjustment of
the variables (Hawkins (1991, 1993)). It is assumed that the objective of monitor-
ing is to detect small or large changes in the process mean and small or large in-
creases in process variability. Reynolds and Stoumbos (2008) considered control
chart performance averaged over all shift directions, and here we also consider
control chart performance for specific shift directions for the mean and variability.
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2 Definitions of the Control Charts

Suppose that a process with p variables of interest will be monitored by taking
samples of size n=1 at each sampling point, using a sampling interval of one
time unit. Let 6 represent the vector of standard deviations of the p variables, and
let p,, X, and o, represent the in-control values for p, X, and ¢, respective-
ly. We assume that these in-control parameter values are known (or estimated
with negligible error). We will usually refer to p, as the target, even though, in
practice, some of the components of p, may correspond to estimated in-control
means, rather than to specified target values.

At sampling point £ =1,2,..., let X,; represent the observation for variable i
(i=1,2,..., p), and let the corresponding standardized observation be

Zy =Xy —Ho:)/ o0 5

where 1, is the i ™ component of p,, and &, is the i ™ component of o,. Let
X, be the in-control covariance matrix of (Z;,,Z;,,...,Z i) -

We investigate a number of different combinations of Shewhart and
MEWMA charts, and use some simple shorthand notation to keep track of the dif-
ferent statistics and charts. In particular, we use the notation from Reynolds and
Cho (2006), Reynolds and Kim (2007), and Reynolds and Stoumbos (2008),
where “S” is used for Shewhart charts, “E” for EWMA charts, and “M” for
MEWMA-type charts. We also investigate sets of univariate control charts used
in the multivariate setting, so we use “U” to indicate sets of univariate charts. The
acronyms and descriptions of the control charts being considered are listed in Ta-
ble 1 for convenient reference.

Consider first the set of univariate Shewhart charts for the p individual va-
riables. In particular, a signal is given at sample & if max; | Z;; | exceeds an upper
control limit (UCL). We will refer to this set of univariate charts as the USZ
chart, where the “U” indicates univariate, “S” indicates Shewhart, and “Z” indi-
cates that the chart is based on the Z;; statistics. At sampling point & let the
EWMA statistic of standardized observations for variable i be

Ef =(1-AE{,;+AZy, i=12,....p,

where Ej,; =0 and A is a weighting or tuning parameter satisfying 0 < A <1 (the
superscript “Z” is used to indicate that this EWMA statistic is based on Z,;). If an
EWMA chart is used for each of the p variables, then a signal would be given at
sampling point k if max; ¢;"'? | Ef. | > UCL, where c,, = A/(2—A) is the asymp-
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totic variance of E/ as k —oo. This set of univariate EWMA charts will be
called the UEZ chart.

At sampling point & let the EWMA statistic of squared standardized deviations
from target for variable i be

2 2
EY =(1-)max{ES B+ AZ5, i=12,...,p,

where EOZI-2 =1 and 0< A <1. The superscript “Z>” is used to indicate that this is
an EWMA statistic based on the squares of the Z statistics. The “R” is used to in-
dicate that a reset is used to set the statistic back to 1 (the in-control expected val-
ue of Z ,fi) whenever it drops below 1. A signal is given a sample £ if
max,(2¢,) " EF * > UCL. We call this chart the UERZ? chart.

Table 1. Symbols and Descriptions of the Control Charts Being Considered

Chart Description

USZ | A set of univariate Shewhart charts of the standardized observations (Z)

USA | A set of univariate Shewhart charts of the regression adjusted observations (A)
UEZ | A set of univariate EWMA charts of the standardized observations

UEA | A set of univariate EWMA charts of the regression adjusted observations

UERZ?| A set of univariate EWMA charts of the squared standardized deviations from target (Z*)

A set of univariate EWMA charts of the squared regression adjusted deviations from tar-
get (A”)

SZ A multivariate Shewhart chart of the standardized observations (Hotelling’s T chart)

UERA?

MZ | An MEWMA chart of the standardized observations
M,RZ? | An MEWMA-type chart of the squared deviations from target

M,RA?*| An MEWMA-type chart of the squared regression adjusted deviations from target

Reynolds and Cho (2006) found that using regression adjusted variables
(Hawkins (1991, 1993)) instead of the original standardized variables tends to im-
prove the performance of some control charts. Regression adjustment of the va-
riables involves using linear regression to adjust the value of each variable in an
observation vector based on the values of the other variables in this vector. When
the “Z” variables in the USZ, UEZ, and UERZ? charts are replaced with the cor-
responding regression adjusted versions of these variables (represented by “A”),
we will refer to the charts as the USA, UEA, and UERA? charts, respectively.
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When X, is known the multivariate Shewhart-type control chart proposed by
Hotelling (1947) for monitoring p is based on a statistic that is a quadratic form
of (Zyy,Zy,,-..,Z,) (see Eq. (1) in Reynolds and Cho (2006)). We will refer to
this control chart as the SZ chart (the absence of a “U” before “S” indicates that
this chart is not a set of univariate Shewhart charts).

The MEWMA control chart for monitoring p is based on a statistic that is a
quadratic form of (E{|,Ef,.,...,Ef,) (see Eq. (9) in Reynolds and Cho (2006)).
Call this chart the MZ chart.

Reynolds and Cho (2006) proposed control charts for monitoring X using two
forms of MEWMA -type statistics based on squared standardized deviations from
target. One of these forms has the in-control expectation subtracted from the
EWMA statistic, and the other does not. Here we consider the second form of
MEWMA-type statistic because it seems to have slightly better properties. This
statistic is based on a quadratic form of (E,‘le ’ , E,fzz ’ yeens Eg,z ’ ) (see Reynolds and
Kim (2007)). Call this chart the M,RZ? chart, where the subscript “2” indicates
the second form of MEWMA statistic.

The MZ and SZ charts are not affected if regression adjusted variables are used
instead of the original variables (with the appropriate change in the covariance
matrix), so there is no need to use regression adjustment with these charts. How-
ever, the M,RZ? chart is affected if regression adjusted variables are used instead
of the original variables (assuming that the variables are correlated). Replacing
the original standardized variables in the M,RZ? chart with the regression adjusted
variables gives a chart that will be called the M,RA? chart.

The SZ and MZ charts are usually referred to as charts for monitoring p, al-
though they are sensitive to shifts in X . Similarly, the charts based on squared
deviations from target are referred to as charts for X (or for ¢ ), although they are
sensitive to shifts in p. The control charts based on squared deviations from tar-
get are very effective for detecting changes in X , but they also have the important
advantage that they are very sensitive to large shifts in p.

3 The Setup for Evaluation and Comparison of Charts

The evaluation and comparison of different control charts will be done using the
same general setup used by Reynolds and Cho (2006), Reynolds and Kim (2007),
and Reynolds and Stoumbos (2008) (this allows for comparisons with results in
these papers).
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The average time to signal (ATS) is defined to be the expected length of time
from the start of process monitoring until a signal is generated. We set up all
charts so that the in-control ATS is 800 time units. When two or more charts are
used together in combination, the control limits of each chart were adjusted to give
the same individual in-control ATS for each chart, with the in-control ATS of the
combination at 800.

The ability of control charts to detect sustained shifts in process parameters is
measured by the steady-state ATS (SSATS), which is defined as the expected
length of time from the random point in time that the shift occurs until the time
that a signal is generated. The SSATS is computed assuming that the control sta-
tistics have reached their steady-state distribution by the random time point that
the shift occurs. The SSATS also allows for the possibility that the shift can occur
randomly in a time interval between samples.

Most ATS and SSATS results in this paper are based on simulation with
1,000,000 simulation runs. Steady state properties were obtained by simulating
the operation of the control charts for 400 in-control observation vectors, and then
introducing a shift.

We present numerical results here for the case of p = 4 variables, when all
pairs of variables have the same correlation p, where p =0 or 0.9. These two val-
ues of p are intended to represent two extreme cases of independence and high
positive correlation. The values of 4 used here are 0.02600 and 0.11989, corres-
ponding to values used in previous papers.

Shifts in p are expressed in terms of the standardized mean shift vector, de-
fined as v=(v,v,,...,v,)", where v, =(u;, — )/ 0y, i=12,...,p, and the
size of the shift is measured in terms of the non-centrality parameter

5 =yVEV .
The out-of-control properties of the SZ and MZ charts depend on v only through
o, but this is not true for the other charts being considered. We initially consider
(in Tables 2-7) an average SSATS averaged over all shift directions (obtained by
simulating random shift directions), and later give (in Tables 8 and 9) the SSATS
for some specific shift directions.

The numerical results presented here for shifts in X are for increases in o,
with the assumption that the correlations between the variables do not change.
Shifts in ¢ are expressed in terms of y=(y,7,,...,7,)", where y, =0;/0y;,
i=1,2,..., p,and the size of the shift in ¢ is measured in terms of
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w=1+Jr -1y -1 =1+ (2, ¢, - DD,

The in-control case of ¢ =06 correspondsto y=1 and y=1. The SSATS of the
charts considered here depends on the direction of the shift y, so an average
SSATS is used initially, where the average is taken over all shift directions corres-
ponding to increases in one or more components of 6. The SSATS is also given
later for some specific shift directions.

4 Numerical Results

Table 2 gives average SSATS values for some charts and chart combinations
when p=4,n=1, p=0,and 4=0.02600. The first row of the table gives the
in-control ATS (approximately 800), and the following rows give SSATS values
for shifts in p indexed by &, and shifts in ¢ indexed by v .

The column labeled [1] is for the USZ chart (the set of univariate Shewhart
charts for individuals). We see that, as expected, this chart is not effective for de-
tecting small shifts in p. We also see that it effectively detects large increases in
6. From column [2] for the UEZ chart we see that this chart is much more effec-
tive that the USZ chart for small shifts in p, but is not as effective for large shifts
in p or for increases in 6. From column [3] for the UERZ? chart we see that this
chart is effective for detecting increases in ¢, and is also very effective for detect-
ing large shifts in p. In fact, the UERZ? chart in column [3] is much more effec-
tive than the UEZ chart in column [2] for large shifts in p.

Column [4] in Table 2 is for the UEZ and USZ combination. We see that us-
ing the Shewhart and EWMA charts together gives good performance over a wide
range of shifts in p. Column [5] is for the UEZ and UERZ?® combination. This
combination also gives good performance over a wide range of shifts in p, and
gives much better performance than the UEZ and USZ combination for small in-
creases in ¢. Thus, to improve the performance of the EWMA chart for p in de-
tecting large shifts, this EWMA chart can be used either with the Shewhart chart
or with the EWMA chart of squared deviations. The EWMA chart of squared
deviations seems to be a better choice because it has much better performance for
detecting small increases in ¢ .

These conclusions obtained from columns [1]-[5] in Table 2 are similar to the
conclusions obtained by Reynolds and Stoumbos (2005) in the univariate case.
Thus, we see that these conclusions carry over to the multivariate case when using
sets of univariate charts for each variable.
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Columns [6]-[8] of Table 2 are for the SZ, MZ, and M,RZ? charts, respective-

ly. The conclusions from columns [6]-[8] are similar to the conclusions from col-
umns [1]-[3]. In particular, the Shewhart chart is good for large shifts in p or
large increases in ¢, the EWMA chart is good for small shifts in p, and the

squared deviation chart is good for large shifts in p and any increase in o .

Table 2. Average SSATS for Some Control Chart Combinations for Shifts in p
and 6 whenp=4,n=1, p=0,and 4 =0.02600 .

USZ UEZ UERZ? UEZ UEZ

SZ MZ M,RZ> MZ MZ
USZ UERZ? SZ M,RZ?
S vy (1] [21 1B [4 [5]1 [6] [7] [8] [9] [10]
0 1.0 799.9 800.1 800.1 800.2 800.1 800.0 800.0 800.0 800.0 800.0
02 1.0 743.7 206.8 669.3 263.3 259.6 736.1 187.0 6342 235.0 230.1
04 10 6141 694 419.1 829 820 5905 61.5 3668 715 706
06 1.0 4632 386 202.1 439 434 4274 341 171.1 381 377
08 1.0 3295 264 944 294 290 290.8 234 80.1 256 252
1.0 1.0 2267 200 500 220 215 190.8 177 429 192 188
12 1.0 1544 161 304 175 169 1239 143 263 153 148
14 1.0 1052 134 205 144 138 802 119 179 126 120
1.6 1.0 722 115 149 122 114 525 102 130 10.6 10.0
20 10 351 90 89 92 81 234 80 78 78 7.1
25 10 155 70 55 66 56 95 62 48 55 49
30 10 75 58 37 48 40 43 5.1 32 37 34
40 1.0 23 42 20 23 22 13 38 1.8 15 19
50 1.0 1.0 34 13 1.1 14 07 30 1.1 07 12
80 10 05 21 05 05 06 05 18 05 05 05
0 1.2 2476 3787 92.8 2685 1135 2243 363.0 722 246.7 87.8
0 14 91.6 2139 325 1055 379 80.7 203.1 260 944 300
0 1.6 422 1363 182 50.0 20.8 365 1293 148 438 16.7
0 1.8 231 950 123 276 139 196 900 101 238 113
0 20 143 706 91 171 102 120 668 7.5 145 84
0 25 61 401 53 72 58 51 379 44 60 49
0 30 35 266 36 41 40 3.0 251 31 34 34
0 40 1.8 148 21 20 23 15 140 19 17 20
0 50 12 98 15 13 16 1.1 92 14 11 15
0 100 06 30 07 06 07 06 28 07 06 07

Column [9] in Table 2 is for the MZ and SZ chart combination, and column
[10] is for the MZ and M,RZ? chart combination. As in the comparison of col-
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umns [4] and [5], comparing columns [9] and [10] shows that the MZ and M,RZ*
chart combination and the MZ and SZ chart combination have roughly similar per-
formance, except that the MZ and SZ chart combination is a little better for very
large shifts in p, and the MZ and M,RZ? chart combination is much better for
small increases in o .

Comparing a column from [1]-[5] for the sets of univariate charts with the cor-
responding column from [6]-[10] for the multivariate charts shows that the multi-
variate charts are uniformly better in terms of average performance. Thus, even
though the variables are independent, using the multivariate charts gives better
performance than using sets of univariate charts. However, the differences are not
extremely large. For example, the UEZ and UEZ? chart combination requires an
average of 21.5 time units to detect a shift in p of size 6 =1.0, while the MZ and
M,RZ? chart combination requires an average of 18.8 time units. Some practi-
tioners prefer using sets of univariate charts because these charts are familiar and
easier to interpret. The results given here show that using sets of univariate charts
entails a moderate loss of efficiency compared to using multivariate charts.

We next consider the case of p=0.9 in Table 3, where SSATS values are
given for four pairs of charts, where each pair has charts with and without regres-
sion adjustment of the variables. In particular, column [1] is for the USZ chart
(based on the original standardized variables) and column [2] is for the USA chart
(based on the regression adjusted variables). We see that using regression ad-
justed variables gives much better average performance. The same conclusion is
obtained for the other three pairs of columns in Table 3. Thus, when p=0.9, we
use regression adjustment of the variables in future comparisons of charts and
chart combinations.

Table 4 has the same structure as Table 2, except that o =0.9 and regression
adjusted variables are used instead of the original variables (except for the SZ and
MZ charts, which are not affected by regression adjustment).

The conclusions obtained from Table 4 are similar to the conclusions from Ta-
ble 2. In particular, the performance of the set of univariate EWMA charts for p
in detecting large shifts can be improved by using it with either with the set of
Shewhart charts or with the set of EWMA charts of squared deviations. The set of
EWMA charts of squared deviations have much better performance for detecting
small increases in 6, so it seems to be a better choice. The same conclusion is ob-
tained when the MZ and M>RA? chart combination is compared to the MZ and SZ
chart combination: the M,RA? chart based on squared deviations gives much bet-
ter performance for detecting small increases in 6 .
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In Table 4 the conclusion about the average performance of the sets of univa-

riate charts relative to the multivariate charts is similar to the conclusion from Ta-
ble 2 where p =0. In particular, using sets of univariate charts (based on regres-
sion adjusted variables) entails a moderate loss of efficiency compared to using
multivariate charts. However, plotting regression adjusted variables in the sets of

univariate charts may reduce the advantage of easy interpretation.

Table 3. Average SSATS for Some Control Charts with and without Regression
Adjustment for Shifts in p and ¢ whenp=4,n=1, p=0.9,and 1 =0.02600 .

Usz USA UEZ UEA UERZ®> UERA?> M,RZ* M,RA’
3 v [1] (2] [3] [4] [5] [6] [7] [8]
0 1.0 800.0 800.0 800.1 800.0 800.0 800.0 800.0 800.0
02 1.0 789.1 731.8 504.0 182.7 762.1 644.6 763.7 617.5
04 1.0 756.8 577.2 254.4 61.7 709.8 363.7 715.5 332.1
0.6 1.0 710.1 410.3 143.0 34.7 630.9 158.4 642.3 145.6
0.8 1.0 653.1 276.2 91.6 23.9 535.5 71.9 552.2 67.1
1.0 1.0 590.9 181.6 65.0 18.1 436.2 38.6 456.1 36.3
1.2 1.0 528.4 118.6 49.8 14.6 344.6 24.0 362.9 22.6
14 1.0 468.0 78.1 40.2 12.2 266.6 16.5 281.5 15.5
1.6 1.0 411.1 52.1 33.6 10.5 204.0 12.1 214.2 11.3
20 1.0 313.0 24.4 25.3 8.2 119.6 7.3 123.4 6.8
25 1.0 219.9 10.5 19.3 6.4 65.0 45 65.2 42
30 1.0 154.5 5.0 15.6 5.3 38.8 3.1 38.3 2.9
40 1.0 78.0 1.6 11.3 3.9 18.0 1.7 17.4 1.6
50 1.0 41.2 0.8 8.8 3.1 10.4 1.1 10.1 1.0
80 1.0 8.0 0.5 5.3 1.9 3.7 0.5 3.5 0.5
0 1.2 261.9 210.0 418.3 351.8 108.6 78.2 111.9 67.9
0 1.4 99.3 62.2 244.5 173.9 38.2 24.8 38.2 21.5
0 1.6 473 249 158.9 100.0 213 13.1 212 11.4
0 1.8 26.8 12.7 112.3 64.9 14.4 8.4 14.1 7.3
0 2.0 17.1 7.6 84.2 45.8 10.7 6.0 10.5 5.3
0 2.5 7.8 3.3 48.4 24.1 6.3 3.3 6.2 3.0
0 3.0 4.7 2.0 322 15.3 4.4 2.3 43 2.0
0 4.0 2.6 1.1 18.0 8.1 2.7 1.4 2.7 1.3
0 5.0 1.8 0.9 11.9 5.2 2.0 1.0 2.0 1.0
0 100 0.8 0.6 3.7 1.7 1.0 0.6 0.9 0.6

Tables 5 and 6 show the same charts as Tables 2 and 4, respectively, except
that A =0.11989 instead of 4 =0.02600. We see that when the charts for mon-
itoring p are based on a larger value of A, they have better performance for large
shifts, so the improvement in performance from adding a Shewhart chart or a chart
based on squared deviations from target is not quite as dramatic as in the case of
A =0.02600 . However, the improvement in performance is still significant.
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Table 4. Average SSATS for Some Control Chart Combinations with Regression
Adjustment for Shifts in p and ¢ whenp=4,n=1,d=1, p=0.9, and

A=0.02600.
USA UEA UERA?> UEA UEA SZ MZ M,RA*> MZ MZ
USA UERA? SZ  M,RA?
3 vy [1] [2] [3] [4] [5] [6] [7] [8] [9] [10]
0 1.0 800.0 800.0 800.0 800.0 800.0 800.0 800.0 800.0 800.0 800.0
02 1.0 731.8 1827 6446 2305 2269 736.1 187.0 617.5 2350 2304
04 10 5772 617 3637 726 719 5905 615 3321 715 705
0.6 1.0 4103 347 1584 39.1 38.7 4274 341 1456 381 375
0.8 1.0 2762 239 719 264 260 2908 234  67.1 256 251
1.0 1.0 181.6 181 386 19.8 193 1908 177 363 192 186
12 1.0 1186 146 240 15.7 151 1239 143 226 15.3 14.5
14 10 781 122 165 13.0 122 802 119 155 126 117
1.6 1.0 521 105 121 10.9 10.1 525 102 113 10.6 9.6
20 1.0 244 8.2 7.3 8.1 7.0 23.4 8.0 6.8 7.8 6.7
25 1.0 105 6.4 45 5.7 4.7 9.5 6.2 42 5.5 4.4
30 1.0 5.0 5.3 3.1 3.9 3.3 43 5.1 2.9 3.7 3.1
40 1.0 16 3.9 1.7 1.7 1.9 1.3 3.8 1.6 1.5 1.7
50 1.0 08 3.1 1.1 0.9 1.2 0.7 3.0 1.0 0.7 1.1
80 10 05 1.9 0.5 0.5 0.5 0.5 1.8 0.5 0.5 0.5
0 12 2100 351.8 782 2309 949 1655 3173 679 1858 812
0 14 622 1739 248 726 286 451 1527 215 533 246
0 1.6 249 1000 13.1 297 148 181 884 114 215 127
0 18 127 649 8.4 15.1 94 9.5 57.9 7.3 11.1 8.2
0 20 76 458 6.0 8.9 6.7 5.9 413 53 6.8 5.8
0 25 33 24.1 3.3 3.7 3.7 2.7 22.1 3.0 3.0 3.3
0 30 20 15.3 23 22 2.5 1.7 14.1 2.0 1.9 22
0 40 1.1 8.1 14 1.2 1.5 1.0 7.6 1.3 1.1 14
0 50 09 5.2 1.0 0.9 1.1 0.8 4.9 1.0 0.8 1.0
0 100 06 1.7 0.6 0.6 0.6 0.6 1.6 0.6 0.6 0.6

If a Shewhart chart or a squared deviation chart is going to be relied upon to
provide fast detection of large shifts in p, then this suggests that 4 in the EWMA
or MEWMA chart for p can be taken to be relatively small to also provide fast
detection of small shifts in p. Table 7 contains SSATS values for some chart
combinations when the charts for p have 4 =0.02600 , and the charts for ¢ have
A=0.11989 . Results for both p=0 and p=0.9 are given, and for each value
of p the lowest SSATS for each shift is shown in bold. From Table 7 we see that
using 4= 0.11989 in the charts based on squared deviations improves the ability
to detect large shifts to the point where there is little difference between the com-
binations with the squared deviation charts and the combinations with the Shew-
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hart charts. This increase in A does, of course, decrease the ability to detect small
increases in ¢, and also slightly decrease the ability to detect intermediate shifts
in p. However, the combinations with the squared deviation charts are still a bit
better than the combinations with the Shewhart charts for detecting small shifts in
i, and much better for detecting small increases in & .

Table 5. Average SSATS for Some Control Chart Combinations for Shifts in p
and ¢ whenp=4,n=1, p=0, and the MZ chart has 1 =0.11989 .

USZ UEZ UERZ* UEZ UEZ SZ MZ M,RZ> MZ MZ
USZ UERZ? SZ M,RZ?

& w [ 2] Bl 4 (51 [6] [7] (8  [9] [10]

0 1.0 7999 8&00.1 800.0 800.0 800.0 800.0 799.9 800.0 799.9 800.0

02 1.0 743.7 411.8 7213 5024 497.5 736.1 378.2 699.2 468.5 462.1
04 10 6141 136.5 5352 186.1 1835 590.5 1143 4858 1535 151.1
0.6 1.0 4632 552 3287 721 713 4274 446 2781 56.1 554
0.8 1.0 3295 288 1772 353 350 2908 234 1419 276 273
1.0 1.0 2267 182 922 213 21.1 1908 150 71.0 169 16.8
1.2 1.0 1544 130 496 147 146 1239 108 377 119 1138
14 10 1052 100 287 11.1 11.0 802 84 220 9.1 9.0
1.6 1.0 722 8.1 18.2 8.8 87 525 69 14.1 7.3 7.2
20 1.0 351 59 9.0 6.2 6.0 234 50 7.1 5.2 5.0
25 1.0 155 43 4.9 44 4.2 9.5 3.7 3.9 3.6 3.5
30 1.0 75 3.4 3.1 33 3.0 4.3 3.0 2.5 2.6 2.5
40 10 23 24 1.6 1.8 1.7 1.3 2.1 1.3 1.3 14
50 1.0 1.0 1.9 1.0 1.0 1.0 0.7 1.6 0.8 0.7 0.9
80 1.0 05 1.1 0.5 0.5 0.5 0.5 1.0 0.5 0.5 0.5

1.2 247.6 303.6 1545 2459 1795 2243 281.8 118.6 2247 143.0
14 91.6 1383 459 919 541 80.7 127.0 342 82.1 40.7
1.6 422 757 21.0 43.0 242 365 690 160 379 184
1.8 231 473 124 239 140 19.6 430 97 20.8 109
20 143 325 84 15.1 9.4 120 296 6.7 129 75
25 6.1 165 45 6.6 4.9 5.1 15.0 3.7 5.6 4.0
30 35 104 29 3.8 32 3.0 9.4 25 32 2.7
40 1.8 5.5 1.7 2.0 1.9 1.5 5.0 1.5 1.7 1.6
50 1.2 3.6 1.2 1.3 1.3 1.1 3.2 1.1 1.1 1.2
10.0 0.6 1.2 0.6 0.6 0.7 0.6 1.1 0.6 0.6 0.6

SO oo oo O

Comparing columns [4] and [8] of Table 7 with the corresponding columns of
Tables 5 and 6 shows that using A =0.02600 in the chart for p and 4 =0.11989
in the chart for ¢, as opposed to using A =0.11989 in both charts, significantly
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improves the ability to detect small increases in p (6 <0.8), but hurts the ability
to detect other shifts in p or 6. Thus, if small shifts in p are of particular con-

cern, then it is better to use the small value of A4 in the chart for p.

Table 6. Average SSATS for Some Control Chart Combinations with Regression
Adjustment for Shifts in p and 6 whenp=4,n=1, p=0.9,and 1 =0.11989 .

USA UEA UERA®” UEA UEA& SZ MZ M,RA* MZ MZ
USA UERA? SZ M,RA’
s w1 [2] (3] (4] [5] (6] [7] [8] 9]  [10]
0 1.0 800.0 800.0 800.1 799.9 800.1 800.0 800.0 800.0 800.0 800.2
02 1.0 731.8 3642 7022 4542 450.1 736.1 3782 685.1 468.5 461.1
04 1.0 5772 111.7 483.6 1503 148.7 590.5 1143 452.0 153.5 150.7
0.6 1.0 4103 450 2695 574 568 4274 446 2423 561 553
0.8 1.0 2762 24.1 1333 289 286 2908 234 1174 276 272
1.0 1.0 181.6 156 659 179 17.7 1908 150 57.6 169 16.7
12 1.0 1186 113 351 126 125 1239 108 30.6 119 117
14 1.0 781 88 207 96 95 8.2 84 182 91 89
16 1.0 521 72 135 77 76 525 69 119 73 171
20 1.0 244 52 70 55 52 234 50 62 52 49
25 10 105 39 39 38 36 95 37 35 3.6 33
30 10 50 31 25 28 25 43 30 23 26 23
40 10 16 22 13 15 14 13 21 1.2 13 13
50 10 08 17 08 08 09 07 16 07 07 08
80 10 05 10 05 05 05 05 1.0 05 05 05
0 12 2100 2694 1267 209.1 148.1 1655 2273 109.8 1657 125.0
0 14 622 1031 317 630 37.0 451 833 268 462 303
0 1.6 249 504 136 259 154 181 410 11.6 19.0 128
0 18 127 296 79 134 87 95 245 68 101 74
0 20 76 195 53 81 58 59 165 46 63 5.0
0 25 33 95 28 35 30 27 83 25 29 27
0 30 20 58 19 21 20 17 52 1.7 1.8 1.8
0 40 1.1 3.1 12 12 12 1.0 28 1.1 1.1 1.1
0 50 09 20 09 09 09 08 19 08 08 09
0 100 06 08 06 06 06 06 08 06 06 06

The performance of the MZ and SZ charts does not depend on the direction of
the shift in p, but it does depend on the direction of the shift in 6. The perfor-

mance of the other charts considered here depends on the direction of the shift in
p and the shiftin o .
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Table 7. Average SSATS for Some Control Chart Combinations with Regression
Adjustment for Shifts in p and 6 whenp=4,n=1, p=0 or 0.9, the Charts for
p have 4 =0.02600 , and the Charts for ¢ have 4 =0.11989 .

p=0 p=09
UEZ UEZ MZ MZ UEA UEA MZ MZ
USZ UERZ®> SZ M,RZ* USA UERA’? SZ M,RA?

8 v [1] (2] [3] [4] (5] [6] [7] (8]

0 1.0 800.2 800.0 800.0 800.0 800.0 800.1 800.0 800.0

0.2 1.0 2633 2626 2350 233.2 230.5 2295 2350 233.1
0.4 1.0 829 82.5 71.5 71.2 72.6 724 715 71.1
0.6 1.0 439 437  38.1 379 39.1 389 381 37.8
0.8 1.0 294 29.1 25,6 253 264  26.1 256 252

1.0 1.0 220 21.6 19.2 18.8 19.8 19.5 19.2 18.6
1.2 1.0 17.5 17.0 153 14.7 15.7 15.1 153 144
1.4 1.0 14.4 13.7 126 119 13.0 12.1 126 115
1.6 1.0 12.2 11.3 10.6 9.7 10.9 9.8 10.6 9.2
2.0 1.0 9.2 7.8 7.8 6.6 8.1 6.6 7.8 6.1
2.5 1.0 6.6 5.0 5.5 4.1 5.7 4.1 5.5 3.7
3.0 1.0 4.8 34 3.7 2.7 3.9 2.7 3.7 2.5
4.0 1.0 23 1.8 1.5 1.4 1.7 1.4 1.5 1.3
5.0 1.0 1.1 1.1 0.7 0.9 0.9 0.9 0.7 0.8
8.0 1.0 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
0 1.2 2685 1883 246.7 148.8 2309 1557 1858 134.1
0 14 1055 569 944 421 72.6 387 533 322
0 1.6 50.0 252 438 18.9 29.7 16.0 215 134
0 1.8 276 145 238 11.1 15.1 9.0 11.1 7.6
0 2.0 17.1 9.7 14.5 7.6 8.9 6.0 6.8 5.1
0 2.5 7.2 5.0 6.0 4.1 3.7 3.1 3.0 2.7
0 3.0 4.1 33 3.4 2.7 2.2 2.0 1.9 1.8
0 4.0 2.0 1.9 1.7 1.6 1.2 1.2 1.1 1.1
0 5.0 1.3 1.3 1.1 1.2 0.9 0.9 0.8 0.9
0 10.0 0.6 0.7 0.6 0.6 0.6 0.6 0.6 0.6

Table 8 gives SSATS values for some charts with and without regression ad-
justment for some specific shift directions when o =0.9. In Table 8 the shift di-
rection is determined by using “+”, “0”, and “-* to indicate that a parameter has
increased, stayed constant, or decreased, respectively. For example, “+ + + +” for
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Table 8. SSATS for Some Control Charts with and without Regression Adjust-
ment for Specific Shift Directions for p and ¢ whenp =4,n=1, p=0.9, and
A =0.02600 .

USZ USA UEZ UEA UERZ?> UERA?> M,RZ?> M,RA?

§ y means stdev ] (2] (3] (4] (5] (6] (7] (8]
0 1.0 0000 0000 800.0 800.0 800.1 800.0 800.0 800.0 800.0 800.0
04 10 ++++ 0000 4084 7915 442 5352 2129 760.1 210.7 7573
1.0 1.0 ++++ 0000 800 7510 13.8 206.1 21.8 6746 214 684.0
20 1.0 ++++ 0000 9.1 634.4 6.3 71.2 4.6 483.2 45 4824
30 1.0 ++++ 0000 20 498.3 4.1 40.6 2.0 289.8 19 2831
50 10 ++++ 0000 0S5 278.8 24 21.8 0.7 89.5 0.7 79.4
04 10 +++0 0000 7239 5843 1935 614 6503 361.2 651.8 340.6
1.0 1.0 +++0 0000 4727 1813 507 177 2767 341 2612 36.8
20 1.0 +++0 0000 1812 21.6 204 7.9 51.8 6.5 43.4 7.0
30 1.0 +++0 0000 704 4.1 12.6 5.1 18.4 2.8 15.3 1.9
50 10 +++0 0000 14.0 0.7 7.1 3.0 5.8 1.0 4.9 1.0
04 10 ++00 0000 7527 5826 2417 695 7000 4051 7047 3480
1.0 1.0 ++00 0000 5644 208.8 63.0 20.8 380.8 58.7 380.6 423
20 1.0 ++00 0000 2648 38.0 24.5 9.4 79.7 10.6 69.0 7.5
30 1.0 ++00 0000 11438 9.3 15.0 6.1 26.5 44 223 3.1
50 1.0 ++00 0000 250 1.2 8.4 3.5 8.0 1.5 6.7 1.1
04 10 +000 0000 7620 5703 2331 56.1 7159 3282 7242 3182
1.0 1.0 +000 0000 596.6 1605 564 163 3770 285 4194 323
20 1.0 +000 0000 2777 16.7 22.0 7.4 63.0 5.6 66.4 6.3
30 1.0 +000 0000 109.7 3.1 13.5 4.8 20.8 24 21.0 2.7
50 1.0 +000 0000 198 0.6 7.6 2.8 6.4 0.8 6.4 0.9
04 10 ++-- 0000 770.1 5783 3142 683 7337 399.0 738.6 341.6
10 10 ++-- 0000 6408 2040 936 206 551.6 569 5586 408
20 1.0 ++-- 0000 3995 36.6 35.8 9.3 2493 103 2313 73
30 1.0 ++-- 0000 240.1 8.8 22.0 6.0 101.0 4.3 86.5 3.0
50 1.0 ++-- 0000 912 1.2 12.3 3.5 249 1.5 21.8 1.0
04 10 +-00 0000 7695 5725 2741 59.0 7322 350.7 7379 323.6
10 10 +-00 0000 6345 171.8 674 174 5123 347 5421 33.6
20 1.0 +-00 0000 3693 21.1 26.5 7.9 155.1 6.7 173.6 6.5
30 1.0 +-00 0000 1935 4.2 16.4 5.1 47.8 2.8 49.2 2.7
50 1.0 +-00 0000 538 0.7 9.3 29 12.3 1.0 11.6 0.9
0 14 0000 ++++ 1187 956 257.6 2114 519 36.3 519 272
0 20 0000 ++++ 239 16.2 98.3 72.9 14.3 10.1 14.3 7.8
0 30 0000 ++++ 63 3.8 39.2 28.1 5.7 39 5.7 32
0 50 0000 ++++ 21 1.2 14.6 10.4 2.4 1.5 2.3 1.4
0 14 0000 ++00 975 520 2444 1573 377 21.2 344 189
0 20 0000 ++00 164 53 81.6 36.4 10.5 4.8 9.4 4.1
0 30 0000 ++00 45 1.5 31.0 11.6 43 1.8 3.9 1.6
0 50 0000 ++00 1.7 0.8 11.4 3.9 1.9 0.9 1.8 0.8
0 14 0000 +000 759 249 2271 1198 278 13.0 28.8 153
0 20 0000 +000 117 32 68.7 24.5 8.0 32 8.0 3.6
0 30 0000 +000 3.6 1.3 255 7.8 35 1.5 35 1.6
0 50 0000 +000 1.6 0.8 9.4 2.8 1.7 0.9 1.7 0.9
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Table 9. SSATS for Some Control Chart Combinations with Regression Adjust-
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the means indicates that all means increased by the same amount (while producing
the given value of o0 ), while “+ - 0 0” indicates that the first mean increased, the
second mean decreased by the same amount, and the last two means did not
change. Similarly, “++ 0 0” for the standard deviations means that the first two
standard deviations increased by the same amount (while producing the given val-
ue of ), and the last two standard deviations did not change.

From Table 8 we see that using regression adjustments gives dramatic im-
provements in performance for most shift directions. However, using regression
adjustment gives dramatically worse performance in the case of a shift in p in the
“++ + +” direction (see also Hawkins (1991)).

Table 9 gives SSATS values for some chart combinations for some specific
shift directions. The lowest SSATS for each shift is shown in bold. For a given
value of & or w , the shift direction does not seem to have a large effect, except
for the case in which the shift in p is in the “+ + + +” direction and sets of univa-
riate charts with regression adjusted variables are used. Recall from Table 8 that
the M,RA? chart does not perform well for a shift in p in the “+ + + +” direction,
but, when the M,RA? chart is used with the MZ chart, there is much less of a
problem because the MZ chart is invariant to the direction of the shift in p.

5 Conclusions

This paper investigates various combinations of control charts for multivariate
monitoring of p and 6. In general, using a chart based on squared deviations
from target along with the chart for p gives better overall performance than using
a Shewhart chart along with the chart for p. Using sets of univariate charts re-
sults in a moderate loss of efficiency compared with using multivariate charts, as-
suming that regression adjustment of the variables is used in the sets of univariate
charts when the variables are correlated.

As long as A in the chart based on squared deviations from target is not too
small, the squared deviations chart will be almost as effective as the Shewhart
chart in detecting large shifts in p. In this case, a relatively small value of 4 can
be used in the chart for p to provide fast detection of small shifts in p. However,
using a very small value of A in the chart for p will result in some deterioration
in the ability to detect intermediate shifts in p, or small and intermediate shifts in
poro.
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Summary. Recent literature on statistical process monitoring pointed out that the
quality of products and processes can be often related to profiles, where the function
relating a response to one or more location variables (in time or space) is the quality
characteristic of interest. An important application of profile monitoring concerns
geometric specifications of mechanical components, such as straightness, roundness
or free-form tolerance. This paper presents a new approach aimed at extending
the method proposed for profile monitoring to surface monitoring. In this case, a
geometric specification (such as cylindricity, flatness, etc.) is assumed to character-
ize the machined surface. The proposed method is based on combining a Spatial
Autoregressive Regression (SARX) model (i.e. a regression model with spatial au-
toregressive errors) to multivariate and univariate control charting. In this work,
the approach is applied to a case study concerning surfaces obtained by turning and
subject to cylindricity tolerance.

1 Introduction

During the last decades, technical drawings of mechanical components have
been showing an increasing number of form tolerances (i.e., product specifica-
tions concerning profiles and surfaces). This increase can be probably ascribed
to two main reasons. Firstly, a deeper knowledge of the relationships between
the characteristics of profiles/surfaces and the functional properties of the pro-
duced items is now available. Secondly, the advent of modern measurement
systems (such as Coordinate Measuring Machines - CMM) and computerized
data analysis decisively reduced the complexity and the time required for
checking form tolerances.

Form tolerances can concern simple shapes (such as straightness, round-
ness, cylindricity, flatness, etc.) or even complex ones (usually related to as
free-forms) and are designed for defining a constraint on the final shape of
the processed item. In fact, due to the natural variability of the material, the
manufacturing and the measurement processes, the actual surface can deviate
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from its ideal or nominal shape. The geometric tolerance is indeed designed
for constraining this deviation, since it can affect the functional performances
of the final produced item. In this framework, a statistical process monitoring
procedure should quickly detect any deviation of the machined shape from
the usual pattern obtained when the process is in its standard or in-control
behavior. With this aim, Colosimo et al. [4] recently presented a procedure
for monitoring a manufacturing process when the quality characteristic of
interest is a profile, specifically a roundness or circular profile, obtained by
turning. Further details on the roundness case study can be found in [3]. The
approach proposed in [4] originated from recent literature on profile moni-
toring [15], where the “profile” is the functional relationship which links a
response to one or more location variables and the main objective is to de-
tect a change affecting the functional relationship, rather than the response
itself. Approaches for profile monitoring have been presented for different ap-
plications ranging from calibration study [10] [11] [13], to signal analysis [6]
[9].

The objective of this paper is to extend the method proposed in [4] for
profile monitoring to quality control of manufactured surfaces, such as cylin-
dricity, flatness, etc. Within the paper, a case study concerning cylindrical sur-
faces obtained by lathe-turning will be taken as reference. Regression models
presented in the literature on cylindrical specifications [7] [16] will be con-
sidered as starting reference to identify the parametric models of the large-
scale pattern characterizing all the cylindrical surfaces machined. The model
presented in the literature will be further extended to represent the spatial
correlation characterizing adjacent points on each machined surface. There-
fore, as a first byproduct, this paper will present a novel parametric model of
cylindrical surfaces able to represent both the large-scale and the small-scale
(spatial correlation) characteristics of the machined surface. This model will
make full use of Spatial Autoregressive Regression (SARX) models [5], used
in spatial statistics to represent the spatial correlation in regular lattices. As
suggested in the literature on profile monitoring [15], the analytical model de-
scribing the signature will be identified and combined with multivariate and
univariate control charting for monitoring the estimated coefficients and the
estimated noise variance, respectively. Therefore, a first monitoring approach
will be developed to properly take into account both the large-scale and the
small-scale characteristics of the machined surface.

A different monitoring procedure will instead focus on the large-scale be-
havior of the machined surface while neglecting the small-scale (spatial corre-
lation) structure. Therefore regression will be simply used as modeling tech-
nique and the resulting residuals, even if spatially correlated, will be then
treated as they were uncorrelated. In this second case, the monitoring ap-
proach will again use a multivariate control chart for monitoring the esti-
mated coefficients of the regression model and a univariate control chart on
the estimated variance of the (spatially correlated) noise sequence. This sec-
ond competitor procedure will allow us to evaluate conditions under which the
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extra-effort required for modeling the spatial correlation structure is worth-
while.

Both the aforementioned approaches will be eventually compared with a
simpler procedure which represents the industrial practice, where the infor-
mation collected in the cloud of measured points is usually summarized in just
one indicator representing the form error. In the case of cylindricity, this syn-
thetic value will be referred to as out-of-cylindricity (OOC) and will represent
the maximum deviation of the machined surface from the ideal cylindrical
shape. Hence, a univariate control chart on the OOC will be the last competi-
tor approach.

The performances of the three approaches for surface monitoring will be
computed as the Average Run Length (ARL) to detect out-of-control states.
These out-of-control states will be related to specific conditions which typically
occur in manufacturing processes [16].

2 Cylindrical surfaces obtained by lathe-turning

Among different geometric specifications, cylindricity plays an important role
when functionality relates to rotation or coupling of mechanical components.
According to the standards [1] [8], the cylindricity is the condition of a surface
of revolution in which all the points of the surface are equidistant from a
common axis. The deviation of the actual shape from the ideal one is specified
by the cylindricity error, which is the minimum radial distance between two
coaxial cylinders which contain among them the actual surface. This error will
be referred to as out-of-cylindricity (OOC) from now on. According to the ISO
standard [8], the OOC error has to be computed in two steps. The first step
consists in computing the reference cylinder, which is fitted on the actual data
by using one of several possible criteria (the most common being the least-
squares, the minimum zone, the minimum circumscribed and the maximum
inscribed reference cylinders). Then, the deviation of the actual shape from the
reference cylinder is computed and possibly modeled. Assuming a cylindrical
coordinate system, let y,; represent the radial deviation from this reference
cylinder observed on the h-th item (h = 1,..., H) when the axial height is
z, and the angular position (often referred to as the azimuthal coordinate)
is 0, (n=1,...,N). Figure 1 shows the cylindrical coordinate system as well
as the representation of the cylindricity error OOC, which is the minimum
radial distance between the two coaxial cylinders which contain among them
the actual surface.

2.1 The large-scale regression model

In the case of cylindrical features, Henke et al. [7] presented an analytical
model for aiding the interpretation or the relationship between manufactur-
ing processes and the typical deviation from the ideal cylinder. The approach
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Fig. 1. The coordinate of the generic point observed

[7] combines Chebyshev polynomials and Fourier (periodic) functions for rep-
resenting axial errors and circular errors, respectively. A similar approach is
proposed by Zhang et al. [16], who used the Legendre polynomials instead of
the Chebyshev ones to describe the deviation along the cylinder axis, while
keeping the Fourier functions for describing the cross-section form errors. Fig-
ure 2 shows some typical errors observed on cylindrical components discussed
in [7] and modeled by combining Chebyshev polynomials and Fourier func-
tions.

(b) ()

Fig. 2. Different types of form error for cylindrical surfaces, as classified by Henke
et al. [7]. (a) Three-lobed; (b) taper; (c) hourglass; (d) barrel; (e) banana

According to the model in [7], the n-th value data observed on the h-th
item can be expressed as:

Ynh = X0 Bh +Unp ,(n=1,...., N;h=1,...,.H) (1)
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where h = 1, ..., H is the index of the surface, n = 1, ..., N is the index of the
equally spaced observations on each surface, x),3) represents the large-scale
model characterizing the h-th surface at the specific point n, and wu,p repre-
sents the noise term. In particular, x), = [Z1y, ... Tkn ... Tkn ] is a (row) vector
whose elements are K regressor variables which are assumed to be given and
known functions of the coordinates of the n-th point; By = [Bin B2n .- Brn]
represents a (column) vector whose elements are K unknown coefficients that
have to be estimated for each surface h (h = 1,2, ...., H). Table 1 summarizes
the expression of the regressor function zy, according to the model in [7].
Note that T;(¢,) represents a second-type Chebyshev polynomial of order ¢,
Len To(Gn) = 1; Tu(Cn) = 26n; To(Cn) = 4¢2 — 1 and ¢, = 2En—2min) | Fyom
Table 1 it is clear that some of the possible combinations of t the Chebyshev
polynomials and the periodic functions are not included as possible regres-
sor functions. As examples, Ty((,)-representing the (least-square) cylinder
radius— or Ty ((n)cos(0,,) and Ty (¢, )sin(6,) —associated to the translation of
the (least-square) cylinder axis— are not included in this table. In fact, the
model in (1) is describing the deviation of the observed data from the ideal
cylinder. Therefore, the ideal cylinder is firstly estimated and subtracted by
the actual radii observed in order to compute the deviation [7].

k |Order of the Chebyshev|Order of the periodic Tkn
polynomial (Fourier) component

1 0 2 To(Cn)cos(20r)
2 0 2 To(¢n)sin(26,)
3 0 3 To(Cn)cos(36r)
4 0 3 To(¢n)sin(36,)
5 1 0 T3 (Gn)

6 1 2 T1(¢n)cos(20,)
7 1 2 T1(¢n)sin(26,)
8 1 3 T1(Cn)cos(365)
9 1 3 T1(Cn)sin(36,)
10 2 0 To(Cn)

11 2 1 T5(Cn)cos(6r)
12 2 1 T5(Cn)sin(6x)
13 2 2 T2(Cn)cos(26,)
14 2 2 T>(¢n)sin(26,)
15 2 3 T>(Cn)cos(36x)
16 2 3 T5(¢n)sin(360y)

Table 1. The regressor functions xx, as a function of the index k.
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2.2 The small-scale model for the spatial correlated noise terms

With reference to the model in (1), the noise term w,; observed at the n-th
location of the h-th item is usually assumed to be uncorrelated and normally
distributed. In particular, if the assumption of uncorrelated noise is rejected,
models able to deal with spatial correlation structures should be used. In fact,
traditional time-series models (in which past data are assumed to influence
future ones) can not be used in the case of machined surfaces, since no spe-
cific direction of the influence can be identified for data observed on a surface.
In this paper, we will use approaches taken from spatial statistics to deal
with the issue of possibly correlated noise. In particular, we will assume that
the grid of equally spaced points observed on the machined surface is kept
fixed, as it were implemented on a coordinate measuring machine which au-
tomatically performs the required measurement path. Given this fixed grid of
measurement locations, each point can be related to a different set of adjacent
points. Therefore an hypothesis on the adjacency, contiguity or spatial weight
matrices W) (s = 1,...,p) has to be firstly considered. Let w,(fn)q represent
the elements in row n of column m of the weight matrix for the s-th order
neighbors, namely W), In other words, wg,% is set equal to 1 if the n-th
point is assumed to be neighbor of the m-th point and 0 otherwise. Analo-
gously, wfﬁ% is set equal to 1 if the n-th point is a neighbor of the original
first-generation neighbors of the m-th point, and so on. Two traditional ways
for defining these matrices are presented in the literature on spatial statistics.
The first is the rook-based contiguity, where neighbors share a common bor-
der (Figure 3 on the left). The second is the queen-based contiguity, which
defines neighbors as locations that share either a border or a vertex in their
boundaries (Figure 3 on the right).

Fig. 3. Plot of the neighbors of the rook-based (on the left) and the queen-based (on
the right) contiguity: the first-order and second-order neighbors of the center point
(which is shown in black) are represented in darker and lighter gray, respectively.

Despite of the specific type of contiguity structure (rook or queen-based),
a Spatial AutoRegressive (SAR) model of order p [5] can be used as reference
model for the noise term of the h-th surface:
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N N N
Uph = O1h Z wq(zl%umh + 021, Z w,(fn)@umh + oo+ 0pn Z w%umh + enn(2)
m=1

m=1 m=1

where ¢,;, ~ (0,02) is an uncorrelated noise error sequence (n = 1,...,N),
O1h, ---, Oph, are coefficients that have to be estimated, while wﬁf,L (s=1,..,p)is
the generic element of the s-th order neighbor matrix W), When the SAR(p)
model of the noise error terms given in (2) is combined with the large-scale
regression model given in (1), it determines a Spatial Autoregressive Regres-
sion model of order p or SARX(p) model [5]. Coeflicients of the noise and
large-scale models, given by the ¢, s (s =1,...,p) and ;s (k=1,..., K), re-
spectively, can be estimated by using the approach implemented in the Spatial
Econometric Toolbox [12].

2.3 The parametric model for the case study

The case study refers to 100 C20 carbon steel cylinders, which were supplied
in 30 mm diameter rolled bars and machined to a final diameter of 26 mm
(cutting speed equal to 163 m/min, feed equal to 0.2 mm/rev). Two cutting
steps of 1 mm depth each were required to arrive to the final diameter. Each
machined surface was eventually measured by using a Coordinate Measuring
Machine (CMM). A set of 68 generatrices was sampled on each turned speci-
men by continuous scanning. In particular a set of 61 points were measured on
each of the 68 generatrices. Therefore, 61 x 68 = 4148 points were measured
on each of the 100 machined surfaces. Figure 4 shows the actual shape of the
form error observed in one of the machined items.

Fig. 4. The actual shape of one out of the 100 machined cylinders
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With reference to this set of 100 surfaces, we assumed models in equations
(1) and (2) as references for the large and small-scale patterns, respectively.
All the regressor functions in Table 1 were initially considered for the large-
scale model. The order p of the SARX model was increased in order to achieve
uncorrelated residuals, as confirmed by the Moran'’s test [5]. According to this
criterion, a SARX model of order p = 2 was deemed appropriate by using both
the rook-based and the queen-based contiguity structures (Figure 3) for all
the 100 items. Eventually, the rook-based model was preferred because of the
reduced number of neighbors (i.e., its “parsimony”).

Once identified the proper SARX model structure, a final check was per-
formed to decide whether all the K = 16 regressors of Table 1 were effectively
required for the large-scale model. In particular the (asymptotic) t-statistics
for the SARX model’s estimates were considered [12] and allowed us to con-
clude that all the regressor functions ranging from the 11-th to the 16-th are
never required in any of the 100 surfaces for the large-scale model. Therefore,
just the first 10 regressor functions in Table 1 were eventually considered in
the final model.

Therefore, the model of the h-th cylindrical surfaces obtained by lathe-
turning is a SARX(2) model, which can be synthetically represented in matrix
form as:

yh =XByr+uy
uy, = <Q1hW(1) + thW(z)) u, +€pn (3)

where y, = [y1h ... ynn ] is the vector of data observed on the h-th item,
X is the regressor matrix, whose n-th row is x/,, u;, and &, are the vectors
of the spatially correlated and uncorrelated noise terms for the h-th surface,
respectively. Eventually, W) and W) represent the first and second order

adjacency matrices, respectively.

3 Control charts for surface monitoring

In order to detect out-of-control surfaces, three alternative approaches will be
considered in this paper. The first approach is the simplest one and consists
in computing the form error (out-of-cylindricity, OOC) value associated to
each machined surface and in monitoring it with an individuals control chart.
Similarly to control charts suggested in the literature on profile monitoring,
the second and third approaches consist of a multivariate control chart for
monitoring the vector of estimated parameters and a univariate control chart
aimed at monitoring the estimated residuals variance. The main difference
between these two approaches is in the in-control model assumption. In par-
ticular, the second procedure assumes that the manufacturing signature can
be modeled using a SARX(2) model. Therefore this control charting is based
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Fig. 5. Individuals control charts of the reciprocal of the OOC values.

on the actual model and thus, the resulting residuals will be effectively uncor-
related. The third approach will not include any spatial correlation structure
into the model. Therefore, it will be referred to as a SARX(0) model. In this
last approach we will be assuming that the relationship between adjacent
measurements is neglected and hence only the regression model in (1) is con-
sidered as baseline model. Given that the model is a SARX(2), the residuals
computed assuming a SARX(0) model will be obviously correlated but their
variance will be estimated and monitored despite of this spatial correlation
structure.

In all the three control charting approaches, a nominal false alarm proba-
bility o = 0.01 will be assumed. Since control charting for the SARX(2) and
SARX(0) approaches consist of two control charts (a multivariate plus a uni-
variate control charts), each of the two control charts will be set by assuming
a false alarm probability o« =1 — /1 — /.

3.1 Phase I of control charting

With reference to the sample of H = 100 machined surfaces, control charting
can be firstly aimed at detecting possible out-of-control shapes in this set of
items. In this case, the control charts have to be designed and retrospectively
used to detect out-of-control surfaces, if any. A traditional individuals control
chart on the OOC values was firstly designed. In particular, the least-square
method was used to compute the OOC associated to each machined surface.
Given the rejection of the normality assumption for this sequence of OOC
values, a suitable transformation of these values was identified in order to
achieve the normality of the transformed data. A value of A = —1 was used
in the power transformation, i.e. a standard Shewhart control chart for indi-
viduals was designed on the reciprocal of the OOC values. Figure 5 shows the
individuals control charts obtained with these transformed data, given a false
alarm probability equal to o = 1%. No assignable cause was found for the
out-of-control sample (corresponding to the second surface) identified with
this control chart.
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A second monitoring procedure was designed by assuming the SARX(2)
model in (3) as reference. In this case, the h-th machined surface was asso-
ciated to: i) the vector of 12 estimated coefficients of the SARX(2) model
b} = [Bin ... Bion d1n O2n]; and ii) the estimated variance S7 = 67 of the
(uncorrelated) residuals ;. Consequently, a multivariate T2 control chart
was designed for monitoring the mean of by, (h =1,..., H). In particular, the
recent approach of Williams et al. [14] was used in this design stage. A tra-
ditional univariate control chart for monitoring the estimated variance S; of
the residuals was designed too. Unfortunately, the normality assumption of
SARX(2) model’s residuals was rejected for most of the 100 machined sur-
faces. Therefore, traditional control limits of the Shewhart-type control chart
for the variance were not applicable in this case. However, by applying a
Box-Cox transformation to the sequence of estimated residual variances S?
for h = 1,...,100, the suggested transformation was found to be the natural
log. A traditional individuals control chart was then applied to the sequence
of log-transformed variances. Figure 6 shows the 72 and individuals control
chart for the SARX(2)-based approach. Three out-of-control samples are now
detected with this method. Since no assignable causes were found for these
outlying surfaces, we did not delete any specific sample from the set of 100
reference ones.
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Fig. 6. Phase I SARX(2)-based control charting for the 100 cylindrical surfaces.
(a) T2 control chart on the estimated coefficients (b) Shewhart control chart on the
log-transformed estimated noise variance.

Eventually, the last approach was similar to the previous one but for
the correlation structure of residuals, which was neglected in this last case.
Specifically, the multivariate control chart was designed on the sub-vector
[ Bin ... Bion] of coefficients associated to the surface when just the large-scale
model in (1) is considered. Therefore, the variance of residuals related to
this SARX(0) model was computed for each of the machined surface, log-
transformed to achieve normality and monitored via an individuals control
chart. Figure 7 shows the SARX(0)-based Phase I control charting. It can be
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clearly observed that the results of this third approach are quite similar to
the ones achieved with the SARX(2)-based one. On the contrary, these two
last control charting procedures are different from the simplest OOC-based
one showed in Figure 5, since the out-of-control signals issued by these last
monitoring procedures (both the SARX(0) and the SARX(2) approaches) are
different from the one issued by the first OOC control chart. This difference
will be further investigated with reference to Phase II control charting in the
simulation study presented in the next subsection.
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Fig. 7. Phase I SARX(0)-based control charting for the 100 cylindrical surfaces.
(a) T? control chart on the estimated coefficients (b) Shewhart control chart on the
log-transformed estimated noise variance.

3.2 Phase II of control charting: the run length performance

With reference to the control charts designed in the previous section, we used
simulation to generate in-control and out-of-control surfaces. In particular, the
SARX(2) model in (3) was taken as reference, assuming the unknown coeffi-
cients to be generated from a multinormal distribution with mean and covari-
ance matrix estimated on the set of 100 samples used in Phase I. According
to this model, a new set of 20000 new cylindrical surfaces were randomly gen-
erated for properly tuning the three monitoring procedures to achieve exactly
the same in-control average run lengths (ARL) performances. In particular,
for all the monitoring procedures, the control charts were tuned to obtain a
nominal value of the false alarm probability equal to 1%, for all the three ap-
proaches. Figure 8 shows the 95 % confidence intervals on the in-control ARL
obtained by simulating in-control surfaces until a set of 1000 run lengths (i.e.,
1000 false alarms) were available for all the three monitoring procedures.

In order to generate a set of possible out-of-control conditions, we consid-
ered form errors presented in the literature [2], [7], [16] as results of technolog-
ical problems which are common in lathe-turning. In particular, the following
set of out-of-control conditions were simulated:
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Fig. 8. 95% confidencce interval on the Average Run Length (on 1000 instances of
run lengths) for in-control surfaces in Phase II.

. Increase of tapering (Figure 2 (b)), which can be due to an increased

inflection of the workpiece axis while machining. This out-of-control con-
dition can be obtained by generating the in-control surfaces and then
multiplying the coefficient of the 5-th regressor function in Table 1 by a
factor 01, since this regressor function is responsible of the conical shape.
In particular, we assumed 6; = 1.3.

Change of the trilobed error. The in-control surfaces were already
characterized by this type of error, which was probably due to a spindle
motion error because its effect was increasing while moving far from the
the spindle. On the other side, a trilobed error can be further due to an
excessive force of the clamping fixture and, in this case, its effect reduces
while moving far from the spindle. We assumed that a possible out of con-
trol can be due to the excessive clamping force and we modeled it by mul-
tiplying the 8-th regressor function in Table 1 (namely, T}((,)cos(36,))
by d3 =1 — 0.001 = 0.999.

Half frequency spindle motion error, which can be due to wear on
one ball bearing spindle or to whirling in a hydrodynamic bearing [2].
This out-of-control condition can be modeled by introducing a spuri-
ous harmonic at frequency 1/2 upr to the baseline model, i.e. adding
92 [c0s(0.560,,) + T1(Cn)cos(0.56,,)], to the set of regressor functions in Ta-
ble 1. In this case we assumed do = 0.001.

. Four-lobed spindle motion error. This error was not originally present

in the in-control model but can be due to a further type of spindle motion
error, according to the literature on surfaces obtained by turning [2]. This
condition was simulated by adding d4 [cos(40,,) + T4 ((n)cos(46,,)] to the
in-control surfaces. In particular, we used 6, = 0.002.

Change of the spatial correlation structure. As previously shown,
the in-control model is a SARX model of order 2. We assumed that, due to
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some changes in the properties of the material machined or in the machin-
ing conditions, the spatial correlation reduces to a first-order contiguity
structure. In other words, the order of the SARX model is assumed to
decrease to 1 (i.e., go5, = 0, Yh) in this out-of-control condition.

6. Increase of the uncorrelated residuals’ variance. Because of possible
changes in the material properties or machining conditions, we assumed
that a possible out-of-control shape can be due to an increase in the vari-
ance (7,2Z of the residuals ¢, s. In particular, an increase equal to 5% was
considered in this case.

For each of the aforementioned out-of-control conditions, we went on sim-
ulating surfaces until all the monitoring procedures allowed us to collect the
same number of 1000 run lengths. Then, we computed a 95% confidence inter-
vals on the ARLs obtained with each procedure in each of the aforementioned
out-of-control conditions. Figure 9 shows the results of this performance com-
parison study. It can be observed that both the SARX(0) and the SARX(2)
approaches outperform the industrial practice of monitoring the OOC value
only. These results are consistent with the ones shown by Colostimo et al.
for roundness profiles [4] and can be intuitively explained considering that
the industrial approach reduces all the information contained in the cloud
of measured points in just a single variable that reflects the out-of-control
shape with some delay. An even more interesting result is that the advan-
tage of properly modeling the spatial correlation structure —thus adopting a
SARX(2) model instead of the simpler SARX(0)— can be observed just when
the change affects somehow the noise. In fact, the SARX(2)-based approach
outperforms the SARX(0)-based one just in the last two scenarios, where the
correlation structure or the noise variance is assumed to change with time
(note that an increase of 5% in the variance is ordinarily very difficult to de-
tect but the SARX(2)-based approach shows very good performance, possibly
because of the large number of measurements it is based on).

4 Conclusions

In this paper the method for monitoring profile data developed in [4] was
extended to three-dimensional forms (i.e. surfaces). The approach proposed
combines a regression model with spatial correlated noise to univariate and
multivariate control charting and is applied to data on cylindricity surfaces
obtained by turning. The simulation study showed that the results found in
[4] for roundness profiles are confirmed when surfaces are machined instead of
profiles. In particular, the main results is that approaches based on monitoring
the coefficients of the parametric model which describes the systematic pattern
of machined surface outperforms the industrial practice, which is based on
monitoring a synthetic indicator of form error. Furthermore, the simulation
study showed that the extra-effort required for modeling the spatial correlation
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Fig. 9. Effect of different out-of-control conditions on the ARL performance of the
different control charting methods.

can be worthwhile just when the small-scale (e.g., correlation structure and/or

noise variance) characteristics of the machined surface are of interest.
Although a specific geometry was used, we point out that any three-

dimension shape can be monitored with an approach similar to the one pro-
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posed, given that the regression terms and the spatial weight matrices should
be appropriately selected. Therefore, the approach presented can be easily ex-
tended to different geometric specifications characterizing discrete part man-
ufacturing in the automotive and aeronautical productions.

Acknowledgements.- This paper was partially funded by the Ministry of
Education, University and Research of Italy (MIUR).

References

10.

11.

12.

13.

14.

15.

ASME Y14.5-M-1994 “Dimensioning and Tolerancing”.

Cho, N.W. and Tu, J.F. (2001). “Roundness Modeling of Machined Parts for
Tolerance Analysis”. Precision Engineering, 25, pp. 35—47.

Colosimo, B. M. and Pacella, M. (2007). “On the Use of Principal Component
Analysis to Identify Systematic Patterns in Roundness Profiles”. Quality & Re-
liability Engineering International, 23(6), pp. 707-725.

Colosimo, B. M., Pacella, M. and Semeraro Q. (2008). “Statistical Process Con-
trol for Geometric Specifications: On the Monitoring of Roundness Profiles”.
Journal of Quality Technology, 40(1), pp. 1-18.

Cressie, N.A.C. (1993). Statistics for Spatial Data, Revised Edition. John Wiley
& Sons, New York, NY.

Ding, Y., Zeng, L. and Zhou, S. (2006). “Phase I Analysis for Monitoring Non-
linear Profiles in Manufacturing Processes”. Journal of Quality Technology, 38,
pp. 199-216.

Henke, R.P., Summerhays, K.D., Baldwin, J.M., Cassou, R.M. and Brown, C.W.
(1999). “Methods for Evaluation of Systematic Geometric Deviations in Ma-
chined Parts and Their Relationships to Process Variables”. Precision Engi-
neering, 23, pp. 273-292.

ISO 1101:2004 - Geometrical Product Specification (GPS) - Cylindricity
(ISO/TS 12180:2003).

Jin, J. and Shi, J. (2001). “Automatic Feature Extraction of Waveform Sig-
nals for In-Process Diagnostic Performance Improvement”, Journal of Intelli-
gent Manufacturing, 12, pp. 257-268.

Kang, L. and Albin, S.L. (2000). “On-Line Monitoring When the Process Yields
a Linear Profile”. Journal of Quality Technology, 32, pp. 418-426.

Kim, K., Mahmoud, M.A. and Woodall, W.H. (2003). “On the Monitoring of
Linear Profiles”. Journal of Quality Technology, 35, pp. 317-328.

LeSage, J.P. (1999). “The Theory and Practice of Spatial Econometrics” De-
partment of Economics University of Toledo, available at http://www.spatial-
econometrics.com/.

Mahmoud, M.A. and Woodall, W.H. (2004). “Phase I Analysis of Linear Profiles
with Calibration Applications”. Technometrics, 46, pp. 380-391.

Williams, J.D., Woodall, W.H., Birch, J.B. and Sullivan J.H. (2006). “Distribu-
tion of Hotellings T2 Statistic Based on the Successive Differences Estimator”.
Journal of Quality Technology, 38, pp. 217-229.

Woodall, W.H., Spitzner, D.J., Montgomery, D.C. and Gupta, S. (2004). “Using
Control Charts to Monitor Process and Product Quality Profiles”. Journal of
Quality Technology, 36, pp. 309-320.



70 Bianca Maria Colosimo, Federica Mammarella, and Stefano Petro

16. Zhang, X.D., Zhang, C., Wang, B. and Feng, S.C. (2005). “Unified Functional
Approach for Precision Cylindrical Components”. International Journal of Pro-
duction Research, 43, pp. 25—47.



Statistical Process Control for Semiconductor
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Summary. This paper considers statistical process control (SPC) for the semiconductor
manufacuturing industry, where automatic process adjustment and process maintenance are
widely used. However, SPC has been developed in parts industry an, thus, application of
SPC to chemical processes such as those in the semiconductor manufacuturinghas not been
systematically investigated

Two case studies are presented; one is an example for process adjustment and the other is
an example for process maintenance. Either of them is based on control charts and it is
discussed how to take into account process autocorrelation.

1 Introduction

Statistical process control (SPC) is used to control and reduce process variation by
means of statistical methods based on information about the product quality
produced by the process. It began with the control charts proposed by Shewhart in
the 1920s, and afterward SPC spread with a focus on the parts industry (see Box
and Kramer [1]). Control charts are used for an economic and efficient detection
of the out-of-control state of processes.

A semiconductor manufacturing process is different than a mechanical
machining process. The semiconductor manufacturing process is centered on
processes that use chemical reactions. Semiconductor products are characterized
by rapid changes in both improvement and deterioration of quality. Moreover, the
quality requirement become stricter year by year, and at the same time the
lifecycle of a single product is getting shorter. As a result, the development, trial
manufacturing, and mass production cycles get shorter and shorter. Therefore,
process stability has a large impact on corporate earnings. Generally, process
stability is demanded right away with the start of mass production.

In conventional SPC, after detection of an out-of-control state actions are
undertaken to eliminate the assignable cause. However, in the semiconductor
manufacturing it is not uncommon that variation in a certain process affects
product quality some 100 steps downstream, i.e., days or weeks later. There are
many causes of variation and the cause-and-effect relationships between processes

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
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are complex. Moreover, a semiconductor manufacturing process may be affected
by barometric pressure and other external factors. Under these conditions process
adjustment and process maintenance are used for limiting process variation and,
therefore, it is of crucial importance to controll the functioning of SPC.

In the present study, we propose a method for controlling the functioning of
automatic process adjustment and process maintenance based on two case studies

2 SPC fot Semiconductor Manufacturing

2.1 Process Model
The major characteristics of a semiconductor manufacturing process are as follow:

a. External factors (environments, materials) may have an immediate impact on
the process.

b. Process variation is caused by a large number of different factors, and cause-
and-effect relationships are complex.

c. There is autocorrelation.
d. The range of effects from process variation is so large.

Typical external factors are barometric pressure, outside temperature, and many
of the materials used during processing. Because the manufacturing process for
semiconductors is driven by chemical reactions, there are effects from the many
factors that cause variation in the state of the chemical reaction or the properties of
the reaction products. As mentioned above, these factors are of many different
types with effects not limited to a single process. The cause-and-effect
relationships are very complex and the impact of a cause may show up an effect
only dozens or hundred process steps after its occurrence.

Another awkward feature of processes including chemical reactions is that they
are heavily autocorreleted. Reaction by-products accumulate in the reaction
chamber and surrounding area, and the amount of accumulated by-product
increases together with the cumulative reaction time. The volume of the reaction
chamber and the flow of the raw material gas are changed by the accumulation of
by-product, which leads to a change in the state of the chemical reaction. This
gives rise to autocorrelation.

Referring to the above characteristics, Kawamura et al. [2] proposed the control
model shown in Fig. 1. The model regers to the characteristic y and admits the
adjustment factor w used in tuning, plus variation factors z and x and error factors
0 and g, which affect y and w. The effects on the characteristic and the tuning
are outlined in the figure. Automatic adjustment is included in tuning. The time is
denoted by ¢ and the double arrows represent the time axes. Generally, the process
y(¢)'s is autocorrelated. Both factor z and x affect the characteristic y. In contrast

to factor x, factor z affects also the tuning precision.
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Fig. 1. SPC model for a semiconductor manufacturing process

There are seven effects ((1) - (7)) in Fig. 1, which are explained with respect to
control characteristic y, as follows:

(1) Effect of factor z, of characteristic y, on tuning precision (interaction
between factor z, and adjustment factor w;).

(2) Effect of characteristic y; of the preceding process on the tuning precision of
the following process (interaction between characteristic y; of the preceding
process and adjustment factor w,).

(3) Effect of preceding characteristic y; on the characteristic y, of the following
process.

(4) Effect of error 0 on the level setting in tuning.

(5) Effect of residual error £ on the correction formula that is the foundation
for tuning.

(6) Effect of factors z, and x, on between-batch variation of y,.

(7) Effect of factors z, and x, on within-batch variation of y,.

It should be noted that there is not only correlation between subsequent process
steps, but also between more distant process steps.
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2.2 Process adjustment and process maintenance

As mentioned earlier, in semiconductor manufacturing processes by-products of
chemical reactions accumulate in the reaction chamber with ongoing reaction
time. The between-batch variation (process mean shift) and the within-batch
variation are generated by the effects of these by-products. The amount of reaction
by-products accumulated depends increases with time z.

The accumulation of reaction by-products first causes between-batch variation.
This is the effect described by effect (6) in Fig. 1. This variation is adjusted with
adjustment factor w so as to maintain a constant process mean.

With continuing time ¢, the amount of accumulated by-product increases, parts
of equipment deteriorate, and within-batch variation begins to increase. This is the
effect (7) described in Fig. 1. This within-batch variation cannot be removed with
adjustment factor w. Therefore, the process is stopped and refreshed by removing
by-products or replacing degraded parts, which is subsumed as process
maintenance. Since process maintenance requires stoppage of the line, there is a
need to keep it to a minimum, without adversely effect product quality or process
yield.

3 Process adjustment
3.1 Process adjustment and the need to control it

Conventionally SPC is used to detect and eliminate assignable causes; that is, to
reduce the effects (6) and (7) in Fig. 1. If the effects (6) and (7) are not
considerably, the characteristic y; will vary only slightly and effect (3) will be
small too. If variation of characteristic y, small, then there is no need for process
adjustment. However, as mentioned earlier, semiconductor manufacturing
processes have complex cause-and-effect relations and, moroever, there are
narrow limits to process analysis and often it is impossible to specify assignable
causes. For this reason, reducing process variation by process adjustment is more
effective than attempting to eliminate variation factors.

Reducing process variation with the use of process adjustment requires that the
adjustment will work with high reliability. Four effects, (1), (2), (4), and (5) in
Fig.1 affect the correct functioning of the process adjustment. In conducting
process adjustment, correction formula y = f{w) is used to approximate the
relationship between characteristic y and adjustment factor w, as oulined in Fig. 2.
Effects (4) and (5) are determined at the time of design of the correction formula.
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Fig. 2. Process adjustment using correction formula

By means of the correction formula in process adjustment the amount of
adjustment is determined. As shown in Fig. 2, in cases when the characteristic y is
by Ay larger than target the value y,, the correction formula is used and an

appropriate adjustment volume Aw, is obtained. However, the relation between

characteristic y and adjustment factor w is affected by some factors ((1) and (2) in
Fig.1). Therefore, it becomes necessary to control the factors that interact with the
adjustment factor. The problem then is to select an appropritac control
characteristic.

Process adjustment that is done automatically is called automatic process
control (APC). It should be noted that APC may introduce additional process
autocorrelation making the use of conventional control charts questionable. One
way to solve the related control problem, is to use control charts for the residuals
as proposed, for example, by Montgomery and Friedman [3]. Thus, we try to
apply the residual X control charts to control process adjustment.

3.2 The process of the case study

As an example for explaining the control of process adjustment, the process of
formation by chemical vapor deposition (CVD) of the polysilicon is used that
becomes the electrical wiring for semiconductor elements. In this process, there is
the process of forming a thin polysilicon film on a single-crystal silicon wafer.
This process is outlined in Fig. 3. The wafer is introduced into a reaction chamber
called a silicon carbide tube, and heated to several hundred degrees under reduced
pressure, after which polysilicon raw material gas is flowed in. A polysilicon film
then forms through a chemical reaction by heat. In this process, multiple lots made
up of single lots with a maximum of 25 silicon wafers are processed
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simultaneously. This work unit is called a batch. The thickness of the polysilicon
film formed is measured using a special film thickness measurement wafer
inserted between the product wafers. The position where the film measurement
wafer is inserted is constant, and films are always monitored in the same place.

positio

position3 ﬂ
position4 ﬂ

1 —

gas mmp wafer mm) pump
— L —

thermocouple

Fig. 3. Schema of general low pressure CVD apparatus [2]

A maximum of four lots can be inserted simultaneously, and one batch of a
maximum of 100 product wafers can be processed simultaneously. It is also
possible to process fewer than four lots per batch, and the number of lots
processed in a single batch varies. The product lot insertion position is determined
as follows according to the number of lots processed (Fig. 3):

One lot processing: processing position 2.

Two lots processing: processing position 2, 3.
Three lots processing: processing position 1, 2, 3.
Four lots processing: processing position 1, 2, 3, 4.

Film measurement wafers are inserted immediately above or immediately
below product lots, and processing is conducted simultaneously with the product
wafers. The film thickness is measured after processing with a film thickness
gauge. Therefore, except when simultancously processing four lots, the film
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immediately under processing position 4 is not measured and there is a missing
value.

From Fig. 3, we see that the raw material gas is introduced from the lower part
of the reaction chamber and flows upward implying that the film is produced more
abundantly in the lower part of the reaction chamber, and the by-products also
accumulate more in the lower part of the chamber. It was mentioned above that
between-batch and within-batch variation is generated by the accumulated
reaction by-products. Thus, the lower part of the reaction chamber, where there is
a greater amount of by-products, has greater between-batch variation than the
upper part.

The thickness of a film formed with a low pressure polysilicon deposition
equipment differs with the degree of integration and intended purpose of the
device, but the thickness is less than several hundred nanometers. The film
variation, which is the quality demanded in this process, differs depending on the
device, but needs to be kept roughly at 2-5%.

Process adjustment in the process under discussion has been done automatically
using the film thickness value of the most recent four lots and film deposition time
when those lots were being worked. Film deposition time is the time for the
occurrence of the chemical reaction that causes the film to deposit. This is
adjustment factor w in Fig. 1. The correction formula shown below is used in
automatic process adjustment.

T = laX(XO—}t—l)Xb-FTz—] (1)

Here, T; is the deposition time of the film of the next batch calculated from the
correction formula, Xj is the target thickness of the film, X, is the mean film

thickness value for the most recent four lots up to the previous batch, 7 is the
mean film thickness deposition time for the most recent four lots up to the
previous batch, a is a correction coefficient, b is a relaxation coefficient, and 7 is
time.

3.3 Residual X control chart based on a time series model

Controlling the function of process adjustment means to stabilize the relationship
between the characteristic and the adjustment factor. The problems are effects (1)
and (2) in Fig. 1. Therefore, the deposition rate, that is, the film thickness of the
wafer divided by the film deposition time (corresponding to the slope of the cor-
rection formula shown in Fig. 2) should be considered as the control characteristic.
However, the deposition rate is autocorrelated, because of the automatic adjust-
ment using equation (1). Therefore, residual X control charts based on the time se-
ries model mentioned in 3.1 are used.

An autoregressive integrated moving average (ARIMA (p, d, ¢)) model of Equ-
ation (2) including an autoregressive parameter (p), difference (d), and moving av-
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erage parameter (g) (see Box & Jenkins [4]) is applied to the deposition rate as the
time series model.

yo=(A=¢ - _¢p)/4 Ayt +¢pyt—p +&,~016, — 0,6, _”'_qut—q )

Ve =2 =24
Here, z, is the observed value at time ¢, ¢ i (= L2,..., p) is the autoregressive pa-
rameter, 0, is the moving average parameter, x is the average of y;, and ¢, is
the white noise at time ¢.

Fig. 4 shows the deposition rate at process position 2 with no missing values.
The variation displayed in Fig. 4 shows no unusual patterns. Because a straight
line of the correction system indicated in Fig. 2 is kept, it is possible to use Eq. 1
just as it is, to the entire range in Fig. 4.

Several ARIMA models are considered, and as a result of model selection based
on the Akaike Information Criterion, an ARIMA (1, 1, 0) model is selected.

The formula for the ARIMA (1, 1, 0) model in “period a” in Fig. 4 is shown be-
low:

$,=-0334y,,+0.014, y, =z, -z, (3)
The residual e, is given as e, = y, — , .

a b c d e

Fig. 4. Trend in deposition rate

Fig. 5 displays the residual X control chart for “period a” in Fig. 4. The upper
control limit (UCL) and the lower control limit (LCL) are obtained by multiplying
the standard deviation of the residual based on the ARIMA model of “period a” by
3. The control limits calculated for “period a” are extended, and investigations of
other periods in Fig. 4 are conducted. The residual X control charts for “period ¢”
and “period d” are shown in Fig. 6 and Fig. 7, respectively. It can be seen that five
points are beyond the control limits for “period ¢ in Fig. 6. On the other hand, the
X control chart in Fig. 7 for “period d” indicates that the control process is in con-
trol. The X control charts indicate the in control state in “period b” and “period e”,
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like in “period d”. Thus, process adjustment in these periods to work correctly.

However, the control chart in Fig. 6 for “period c” indicates that it is out-of-
control. In “period ¢” there is a lower frequency of simultancous processing of
four lots than in the other periods, and there are many instances in which film
thickness cannot be measured at processing position 4. Unfortunately, the varia-
tion in film thickness at position 4 is the largest. It may be that the missing values
at processing position 4 cause the out-of-control state. Even in cases, when the
number of processed lots in one batch is less than 4, measurement at all processing
positions should be performed.

1

UCL

0 A/\A_./'\Y,/\ /\ /\MCL
r\/ﬁ 13\/1;17 1}/2% 25 27 29 WS V39 41

LCL

Fig. 5. Residual X control chart for “period a”
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Fig. 6. Residual X control chart for “period c”

Fig. 7. Residual X control chart for “period d”

UCL
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4 Process maintenance
4.1 Process maintenance and the need to control it

Accumulating reaction by-products and/or deteriorating parts may affect not only
between-batch variation but also within-batch variation. Process adjustment is
done to stabilize the process mean, that is, to reduce the between-batch variation;
however, process adjustment can not control within-batch variation.

Therefore, process maintenance must complement process adjustment. Process
maintenance aims at eliminating reaction by-products and replacing degraded
parts to restore the process. Process maintenance is not only effective in restoring
the between-batch conditions, but also the within-batch conditions.

However, for each maintenance action the process has to be stopped and,
therefore, it is maintenance should be performed only as much as necessary, which
leads to the problem to fix the maintenance times.

The second problem refers to which degree the process conditions shall be
improved by process maintenance. Moreover, if maintenance is conducted
wrongly, it may lead to an out-of-control state. Thus, a maintenance failures can
be cause great damage.

We consider the maintenance times and the maintenance results and propose for
them an effective control method.

4.2 Outline of the process in the case study

We consider a CMP (Chemical Mechanical Polishing) process as a case study for
process maintenance. The CMP process is currently the most common planarizing
technique in the semiconductor manufacturing process. The surface of a
semiconductor wafer is made to contact a polishing pad while a polishing
compound called slurry, a liquid containing silica powder, is added to the process.
The CMP process is based on chemical and mechanical properties, but it is
unknown, whichof them is dominant. A schematic diagram of a CMP apparatus is
shown in Fig. 8.

The lots in a semiconductor manufacturing process are made up of a maximum
of 25 wafers. The film thickness of 1 to 4 wafers is measured before and after
CMP. In this study, however, measurements are taken from one wafer per lot only,
because the within lot variation is very small. Measurements are made at the nine
points of a wafer shown in Fig. 9.
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Pad conditioner

Polishing pad
Wafer

Fig. 8. Simple illustration of CMP process

Fig. 9. Film thickness measurement points on wafer

4.3 Control chart using principal component analysis

During the CMP process, the film thickness constitutes the control characzteristic,
which is measured before and after polishing. A change in the film thickness
pattern on the surface is seen before and after maintenance. We tried to quantify
the change of pattern and analyze the relation between the change pattern and
process maintenance.

Fig. 10 shows two frequently observed patterns of the remaining film thickness.
The problem is to derive an appropriate statistic to quantify the differences in
these patterns.
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Film thickness

1 2 3 4 5 6 7 3 8 9

Measurement point

Fig. 10. Typical film patterns

Table 1. Principal component analysis after double centralized transformation

eigenvalue 83489.72 | 26026.51 | 15146.84
contribution 53.75 16.76 9.75

cumulative contribution 53.75 70.50 80.25
eigenvector

point 1 -0.267 0.115 0.320
point 2 0.155 0.147 0.174
point 3 -0.424 0.519 -0.116
point 4 0.086 0.398 0.071
point 5 0.627 0.115 0.198
point 6 0.253 -0.354 0.063
point 7 -0.342 -0.577 0.407
point 8 0.220 -0.186 -0.647
point 9 -0.308 -0.177 -0.470

For deriving an appropriate statistics, we used Principal Component Analysis
for quantifying the remaining film pattern. Double centralized transformation y;
(see Equation (4)) is useful as preprocessing to identify wafer with different
remaining film pattern. PCA from a sum of products matrix of y; is applied.
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The results of the analysis are shown in Table 1. The first principal component
has an explanatory power of 53%, although double centralized transformation is
conducted. In addition, it is confirmed that the first eigenvector shown in Table 1
is reproduced in other periods. From this result, the first principal component
scores are utilized as the statistic to represent the pattern. Fig. 11 shows the first
principal component scores as a time series. The dashed lines in Fig. 11 stand for
the maintenance time points.

From Fig. 11, it can be seen that between two subsequent maintenance times the
first principal component score gradually rises. After maintenance the score
changes greatly, shifting from a large value to a small value.

Thus, for CMP process maintenance the change in remaining film pattern can
be detected by using the first principal component score after double centralized
transformation. Thus, by monitoring the first principal component score before
and after maintenance, it is possible to control the effect of process maintenance.

However, we can not say so far whether monitoring the proposed statistic alone
is adequate to control process maintenance. Besides, the number of particles on a
wafer should be monitored for controlling process maintenance.

10007 : i P i
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Fig. 11. Trend in the first principal component score
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5 Conclusive remarks

Statistical process control has been developed focussing on the parts industry.
Consequently, it is questionable whether the methods may be applied to the
chemical process industry. In the present study we considered the semiconductor
manufacturing process and proposed a statistical control method, which integrates
SPC and APC.

Two case studies were analysed and led to the following conclusions with
respect to SPC for the semiconductor manufacturing process:

(a) Process adjustment and process maintenance are the keys to preserve process
stability; therefore, effective control of them is required.

(b) Residual X control charts based on a time series model is useful to control the
process adjustment system.

(c) Monitoring within-batch variation is useful to control process maintenance.

It should be noted that these conclusive remarks do not only apply to
semiconductor manufacturing processes. Therefore, it is planned to extend the
research on other chemical processes.
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Summary. Control charts have been widely used in industries to monitor process
quality. We usually use two control charts to monitor the process. One chart is
used for monitoring process mean and another for monitoring process variability,
when dealing with variables data. A single Cumulative Sum (CUSUM) control chart
capable of detecting changes in both mean and standard deviation, referred to as
the Max-CUSUM chart is proposed. This chart is based on standardizing the sample
means and standard deviations. This chart uses only one plotting variable to monitor
both parameters. The proposed chart is compared with other recently developed
single charts. Comparisons are based on the average run lengths. The Max-CUSUM
chart detects small shifts in the mean and standard deviation quicker than the
Max-EWMA chart and the Max chart. This makes the Max-CUSUM chart more
applicable in modern production process where high quality goods are produced
with very low fraction of nonconforming products and there is high demand for
good quality.

1 Introduction

Control charts are basic and most powerful tools in statistical process control
(SPC) and are widely used for monitoring quality characteristics of production
processes. The first types of control charts were developed by Shewhart in the
1920s and ever since, several new charts have been developed in an effort to
improve their capability to quickly detect a shift of the process from a target
value. The statistical control chart, generally with 30 action limits and 2o
warning limits, is the longest established statistical form of graphical tool. The
control chart statistics are plotted by simply plotting time on the horizontal
axis and a quality characteristic on the vertical axis. A quality characteristic
is regarded to be in an in-control state if the statistic falls within the action
limits of the chart and out-of-control if the statistic plots outside the action
limits.

The disadvantage of the Shewhart control charts is that they only use
the information about the process contained in the last plotted point and

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_6, © Springer-Verlag Berlin Heidelberg 2010



86 Smiley W. Cheng and Keoagile Thaga

information given by the entire sequence of points. This has led to various
additional rules about runs of points above the mean. Attempts to incorporate
the information from several successive results have resulted in charts based
on some form of weighted mean of past results. In particular the Arithmetic
Running Mean has been used in some instances by Ewan (1963).

One of the charts developed as an improvement to the Shewhart chart is
the cumulative sum (CUSUM) chart developed by Page in 1954. This tech-
nique plots the cumulative sums of deviations of the sample values from a
target value against time. The Shewhart control chart is effective if the mag-
nitude of the shift is 1.50 to 20 or larger (Montgomery (2001)). The CUSUM
charts are highly recommended by Marquardt (1984) for use in the U.S in-
dustry since they can detect small changes in the distribution of a quality
characteristic and thus maintain tight control over a process. An important
feature of the CUSUM chart is that it incorporates all the information in the
sequence of sample values by plotting the cumulative sums of the deviations
of the sample values from a target value. If there is no assignable cause of
variation, the two-sided CUSUM chart is a random walk with a drift zero. If
the process statistic shifts, a trend will develop either upwards or downwards
depending on the direction of the shift and thus if a trend develops, a search
for the assignable causes of variation should be taken. The magnitude of a
change can be determined from the slope of the CUSUM chart and a point at
which a change first occurred is the point where a trend first developed. The
ability to show a point at which changes in the process mean began makes the
CUSUM chart a viable chart and also helps to quickly diagnose the cause of
changes in the process. There are two ways to represent CUSUM charts: the
tabular (or algorithmic) CUSUM chart and the V-mask form of the CUSUM
chart. We shall discuss the tabular CUSUM chart in this article.

The CUSUM chart for the change in the mean and the standard devia-
tion for variables data have been extensively studied and two separate plots
generated to assess for a shift from the targeted values. Constructing indi-
vidual charts for the mean and standard deviation is very cumbersome and
sometimes tedious and Hawkins (1993) suggested plotting the two statistics
on the same plot using different plotting variables. This produces a chart that
is somewhat complicated to interpret and is congested with many plotting
points on the same chart. Other charts have been developed with an effort to
propose single charts to monitor both the mean and the standard deviation of
the process such as those suggested by Cheng and Spiring (1998), Domangue
and Patch (1991), Chao and Cheng (1996), Chen and Cheng (1998) and Cheng
and Xie (1999).

The major objective of this paper is to develop a single CUSUM chart
that simultaneously monitors both the process mean and variability by using
a single plotting variable. This chart is capable of quickly detecting both
small and large shifts in the process mean and/or standard deviation and is
also capable of handling cases of varying sample sizes.
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2 The New Control Chart

Let X; = X;1,..., Xin,t = 1,2, ... denote a sequence of samples of size n taken
on a quality characteristic X. It is assumed that, for each 7, X;1,..., X;, are
independent and identically distributed observations following a normal dis-
tribution with means and standard deviations possibly depending on i, where
i indicates the i*" group. Let po and o be the nominal process mean and
standard deviation previously established. Assume that the process parame-
ters p and o can be expressed as = pg + aog and o = bog, where a = 0 and
b = 1 when the process is in control, otherwise the process has changed due
to some assignable causes. Then a represents a shift in the process mean and
b a shift in the process standard deviation and b > 0.
> (Xi—X0)?

Let X; = (X;1 4+ ...+ X;,)/n and S? = =———— be the mean and

variance for the i*" sample respectively. The sample mean X; and sample
variance S? are the uniformly minimum variance unbiased estimators for the
corresponding population parameters. These statistics are also independently
distributed as do the sample values. These two statistics follow different distri-
butions. The CUSUM charts for the mean and standard deviation are based
on X; and S; respectively.

To develop a single CUSUM chart, we define the following statistics:

7= iz s )
0o

where ¢(z) = P(Z < z), for Z ~N (0, 1) the standard normal distribution.
&~ is the inverse of the standard normal cumulative distribution function,
and H(w;p) = P(W < wlp) for W ~ x2 the chi-square distribution with
p degrees of freedom. The functions Z; and Y; are independent and when
the process variance is at its nominal value, Y; follows the standard normal
distribution. The CUSUM statistics based on Z; and Y; are given by

C" =max[0,Z; — k+ C;F ], (3)
C; =max(0,-Z;, —k+C,_,], (4)
and
S} =max[0,Y; — v+ S ], (5)
S, =max[0,-Y; —v+ S;_4], (6)

respectively, where Cy and Sy are starting points. Because Z; and Y; follow the
same distribution, a new statistic for the single control chart can be defined
as
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M; = max[C;", C;, S, S;7]. (7)

The statistic M; will be large when the process mean has drifted away
from po and/or when the process standard deviation has drifted away from
0. Small values of M; indicate that the process is in statistical control. Since
M;’s are non-negative, they are compared with the upper decision interval
only.

The average run length (ARL) of a control chart is often used as the sole
measure of performance of the chart. The ARL of the chart is the average
number of points that must be plotted before a point plots above or below
the decision interval. If this happens, an out-of-control signal is issued and
a search for an assignable cause(s) of variation must be mounted. A chart is
considered to be more efficient if its ARL is smaller than those of all other
competing charts when the process is out of control and the largest when the
process is in control.

The out-of-control signal is issued when either the mean or the standard
deviation or both have shifted from their target values. Therefore the plan (the
sample size and control limits) is chosen so that the ARL is large, when the
process is in control and small when the process is out of control. Cox (1999)
suggested that the criteria for a good chart are acceptable risks of incorrect
actions, expected average quality levels reaching the customer and expected
average inspection loads. Therefore the in-control ARL should be chosen so
as to minimize the frequency of false alarms and to ensure adequate response
times to genuine shifts.

For a predetermined in-control ARL, for quickly detecting shifts in the
mean and variability, an optimal combination of A and k is determined which
will minimize the out-of-control ARL for a specified change in the mean and
standard deviation, where h is the decision interval and k is the reference value
of the chart. The proposed chart is sensitive to changes in both mean and
standard deviation when there is an increase in the standard deviation and is
less sensitive when the standard deviation shifts downwards. This phenomenon
has been observed for other charts based on the standardized values Domangue
and Patch (1991).

3 Design of a Max-CUSUM chart

We use the statistic M; to construct a new control chart. Because M; is the
maximum of four statistics, we call this new chart the Max-CUSUM chart.
Monte Carlo simulation is used to compute the in control ARL for our Max-
CUSUM chart. For a given in-control ARL, and a shift for the mean and/or
standard deviation intended to be detected by the chart, the reference value
k is computed as half the shift. For these values (ARL, k), the value of the
decision interval (h) follows. For various changes in the process mean and/or
standard deviation, each ARL value is also obtained by using 10 000 simula-
tions.
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Table 1 gives the combinations of k and h for an in-control ARL fixed
at 250. We assume that the process starts in an in-control state with mean
zero (o = 0) and standard deviation of one (o9 = 1) and thus the initial
value of the CUSUM statistic is set at zero. For example if one wants to
have in-control ARL of 250 and to guard against 30¢ increase in the mean
and 1.250( increase in the standard deviation, i.e., ¢ = 3 and b = 1.25, the
optimal parameter values are h = 1.215 and k = 1.500. These shifts can be
detected on the second sample, i.e., the ARL is approximately two. A good
feature of the Max-CUSUM chart is that smaller shifts in the process mean
are detected much faster than in the single Shewhart chart (Max chart) as
seen in the next section.

Table 1 shows that small values of & with large values of h result in quick
detection of small shifts in mean and/or standard deviations. If one wants
to guard against 30¢ increase in the mean and 30y increase in the standard
deviation, the value of h = 1.220 and the value of £ = 1.500. But for a log
increase in mean and 1.250( increase in standard deviation, h = 4.051 and
the value of k decreases to k = 0.500.

The Max-CUSUM scheme is sensitive to both small and large shifts in both
mean and standard deviation. A 0.250¢ increase in the process mean reduces
the ARL from 250 to about 53 and a 1.250( increase in the process standard
deviation with a 0.250pincrease in the process mean reduces the ARL from
250 to about 41 runs. If both parameters increase by large values, the ARL
is reduced to 2. Thus the increase will be detected within the second sample.
For example, a 30 increase in both parameters will be detected within the
second sample.

Another alternative method of assessing the performance of the CUSUM
chart is to fix the values of h and k and calculate the ARL’s for various shifts
in the mean and/or standard deviation. This is displayed in Table 2. The
value of k = 0.5 and thus we want to detect a 1o shift in the mean and h =
4.051. This combination gives an in-control ARL = 250. From Table 2 it can
be concluded that, even when the chart is designed to detect a log shift in
the process, it is sensitive to both small and large shifts in the mean and/or
standard deviation.

4 Comparison with other Procedures

In this section, the performance of the Max-CUSUM chart is compared with
those of several other charts used for quality monitoring. Most of the CUSUM
charts developed are designed to monitor the mean and standard deviation
separately, even the combined CUSUM charts developed monitor these pa-
rameters separately in the same plots. This is done by plotting the charts
using different plotting variables for the means and standard deviations, and
then calculating ARLs separately for each parameter. The ARL for the chart
will be taken as the minimum of the two. The new chart (Max-CUSUM) is
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Table 1. (k,h) combinations and the corresponding ARL for the Max-CUSUM
chart with ARLg = 250

ARLy = 250
a
b Para- 0.00 0.25 0.50 1.00 1.50 2.00 2.50 3.00
meter
1.00 h 4.051 |8.572 |6.161 |4.051 |2.981 [2.103 |[1.554 [1.220
k 0.500 ]0.125 ]0.250 |0.500 |0.750 |1.000 |1.250 |1.500
ARL 250.21 |53.21 |22.04 |7.99 4.56 2.76 1.96 1.50
0.5 h 4.051 |8.572 |6.161 |4.051 |2.981 (2.103 |[1.554 [1.220
k 0.500 ]0.125 ]0.250 |0.500 |0.750 (1.000 {1.250 [1.500
ARL 91.30 [67.33 [25.00 |8.24 4.43 2.62 1.84 1.30
1.25 h 4.051 |8.572 |6.161 |4.051 |2.981 [2.103 |[1.554 [1.220
k 0.500 ]0.125 ]0.250 |0.500 |0.750 |1.000 |1.250 |1.500
ARL 82.42 141.01 |18.98 |7.40 4.21 2.73 1.91 1.47
1.50 h 4.051 |8.572 |6.161 |4.051 |2.981 [2.103 |[1.554 [1.220
k 0.500 ]0.125 ]0.250 |0.500 |0.750 |1.000 |1.250 |1.500
ARL 41.84 |34.92 |16.37 |6.93 4.11 2.72 1.89 1.43
2.00 h 4.051 |8.572 |6.161 |4.051 |2.981 (2.103 |[1.554 |[1.220
k 0.500 ]0.125 ]0.250 ]0.500 |0.750 |1.000 |1.250 |1.500
ARL 18.81 |23.97 |[12.75 |5.95 3.77 2.61 1.87 1.43
2.50 h 4.051 |8.572 |6.161 |4.051 |2.981 [2.103 |[1.554 [1.220
k 0.500 ]0.125 ]0.250 |0.500 |0.750 |1.000 |1.250 |1.500
ARL 11.78 |18.16 (10.22 |5.11 3.37 2.55 1.86 1.42
3.00 h 4.051 |8.572 |6.161 |4.051 |2.981 (2.103 |[1.554 [1.220
k 0.500 ]0.125 ]0.250 |0.500 |0.750 (1.000 {1.250 [1.500
ARL 8.63 14.32 (8.49 4.53 3.15 2.47 1.84 1.39
4.00 h 4.051 |8.572 |6.161 |4.051 |2.981 [2.103 |[1.554 [1.220
k 0.500 ]0.125 ]0.250 ]0.500 |0.750 |1.000 |1.250 |1.500
ARL 5.85 10.16 |6.38 3.80 2.87 2.36 1.81 1.37

Table 2. ARL’s for the Max-CUSUM chart with A = 4.051 and k = 0.500

a
b 0.00 0.25 0.50 1.00 1.50 2.00 2.50 3.00
1.00 250.21 169.66  [29.33 |7.99 4.95 3.44 2.68 2.24
1.25 82.42 36.97 19.58  |7.40 4.93 3.44 2.64 2.21
1.50 41.84 24.08 15.20 16.93 4.86 3.42 2.61 2.17
2.00 18.81 13.72 10.39  [5.95 4.59 3.37 2.59 2.12
2.50 11.78 9.55 7.88 5.11 4.26 3.33 2.55 2.04
3.00 8.63 7.40 6.41 4.53 3.96 3.28 2.47 1.94
4.00 5.85 5.31 4.84 3.80 3.49 3.25 2.44 1.88
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compared with the omnibus CUSUM chart proposed by Domanque and Patch
(1991), the Max chart by Chen and Cheng (1998) and the Max-EWMA chart
by Cheng and Xie (1999).

Table 4 shows the ARL’s for the Max-CUSUM chart and the omnibus
CUSUM chart developed by Domangue and Patch (1991) for shifts shown in
Table 3. For various changes in the mean and/or standard deviation, we have
calculated the ARL’s for the Max CUSUM chart and compared them with
those given by Domangue and Patch (1991) in Table 4. The Max-CUSUM
chart performs better than the omnibus CUSUM chart for all shifts since its
ARL’s are smaller than those of the omnibus chart. The Max-CUSUM chart
is also easy to plot and read as compared to the omnibus CUSUM chart since
it plots only one plotting variable for each sample.

Table 3. Level of shifts in mean and standard deviation considered

Label I o

Si 0.75 1.0
So 1.5 1.0
Ss 0 1.2
Sa 0 14
Ss 0.75 1.3
Se 1.0 1.2

Table 4. ARL’s of the Max-CUSUM chart and the omnibus CUSUM chart

k=1 h =1.279 a=0.5 n=1

Scheme S1 So Ss S4 Ss Se
Omnibus CUSUM 37.0 7.0 50.4 21.5 15.7 13.0
Max-CUSUM 9.2 3.1 26.1 15.5 6.3 5.0

In Table 5 we compare the Max-CUSUM chart with the Max chart. The
Max-CUSUM chart is more sensitive for small shifts in the mean than the
Max chart and there is no significant difference in the performance of these
charts at larger shifts even though the Max chart has slightly lower ARLs for
large shifts. This is a major improvement in the CUSUM scheme as existing
CUSUM charts are less sensitive to large shifts in the process mean and/or
standard deviation.

Table 6 shows the performance of the Max-CUSUM chart and Max-
EWMA chart for in-control ARL = 250. Both charts are sensitive to small
and large shifts in the mean and/or standard deviation with the Max-EWMA
chart performing better than the Max- CUSUM chart for both small and large
shifts. These two charts use only one plotting variable for each sample and
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have good procedures of indicating the source and direction of shifts in the
process.

5 Charting Procedures

The charting procedure of a Max-CUSUM chart is similar to that of the stan-
dard upper CUSUM chart. The successive CUSUM values, M;’s are plotted
against the sample numbers. If a point plots below the decision interval, the
process is said to be in statistical control and the point is plotted as a dot point.
An out-of-control signal is given if any point plots above the decision interval
and is plotted as one of the characters defined below. The Max-CUSUM chart
is a combination of two two-sided standard CUSUM charts. The following
procedure is followed in building the CUSUM chart:

1. Specify the following parameters; h, k, § and the in-control or target value
of the mean 1o and the nominal value of the standard deviation oy.

2. If po is unknown, use the sample grand average X of the data to estimate

it, where X = (X1 +---+ X,,)/m. If 0¢ is unknown, use R/dy or S/c4 to

estimate it, where R = (R1 4+ -+ Ry,)/m is the average of the sample
ranges and S = (S1 + -+ + S,,)/m is the average of the sample standard
deviations, and ds and ¢4 are statistically determined constants.

For each sample compute Z; and Y;.

4. To detect specified changes in the process mean and standard deviation,
choose an optimal (h, k) combination and calculate C;", C;”, Si" and S; .

5. Compute the M,;’s and compare them with h, the decision interval.

6. Denote the sample points with a dot and plot them against the sample
number if M; < h.

7. If any of the M;’s is greater than h, the following plotting characters
should be used to show the direction as well as the statistic(s) that is
plotting above the decision interval:

a) If C’;r > h, plot C+. This shows an increase in the process mean.

b) If C;” > h, plot C—. This indicates a decrease in the process mean.

c) If S;r > h, plot S+4. This shows an increase in the process standard
deviation.

d) If S; > h, plot S—. This shows a decrease in the process standard
deviation.

e) If both C;r > h and ,S»’i"r > h, plot B + +. This indicates an increase
in both the mean and the standard deviation of the process.

f) If C;Y > h and S; > h, plot B + —. This indicates an increase in the
mean and a decrease in the standard deviation of the process.

g) If C; > h and S;” > h, plot B — +. This indicates a decrease in the
mean and an increase in the standard deviation of the process.

h) If C;7 > h and S; > h, plot B — —. This shows a decrease in both
the mean and the standard deviation of the process.

e
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8. Investigate the cause(s) of the shift for each out-of-control point in the
chart and carry out the remedial measures needed to bring the process
back into an in-control state.

6 An Example

A Max-CUSUM chart is applied to real data obtained from DeVor, Chang and
Sutherland (1992). The data is for measurements of the inside diameter of the
cylinder bores in an engine block. The measurements are made to 1/10,000 of
an inch. Samples of size n = 5 are taken roughly every half hour, and the first
35 samples are given in Table 7. The actual measurements are of the form
3.5205, 3.5202, 3.5204 and so on. The entries given in Table 7 provide the last
three digits in the measurements.

Suppose based on past experience, an operator wants to detect a 1o shift
in the mean, that is ¢« = 1 and a 20 shift in the standard deviation, that
is b = 2 with an in-control ARL = 250, the corresponding decision interval
from Table 1 is h = 2.475 and the reference value is £k = 0.500. The chart
is developed as follows: The nominal mean pg is estimated by Y_and oo is
estimated by S/c4. The sample produced the following estimates X = 200.25
and S/cy = 3.31.

The Max-CUSUM chart in Figure 1 which plots all the 35 observations
shows that several points plot above the decision interval. Sample number 6
shows an increase in the standard deviation. After this sample, samples 7 and
8 also plot above the decision interval. However these points show that the
standard deviation is decreasing towards the in-control region. Due to very
high value of the CUSUM statistic for the standard deviation in sample 6,
the successive cumulative values at samples 7 and 8 show a value above the
decision interval even though the standard deviation values corresponding
to these samples are in control. We therefore investigate the cause of higher
variability at sample number 6. According to DeVor, Chang and Sutherland
(1992), this sample was taken when the regular operator was absent, and a
relief, inexperienced operator was in charge of the production line and thus
could have affected the process.

Sample number 11 also plots above the decision interval. This point cor-
responds to an increase in the mean. This corresponds to a sample taken at
1:00 P.M. when production had just resumed after lunch break. The machines
were shut down at lunch time for tool changing and thus these items were
produced when the machines were still cold. Once the machines warmed up,
the process settled to an in-control state. This shows that the shift in the
mean was caused by the machine tune-up problem.

Sample 16 also plots above the decision interval; this shift shows an in-
crease in the standard deviation. According to DeVor, Chang and Sutherland
(1992), this sample corresponds to a time when an inexperienced operator was
in control of the process. In addition to the above mentioned points which also



Table 7. Cylinder diameter data

The MAX-CUSUM Chart

Sample X1 X Xis Xia Xis
1 205 202 204 207 205
2 202 196 201 198 202
3 201 202 199 197 196
4 205 203 196 201 197
5 199 196 201 200 195
6 203 198 192 217 196
7 202 202 198 203 202
8 197 196 196 200 204
9 199 200 204 196 202
10 202 196 204 195 197
11 205 204 202 208 205
12 200 201 199 200 201
13 205 196 201 197 198
14 202 199 200 198 200
15 200 200 201 205 201
16 201 187 209 202 200
17 202 202 204 198 203
18 201 198 204 201 201
19 207 206 194 197 201
20 200 204 198 199 199
21 203 200 204 199 200
22 196 203 197 201 194
23 197 199 203 200 196
24 201 197 196 199 207
25 204 196 201 199 197
26 206 206 199 200 203
27 204 203 199 199 197
28 199 201 201 194 200
29 201 196 197 204 200
30 203 206 201 196 201
31 203 197 199 197 201
32 197 194 199 200 199
33 200 201 200 197 200
34 199 199 201 201 201
35 200 204 197 197 199

95

plotted above the control limit in the Shewhart chart, Max chart and EWMA
chart, sample 34 plots above the decision interval. This point corresponds to
a decrease in the standard deviation. The Shewhart S chart plotted this value
close to the lower control limit but within the acceptable area. Table 1 show
that the Max-CUSUM chart is very sensitive to small shift and thus signals
for this small decrease in the standard deviation.

When these four samples are removed from the data, new estimates for

the mean and standard deviation were computed, giving the following; X =
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200.08 and S/cs = 3.02. The revised chart is shown in Figure 2. The chart
plots only one point above the decision interval. This point corresponding to
sample 1 shows an increase in the mean. It corresponds to a sample that was
taken at 8:00 A.M., roughly the start up of the production line in the morning,
when the machine was cold. Once the machine warmed up, the production
returns to an in-control state.

When sample 1 is removed from the data, we re-calculate the estimates
and obtain X = 199.93 and S/c4= 3.06. The Max-CUSUM chart for this new
data is shown in Figure 3. All the points plot within the decision interval
showing that the process is in-control.
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Fig. 1. The first Max-CUSUM control chart for the cylinder diameter data

7 Conclusion

The ARL for this chart reduces as the shift increases. One disadvantage of
the standard CUSUM chart is that it does not quickly detect a large increase
in the process parameters and thus is not recommended for large increase in
both mean and variability.

A good feature of the Max-CUSUM chart developed here is its ability to
quickly detect both small and large changes in both the process mean and the
process variability. Another advantage of the Max-CUSUM is that we are able
to monitor both the process center and spread by looking at one chart. The

performance of the proposed Max-CUSUM is very competitive in comparison
with the Max chart and the Max-EWMA chart.
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Fig. 2. The second Max-CUSUM control chart for the cylinder diameter data
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Fig. 3. The third Max-CUSUM control chart for the cylinder diameter data
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Summary. The existence of dependencies between consecutive observations of a
process makes the usage of SPC tools much more complicated. In order to avoid
unnecessary costs we need to have simple tools for the discrimination between cor-
related and uncorrelated process data. In the paper we propose a new control chart
based on Kendall’s tau statistic which can be used for this purpose. In case of
normally distributed observations with dependence of an autoregressive type the
proposed Kendall control chart is nearly as good as a well known autocorrelation
chart, but outperforms this chart when these basic assumptions are not fulfilled.

1 Introduction

Statistical process control (SPC) is a collection of methods for achieving con-
tinuous improvement in quality. This objective is accomplished by continuous
monitoring of the process under study in order to quickly detect the occur-
rence of assignable causes. The Shewhart control chart, and other control
charts - like CUSUM, MAV, and EWMA - are the most popular SPC methods
used to detect whether observed process is under control. Their classical, and
widely known, versions are designed under the assumption that process mea-
surements are described by independent and identically distributed random
variables. In the majority of practical cases these assumptions are fulfilled at
least approximately. However, there exist production processes where consecu-
tive observations are correlated. This phenomenon can be frequently observed
in chemical processes, and many other continuous production processes (see
Wardell et al. [25] or Alwan and Roberts [2] for examples). The presence of
correlations between consecutive measurements should be taken into account
during the design of control charts. This need was noticed in the 1970s, see
for example the papers by Johnson and Bagshaw [9] and by Vasilopoulos and
Stamboulis [24], but the real outburst of papers related to this problem took
place in the late 1980s and in the 1990s.

There exist several approaches for dealing with serially correlated SPC
data. First approach, historically the oldest one, consists in adjusting con-
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trol limits of classical control charts. This approach was used, for example, in
papers [11],[12],[13],[18],[19],]23],[24],[30]. The second approach, which is rep-
resented by a seminal paper by Alwan and Roberts [1], profits from the knowl-
edge of the correlation structure of a measured process. Alwan and Roberts
[1] propose to chart so called residuals, i.e. differences between actual obser-
vations and their predicted, in accordance with a prespecified mathematical
model, values. This approach has its roots in the statistical analysis of time
series used in automatic control, originated by the famous book of Box and
Jenkins [3]. Among many papers on control charts for residuals we can men-
tion e.g. the following: [11],[12],[13],[16],[19]. Lu and Reynolds [11],[12],[13]
compared control charts for original observations (with corrected limits) with
control charts for residuals. They have shown that the best practical results
may be obtained while using simultaneously EWMA (or CUSUM) modified
charts for original observations and Shewhart charts for residuals. Accord-
ing to the third approach, introduced in the area of SPC by Yourstone and
Montgomery [28],[29], a process is monitored by charting statistics, such as
the coefficient of serial correlation, that reflect the correlation structure of the
monitored process. Another original approach of this type was proposed in the
paper by Jiang et al. [8] who proposed a new type of a chart for monitoring
of autocorrelated data an ARMA chart.

SPC procedures for autocorrelated data have been usually proposed for
charting individual observations that are typical for continuous production
processes. Relatively few papers have been proposed for the analysis of SPC
procedures in case of autocorrelation within the sample. A good overview of
those papers together with interesting original results can be found in the pa-
per by Knoth et al. [10]. Another important problem which has attracted only
few authors is related to the control of short-run processes. Some interesting
results in this area can be found in papers [21],[27].

The number of papers devoted to the problem of charting autocorrelated
processes is quite large. Therefore the readers are encouraged to look at those
papers for further references. The review of first papers devoted to the problem
of SPC with correlated data can be found, for example, in the aforementioned
paper by Wardell et al. [25], and in a short overview paper by Woodall and
Faltin [26]. A good overview of the papers published in 1990s can be found in
[10],[12].

While discussing different SPC methods used for the analysis of correlated
data we have to take into account their efficiency and as it was pointed out by
Lucas [14] in the discussion of [25], simplicity. The results obtained by Wardell
et al. [25] for the case of Auto Regressive Moving Average (ARMA) time se-
ries that describe correlated measurements have shown that Alwan Roberts
type control charts for residuals in certain cases of positive correlation may
be outperformed even by a classical Shewhart control chart with unmodified
control limits. However, in other cases the application of these rather com-
plicated procedures (their usage requires the software for the analysis of time
series) may be quite useful. Also the results obtained by Timmer et al. [22]
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show that in the case of Auto Regressive AR(1) processes the application of
simple control charts based on the serial autocorrelation coefficient as the only
SPC tools may be not effective.

While dealing with correlated data we cannot rely, even in the case of
classical control charts, on the methods used for the estimation of their pa-
rameters in case independent observations. Some corrections are necessary, as
it was mentioned e.g. in the paper by Maragah and Woodall [15]. Another
problem with the application of the procedures designed to control autocorre-
lated data is the knowledge of the structure of correlation. In the majority of
papers it is assumed that the type of the stochastic process that describes the
process data is known. Moreover, it is also assumed that the parameters of this
stochastic process are also known. However, Lu and Reynolds [12],[13] have
shown that precise estimation of such parameters requires at least hundreds
of observations. Taking into account that all computations required for de-
signing and running SPC procedures for autocorrelated data are not easy for
an average practitioner, the problem arises then: how to verify the hypothesis
of correlation in a simple way? The answer to this question is very important,
as it indicates the amount of possible future difficulties with running SPC
procedures. It is quite obvious that practitioners would like to avoid these
problems as it can be only possible. The simplest solution to this problem is
to use the serial autocorrelation control chart, as it was proposed in [28],[29].
However, the coefficient of serial autocorrelation performs well for processes
with Gaussian random error components. For more general processes special-
ists in time series analysis suggest to apply nonparametric statistical tests.
An interesting review of such tests can be found in the paper by Hallin and
Mélard [7]. Unfortunately, the majority of those tests are either complicated
or unsuitable for process control. However, one of the recent papers [5] on the
application of Kendall’s tau statistics for testing serial dependence seems to
be promising in the context of SPC. We consider this possibility in this paper.

In the second section of the paper we present some basic information on
the Kendall’s tau statistic when it is used for the analysis of autocorrelated
data. Using basic properties of this statistic we propose a relatively simple
control chart based on this statistic. Statistical properties of this control chart
have been investigated using Monte Carlo simulations. In the third section
of the paper we present the results of Monte Carlo experiments in the case
when two consecutive observations are described by a two-dimensional normal
distribution, i.e. in the case of a simple autoregressive model. We compare
the behavior of our chart with the behavior of a chart based on the serial
autocorrelation coefficient. In the fourth section we analyze the results of
simulations when the dependence structure is more complicated. We consider
the case when two consecutive observations are described by a two-dimensional
copula with different marginal probability distribution functions. In the last
section of the paper we formulate some conclusions, and propose the directions
for further investigations.
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2 Control chart based on Kendall’s tau statistic for
serially autocorrelated data

Many of problems experienced when applying traditional SPC to monitoring
processes are caused by the violation of the basic assumption of statistical in-
dependence of consecutive observations. However, in practice this condition is
very often not fulfilled, and consecutive observations are correlated. It should
be stressed that some small disturbances of independence conditions may be
natural and even desirable (e.g. in case of the existence of favourable trends
of process parameters). However, in the majority of cases autocorrelation of
process parameters should be considered either as an obstacle in monitoring
the process or even as unwanted feature, when it increases process variation.
In such situation special statistical methods for detecting dependencies (au-
tocorrelations) between consecutive process observations are strongly recom-
mended. For this purpose we propose to use the Kendall’s 7 statistic, which
is a fundamental statistical measure of association.

Let Z1,%Z5,...,Z, denote a random sample of n consecutive process ob-
servations and (X;,Y;), where X; = Z, and Y; = Z; 41 fori =1,2,...,n—11is
a bivariate random vector. Then, the Kendall’'s 7 sample statistic measuring
the association between random variables X and Y is given by the following
formula

4 n—1
Tn = Z sz - 17 (1)
=1

n—14

where

_card{(X;,Y;): X; < X3,Y; <Yi} i

Vi
n—2

1,....,n—1. (2)
In terms of the original observations Kendall’s tau can be represented as
a function of the number of disconcordances M, i.e. the number of pairs
(ZiaZH-l) and (Zj,Zj+1) that satisfy either Z; < Zj and Zi-‘,—l > Zj+1 or
Z; > Zjand Z;1 < Zj41. In these terms we have

AM
n=1— s
7 (n—1)(n—2) (3)
where
n—1n—1
M=) 12 < Zj, Ziz1 > Zjs1), (4)
i=1 j=1

and I(A) represents the indicator function of the set A. In case of mutually
independent pairs of observations (X;,Y;), ¢ = 1,2,...,n — 1 the probability
distribution of (1) is well known. However, in case of time series, even in the
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case of mutual independence of Zy, Zs, ..., Z, pairs of observations (X;,Y;)
become dependent, and the probability distribution of 7,, for small values of
n has been obtained only recently [5]. Ferguson et al. [5] obtained precise
probabilities P,(M < m) for n =3,...,10, and approximate probabilities for
n > 10. In Table 1 we present the probabilities of 7, > 7.,;+ for some selected
small values of n. This type of presentation is more useful for the discussion
of the applicability of Kendall’s tau in SPC. First of all, from Table 1 it is
clearly seen that except for the case n = 6 and 7.,.;+ = 1 it is not possible to
construct a one-sided statistical test of independence against the alternative
of positive dependence with the same probability of false alarms as in the case
of a Shewhart control chart. By the way, this exceptional case is equivalent to
a well known supplementary pattern test signal on a classical control chart:
”six observations in a row are either increasing or decreasing”. Moreover, all
critical values of 7,, that are equal to one correspond to sequential signals of
the type "n observations in a row are either increasing or decreasing”, and
for the values 7..;; that are close to one it is possible to formulate similar
pattern rules. Thus, for small values of n it is in principle impossible to make
precise comparisons of control charts based on Kendall’s tau with classical
three-sigma Shewhart control charts. Close investigation of the probability
distribution of M presented in [5] shows that due to a discrete nature of the
Kendall’s tau this situation is the same in case of a two-sided test and also
similar even for larger values of n.

Table 1. Critical values for Kendall’s tau statistic in presence of dependence be-
tween pairs of observations

n=>6 | n="7 | n=8 | n=9

Terit P(Tn > T(;'rit)| Terit P(Tn > Tm‘it)| Terit P(Tn > Tcrit)| Terit P(Tn > Tcrit)

1 0.00267| 1 0.00042 1 0.00006| 1 0.00001
0.8 0.00834 | 0.866 0.00119 | 0.904 0.00014 | 0.857 0.00007
0.6 0.03056| 0.733 0.00477| 0.809 0.00069| 0.785 0.00021
0.600 0.01356| 0.714 0.00178 | 0.714 0.00071

0.619 0.00565 | 0.642 0.00185

0.571 0.00514

Consecutive values of 7,, are dependent even for independent original ob-
servations. Therefore, it is rather difficult to obtain the values of ARLs. In
Table 2 we present such values, each based on over 1 million simulations in case
of small ARLs and over 10 000 simulations for very large ARLSs, obtained for
the case of mutual independence of normally distributed observations, when
the alarm signal is generated when 7,, > 7..;t- The results presented in Table 2
confirm our claim that the construction of a test having statistical properties
similar to the properties of a Shewhart control chart is hardly possible. Due
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to a discrete character of 7,, ARLs in case of independence are either very
large, and this suggests poor discrimination power of the test, or rather low,
resulting in a high rate of false alarms.

Bearing in mind the requirement of simplicity we can now propose a Shew-
hart type control chart based on 7,, with control limits of the following form:

LCL = max (E(1,) — ko (1), —1), (5)

UCL = min (E(1,) + ko(1,), 1), (6)

where LCL and UCL are the lower and upper limit, respectively. In the
remaining part of this paper we will name it the Kendall control chart. To
calculate the limits of the Kendall control chart we use the following formulae
for the expected value and the variance of 7,, given in [5]:

B(r) = ~gr=gy 2 3 7)

20n3 — 74n? + 54n + 148
> 4.
45n—1)2n—22 < ®)

It is worth noting that for small values of n the probability distribution of
Tn is not symmetric. Therefore, the properties of the proposed control chart
for testing independence of consecutive observations from a process may be
improved by using control lines that are asymmetric around the expected
value of 7,,. However, for sake of simplicity, in this paper we will not consider
this possibility. The properties of the proposed control chart are investigated
in the next section of the paper.

Vi(rn) =

Table 2. Values of ARL of Kendall’s test for independent observations

n=~6 | n="7 | n=y8 | n=9
Terit  ARL|  Terat ARL|  Terit ARL|  Terit ARL
1 422.0 1 2885.8 1 22586.0 1 > 150000.0
0.8 1514 0866  1013.5|  0.904 7799.0|  0.857 15395.0
0.6 475 0.733 270.6|  0.809 1891.2|  0.785 5618.0
0.600 106.5|  0.714 705.9|  0.714 1784.7
0.619 246.0|  0.642 724.9
0.571 291.4
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3 Properties of the Kendall control chart in case of
dependencies described by a multivariate normal
distribution

In order to analyze basic properties of the proposed Kendall control chart
let us consider the simplest case when two consecutive observations are de-
scribed by a bivariate normal distribution. Let X; = Z; and Y; = Z;11,
1 = 1,2,...,n — 1 denote the random variables describing two consecutive
observations in a sample of size n. We want to model the stochastic depen-
dence between them. In order to do it we assume that the join probability
distribution of the random vector (X,Y") is the bivariate normal distribution
with the following probability distribution

1

x,y) =
f@:9) 2roxoy\/1 — p?

exp (—Q), (9)

where

1 (z —mx)* (. —mx)(y —my) _(y—my)’

Q= 7 { 5 —2p + 5 } . (10)
—p Ox oOxXO0y Oy

and parameter p is the coefficient of correlation. If the variables X and Y are

independent, then we have p = 0.

The conditional cumulative distribution function of Y given X = x is the
normal distribution with the mean my +p(ox /oy )(x —mx) and the variance
of oy /1 — p2. In a particular case when my = my =0 and ox = oy =1
it is the normal distribution with mean of zp and variance of /1 — p2. Thus,
the proposed model is the well known autoregression model.

The basic characteristic that describes the performance of control charts
is the Average Run Length (ARL). ARL is calculated as the average number
of samples (or individual observations) plotted on a control chart up to and
including the point that gives rise to a decision that a special cause is present.
In Table 3 we present the results of simulation (each entry of the table is
calculated as the average from one million simulation runs) for different sample
sizes (numbers of considered consecutive points) n, and different values of the
correlation coefficient p.

The results presented in Table 3 reveal that a simple Kendall control chart
with a simple to remember three-sigma decision rule, and a small sample size
n, is not a good tool for finding dependencies between consecutive observa-
tions. Obviously, the common value k = 3 cannot be used for all values of
n. Moreover, the discrimination ability of the Kendall control chart for the
sample sizes n smaller than 10 seems to be insufficient, even if we decrease
the value of k. For larger value of n the situation looks better, but the dis-
crimination power of this simple Kendall chart is still insufficient.

Now, let us analyze the behavior of a simple autocorrelation chart in sim-
ilar circumstances. To design this chart we assume that the expected value
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Table 3. Values of ARL of the Kendall control chart with k=3 for observations
described by a bivariate normal distribution

n
p 6 7 8 9 10 20 50
0.8 47.36 63.71 67.81 50.56 44.96 26.67 50.11
0.5 90.94 165.44 221.86 165.35 154.87 66.41 59.94

0.2 140.82 416.60 702.13 610.14 689.44 473.52 328.82
0.1 146.23 520.36 1156.77 859.95 1593.03 1026.06 1058.76

0 141.90 595.74 1623.15 1043.36 1497.27 1502.60 2597.57
-0.1 129.64 607.00 2003.14 1020.18 1597.13 1011.92 1053.87
-0.2 111.47 577.85 2286.24 796.90 1257.70 465.59 327.97
-0.5 56.18 220.44 952.73 194.62 247.45 61.30 58.82
-0.8 23.97 53.98 145.83 41.04 43.43 23.78 50.05

of the plotted statistic and its variance are equal to their asymptotic values.
Hence, we set E(p,) = 0, and for the calculation of the variance we use an
approximate simple formula proposed by Moran [17]

n—1

e (11)

Now, let us define control limits of this simple autocorrelation chart as
+ko(pn), and set k = 3. The values of ARLs for different values of n and p
are presented in Table 4.

Table 4. Values of ARL of the autocorrelation control chart with k=3 for observa-
tions described by a bivariate normal distribution

n
p 6 7 8 9 10 20 50
0.8 2713.4 88.7 39.0 30.0 26.5 24.0 50.0
0.5 1539.3 251.7 115.8 87.6 75.7 51.7 57.0
0.2 732.8 796.3 494.7 415.5 386.1 352.9 301.1
0.1 400.4 991.1 793.0 720.3 693.6 822.7 1018.9

0 400.6 1004.8 1183.0 1190.2 1143.7 1427.0 2797.7
-0.1 287.3 834.3 1454.2 1662.3 1485.7 1121.7 1093.6
-0.2 200.1 590.9 1326.9 1677.6 1253.8 499.2 319.6
-0.5 61.3 133.9 266.9 297.2 185.3 57.8 56.8
-0.8 19.5 28.3 38.0 37.6 29.3 22.8 50.0

The results given in Table 4 look rather surprisingly. We would expect that
for the assumed model of dependence the behaviour of the autocorrelation
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chart should be much better than the behaviour of the Kendall chart which
is based on a nonparametric statistic. Surprisingly though, the behaviour of
a simple autocorrelation chart does not seem much better. For small values
of n the coefficient of autocorrelation is obviously biased, and the simple
Moran’s approximation may influence the results in a negative way. The direct
comparison of the both charts using the data given in Table 3 and Table 4
is, of course, impossible. In order to make this comparison relevant we have
calibrated both charts for n = 10 and n = 50 by choosing the proper value
k such that the in-control ARLs are nearly the same. In case of n = 10 for
the Kendall chart we set k to 2.7, and for the autocorrelation chart we set k
to 2.65. In case of n = 50 for the Kendall chart we set k to 2.2, and for the
autocorrelation chart we set k to 2.16. The results of the comparison (each
value based on 10° simulations) are presented in Table 5 and Figure 1.

The results presented in Table 5 confirm our previous finding that a sim-
ply designed autocorrelation chart (without a correction for bias) for small
values of n does not perform better than the Kendall chart. For large value
of n, such as n = 50, surprisingly though, for the assumed dependence model
the autocorrelation chart does not perform better, as it is expected to do. The
effect of bias is still observed, and this results in better discrimination of neg-
ative dependence, and visibly worse discrimination for positive dependence. It
is also worth noticing that fast detection of small correlations requires samples
even much larger than n = 50.

Table 5. Values of ARL for equivalent Kendall and autocorrelation control chart

| n=10 | n=50

P | Kendall autocorrelation | Kendall autocorrelation
0.8 30.9 19.8 50 50
0.5 84.3 43.3 52.1 51.9
0.3 189.1 97.9 73.9 75.8
0.2 271.2 156.8 117.5 127.4
0.1 344.6 249.4 226.6 259.1

0 351.2 351.9 350.7 350.9
-0.1 286.4 385.6 226.3 189.8
-0.2 200.6 305.8 117.1 99.3
-0.3 132.2 193.3 73.3 66
-0.5 55.7 67.0 51.8 50.9
-0.8 19.4 19.4 50 50




108 Olgierd Hryniewicz and Anna Szediw
ARL (@) ARL (b)
500 500
400 400
300 300
200 200 -

100 - 100

0

o1 -0,5 o] 0,5 k& -1 -0,5 0 0,5 1

Fig. 1. ARL comparison for Kendall control chart (black line) and autocorrelation
control chart (grey line) (a) n = 10, (b) n = 50

4 Properties of the Kendall control chart in case of other
models of dependence

Let us consider now the sensitivity of the proposed Kendall chart and the sim-
ple autocorrelation chart to the change of some basic assumptions. First, we
check how changes the performance of these charts when we assume that the
consecutive observations in a sample are not independent. To describe diffrent
kinds of dependencies between them we need model to model dependencies
which are different from autoregression.

For the bivariate normal distribution the correlation coefficient completely
defines the dependence structure between random variables. However, it is
worth to notice that the random vector (X,Y’) can be described by any two-
dimensional probability distribution function. In such case, the information
given by a correlation coefficient may be not sufficient to define the dependence
structure between random variables. Therefore, to fully capture this structure
one may consider another type of dependence described by a so called cop-
ula. The copula contains all of the information on the nature of the depen-
dence between random variables. The joint cumulative distribution function
Fia(xz,y) of any pair (X,Y) of continuous random variables may be written
in the form Fio(z,y) = C(Fi(x), F3(y)), z,y € R, where Fi(z) and F»(y)
are the marginal cumulative distribution functions of X and Y, respectively,
and C': [0,1]?> — [0,1] is a copula. In this paper, to model another type of de-
pendence between random variables we use, as examples, the Farlie-Gumbel-
Morgenstern (FGM) copula (Crgar), Plackett copula (Cp) and Frank copula
(Cr). Using the probability integral transformations u; = Fy(x), us = Fa(y),
where uy,us have a uniform distribution on the interval [0, 1], we can write
the particular copulas as

CFG]\,{(Ul,U2) = U1U2 {1—|—Oé(1 —Ul)(l —’Ug)}, (12)
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ULU2, a=1,

CP(ulqu) = 1+ (a—1)(urt+uz)]—+/[1+(a—1)(u1+u2)]2 —4uiusax(a—1)
ey o dueele—l o ¢ Ry \ (1),

(13)
1)>,04€R\0. (14)

(e—aul _ 1)(6_0”1'2 _
e~ —1

1
CF(ul,UQ) = —aln <1 -+

The parameter « in above formulas for Cragas, Cp and Cr describes the power
and the direction of association between X and Y. The variables X and Y are
independent if and only if « = 0, = 1, a 2 0, respectively for Craar, Cp, Cr.

When Fj(x) and F»(y) are the univariate cuamulative distribution functions
of the normal distribution, the marginal distributions of the FGM copula are
normal, but the structure of dependence is different than in the case of the
bivariate normal distribution. For example, when « € [—1, 1], there exists a
limit on the coefficient of correlation, namely p < a/m (see [20]). The similar
fact is also true for Plackett and Frank copulas (see [4], [6] for more details).

The Kendall control chart is based on a nonparametric statistic. Thus,
its performance should not depend not only upon the type of a marginal
distribution of observations, but upon the type of dependence as well. Us-
ing Monte Carlo simulations we investiagte the performance of the Kendall
and autocorrelation charts. We assume that the dependence between pairs
of observations Z;, Z;11, 7 = 1,...,n — 1 in a sample of size n is described
by a copula and we generate the random numbers sample. If the Kendall 7
statistic calculated for this sample does not fall outside of the limits estab-
lished for the Kendall chart, we move to the next process observation, i.e. we
genarate random number Z,, 1 and we calculate the Kendall 7 for the sample
Z, = Zo,...,Z!, = Zn+1. We tepeat this step as long as the Kendall 7 falls
outside the limits. The number of process observations Z; plotted on the con-
trol chart up to and including the last observation in a sample for which the
Kendall 7 is outside the limits defines ARL.

In Tables 6-7 and Figures 2-4 we present the average ARL values, each
based on 10° simulations, obtained in case of normally distributed observa-
tions, where the dependence between consecutive observations is described by
FGM, Plackett and Frank copula.

In Table 6 there are given the ARL values for the Kendall chart in case of
FGM copula. On the basis of these results we can observe that the Kendall
chart for FGM copula with normal marginal distributions behaves similarly
as in case of bivariate normal distributions (some slight differences may come
from two different applied generators of random numbers). This fact arises
from nonparametric character of Kendall’s tau statistic. It confirms fact that
the performance of the Kendall control chart based on a nonparametric statis-
tic should not be dependent on the type of dependence. Obviously, results for
autocorrelation control chart for simple autoregressive model (see Table 4)
and the same chart for FGM copula (see Table 7) do not confirm this fact and
they are differ from each other in a meaningful way.
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Table 6. ARL for the Kendall control chart with k = 3 for observations described
by FGM copula with normal marginal distributions

| n

a p | 6 7 8 9 10 20 50

1 0.318| 128.83 297.60 470.94 371.06 389.99 191.19 112.55
0.942 0.3 129.50 315.19 510.86  395.31  420.79  216.42  127.04
0.628 0.2 136.43 40249  729.07 578.95  651.87 443.14  288.60
0.314 0.1 145.80 490.94 1049.37  808.29 1016.84  969.05  955.37

0 0 144.74 578.02 1506.35 1009.02 1475.79 1481.33 2593.94
-0.314  -0.1 | 132.16 593.57 2101.18 994.87 1637.61  950.73  962.21
-0.628  -0.2 | 11596 553.11 2469.10 809.24 1327.59  444.13  287.80
-0.942 -0.3 91.57 459.41 2325.11  566.49  875.34  213.47  124.05

-1 -0.318| 92.87 438.73 2238.41 53843 816.31 188.24  110.40

Table 7. ARL for the autocorrelation control chart with & = 3 for observations
described by FGM copula with normal marginal distributions

| n

o p | 6 7 8 9 10 20 50

1 0.318| 1048.79 561.54 287.43  225.15 202.95 15347 115.72
0.942 0.3 1021.87 592.45  311.75  246.39 22283 170.98  129.73
0.628 0.2 813.13 794.85 472.06 397.84 373.21 348.94 303.60
0.314 0.1 566.77 961.89  750.39 670.50 657.14  793.17  999.54

0 0 392.76  998.18 1137.59 1155.81 1143.13 1459.37 2805.56
-0.314  -01 261.16 771.92 1443.81 1706.57 1512.51 1083.89 1079.53
-0.628  -0.2 177.08 531.78 1263.12 1661.35 1233.48  493.23  321.80
-0.942  -0.3 124.47 344.45 842.86 1102.55 736.39  226.63  133.82

-1 -0.318| 116.06 317.42 772.82 1003.40 661.75 198.12  117.73

Now, we compare both control charts applied for FGM copula. In order
to do it, in case of n = 10 for Kendall chart we set k to 2.71 and for auto-
correlation chart we set k to 2.73. In case of n = 50 we set k to 2.17 for both
charts. The results of those experiments are presented in Figure 2

We have repeated the analogical research for Plackett and Frank copulas
and we have obtained similar results. It is worth to notice that in case of these
two copulas for extreme or high values of parameter ov, ARL are the minimum
and equal to the sample size. Analysing results presented in Figures 2-4 we
get the conclusion that the autocorrelation control chart does not perform
better than the Kendall chart based on a nonparametric statistic.

It seems to be interesting to make the comparison of the Kendall and
autocorrelations control charts in case of non-normal distributions. To verify
the influence of character of distribution on the performance of the consid-
ered charts we make the analogical research under assumption that marginal
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Fig. 2. ARL comparison for the Kendall chart (black line) and autocorrelation
chart (grey line) for FGM copula with normal marginal distributions (a) n = 10,
(b) n =150
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Fig. 3. ARL comparison for the Kendall chart (black line) and autocorrelation chart
(grey line) for Plackett copula with normal marginal distributions (a) n = 10, (b)
n = 50
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Fig. 4. ARL comparison for Kendall control chart (black line) and autocorrelation
control chart (grey line) for Frank copula with normal marginal distributions (a)
n =10, (b) n =50
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distribution function is not normal. We consider two cases, first - we do not
know that the distribution of our data is not normal, and second - we know the
character of a non-normal distribution function of our data. In the last case we
modify the width of the autocorrelation control chart and set a proper value of
parameter k to get nearly the same ARLs for this chart and the Kendall chart
in case of independence. The results obtained for FGM, Plackett and Frank
copulas with exponential and uniform marginal distributions are presented in
Figures 5-10.

ARL (@) ARL (b)
600 600

500 500

400 Mg 400
i" p

300 / //’,//‘\ 300

200 K 200

AN S
100 / \E 100

Fig. 5. ARL comparison for Kendall control chart (black line), autocorrelation
control chart (grey line) and modified autocorrelation chart (grey dotted line) for
FGM copula with exponential distributions (a) n = 10, (b) n = 50
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Fig. 6. ARL comparison for Kendall control chart (black line), autocorrelation
control chart (grey line) and modified autocorrelation chart (grey dotted line) for
Plackett copula with exponential marginal distributions (a) n = 10, (b) n = 50

Let’s assume that we do not know the type of marginal distribution and we
use the autocorrelation chart with determined for normal distribution value
of k = 2.73. Then, if the marginal distributions are really non-normal, we see
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Fig. 7. ARL comparison for Kendall control chart (black line), autocorrelation
control chart (grey line) and modified autocorrelation chart (grey dotted line) for
Frank copula with exponential marginal distributions (a) n = 10, (b) n = 50
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Fig. 8. ARL comparison for Kendall control chart (black line), autocorrelation
control chart (grey line) and modified autocorrelation chart (grey dotted line) for
FGM copula with uniform marginal distributions (a) n = 10, (b) n = 50
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Fig. 9. ARL comparison for Kendall control chart (black line), autocorrelation
control chart (grey line) and modified autocorrelation chart (grey dotted line) for
Plackett copula with uniform marginal distributions (a) n = 10, (b) n = 50
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Fig. 10. ARL comparison for Kendall control chart (black line), autocorrelation
control chart (grey line) and modified autocorrelation chart (grey dotted line) for
Frank copula with uniform marginal distributions (a) n = 10, (b) n = 50

that ARL values are different from ARL values obtained in case of normal
marginal distributions. So, in such case we have to set a suitable value of
k, but for that purpose we need the information about our distribution. For
n = 10, in case of positive dependence the ARL values are lower or nearly the
same and in case of negative dependence they are greater than ARL values
for Kendall chart. Whereas for n = 50 the Kendall control chart is not worse
than autocorrelation control chart. In case of uni-form marginals it works
almost like the autocorrelation chart, but in case of exponential marginal
distributions it works better.

So, now let’s assume that we know the type of our marginal distributions.
Then we can set a proper value of k. In our research we set £ = 2.68 and
k = 2.85, respectively, for exponential and uniform distributions. Let’s notice
that even if we profit from this knowledge the autocorrelation chart does not
perform better then the Kendall chart.

The results given in Figures 5-10 show, how sensitive is the autocorrela-
tion chart to the assumption of the underlying distribution. The compared
distributions have been chosen deliberately so different in order to magnify
the differences. For small sample sizes n, in both cases of a heavy-tailed dis-
tribution (uniform) and a skewed distribution (exponential), the rate of false
alarms is unacceptable high. Therefore, the autocorrelation chart should be
specially tailored in case of different probability distribution of the plotted
observations. This conclusion is hardly unexpected, but the observed differ-
ences in the behavior of the autocorrelation control chart in case of different
distributions are very significant from a practical point of view. So, we should
apply the autocorrelation chart very carefully if we do not know that our dis-
tribution is really the normal distribution. On the other hand, if we know the
type of our distribution and can set a proper value of k, we do not obtain the
control chart with better performance than Kendall control chart.
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5 Conclusions

Mutual dependencies (correlations) between consecutive observations of pro-
cesses may influence properties of SPC procedures in a dramatic way. This
phenomenon has attracted the attention of many researchers for the last over
twenty years. Many new or modified SPC tools have been pro-posed for dealing
with this problem. However, their usage requires addi-tional skills, specialized
software and is usually much more complicated than in the case of classi-
cal tools used for mutually independent observa-tions. Thus, from a practical
point of view, it is very important to identify situations when an additional
treatment of data is really necessary. In other words, there is a need to have a
simple SPC tool, like a Shewhart control chart, which could be used for the de-
tection of dependencies (autocorrela-tions) between observations of processes.

In this paper we have proposed such a tool based on a nonparametric
Kendall’s tau statistic. This tool is similar to a Shewhart control chart with
plotted values of the Kendall’s tau. We compared this new tool to a known
autocorrelation chart. The results of the comparison show that in the case
of dependencies described by autoregressive processes with a normal error
component the new tool performs nearly as well as the autocorrelation chart.
However, when the assumption of multivariate normality of consecu-tive ob-
servations is not fulfilled, the newly proposed Kendall control chart performs
much better due to its distribution-free character.

The Kendall chart, in its simplest ”three-sigma” form, does not perform
well for small and moderate sample sizes. It has unnecessarily high values of
ARL in case of independence, and hence, a very low rate of false alarms. Un-
wanted consequences of this feature are the high values of ARL in case of the
existence of weak dependencies between observations. This situation can be
improved by changing the limits of a control chart, but such im-provements
may not be sufficient for the effective detection of weak de-pendencies. For
such cases large sample sizes are required, and this un-pleasant from a prac-
tical point of view situation does not depend upon a statistical tool used for
the detection of autocorrelation.

As it was mentioned above, it seems to be impossible to propose a very
simple design (like e.g. using a "three-sigma” rule) of the Kendall control
chart. Additional research is required in order to work-out guidance how to
design an effective chart for different practical situations. Special attention
should be paid to situations, when the type of dependence differs from a
simple autoregressive process. There is also a need to investigate properties
of the Kendall chart in case of shifts in a process mean value, and for other
types of process deterioration. Preliminary investigations, not reported in this
paper, suggest, however, that the Kendall control chart is not a good tool for
the detection of such deteriorations.
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Summary. A financial analyst is interested in a fast on-line detection of changes
in the optimal portfolio composition. Although this is a typical sequential problem
the majority of papers in financial literature ignores this fact and handles it in a
non-sequential way. This paper deals with the problem of monitoring the weights of
the global minimum variance portfolio (GMVP).

We consider several control charts based on the estimated GMVP weights as well
as on other closely related characteristic processes. Different types of EWMA and
CUSUM control schemes are applied for our purpose. The behavior of the schemes
is investigated within an extensive Monte Carlo simulation study. The average run
length criterion serves as a comparison measure for the discussed charts.

1 Introduction

During the last decades the amount of money invested in risky assets has
increased dramatically. Since Markowitz (1952) portfolio theory recommends
to hold not a single asset but a well-diversified portfolio. On the one hand
an investor is interested to have a portfolio composition providing a large
expected return, on the other hand he wants to avoid risks associated with
investment decisions. An optimal portfolio is often defined as a form of trade-
off between the expected return and the variance of the portfolio.

A buy and hold portfolio strategy is one of the conventional investment rec-
ommendations (Michaud (1998)). During the holding period, however, newly
incoming information may change the optimal portfolio weights. Then the
portfolio should be revised and adjusted to the new market situation. There
is an overwhelming evidence about the presence of structural breaks in the
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parameters of the asset return distribution (cf. Banerjee and Urga (2005))
which may cause alterations in the optimal portfolio proportions. Since the
investor has to decide about the optimal portfolio composition at each point
in time a sequential problem is present. Such questions are treated within
statistical process control (SPC). The main monitoring tool of SPC is called
control chart (e.g., Montgomery (2005)).

The optimal portfolio weights form the process of interest in our case, be-
cause the investor requires only these quantities for all decisions concerning
the wealth allocation. A Markowitz-type portfolio investor obtains the op-
timal portfolio weights as a solution of a mean-variance optimization task.
Since there are significant difficulties in estimating and forecasting mean as-
set returns (Merton (1980)), it is often reasonable to construct a portfolio
by minimizing the portfolio variance. Here we are dealing with the surveil-
lance of the weights of the global minimum variance portfolio (GMVP). The
GMVP is the portfolio with the smallest attainable variance. It requires only
the knowledge of the covariance matrix of the asset returns. Thus the GMVP
weights do not suffer from estimation risk in mean asset returns. Golosnoy
and Schmid (2007) derived several exponentially weighted control charts for
monitoring the GMVP weights and their first differences. The developed pro-
cedures, however, fail to detect quickly some important types of changes (cf.
Golosnoy et al. (2007)).

In this paper we consider two additional characteristics which resemble the
weight and difference processes. These quantities are obtained as approxima-
tions to the estimated weights and the differences at lag 1. We apply different
types of exponentially weighted moving average (EWMA) charts and cumu-
lative sum (CUSUM) control charts to these characteristics. Both the mul-
tivariate EWMA scheme (Lowry et al. (1992)) and the EWMA chart based
on the Mahalanobis distance are used. The CUSUM schemes developed in
spirit of Pignatiello and Runger (1990) are applied as well. Since all these
control charts have been initially introduced for monitoring the mean vector
of an independent sample of multivariate normally distributed variables, it is
not possible to exploit these procedures directly. We adopt the charts for our
purpose following the approach of Bodnar and Schmid (2007).

The discussed control charts are investigated with respect to their ability to
detect changes in the GMVP weights quickly. The control limits of all charts
are calibrated to have the same prespecified in-control average run length
(ARL). The in-control ARL measures the average number of observations
until a chart gives a false signal. Using the determined control limits, the
charts are compared with each other for various types of changes. The best
chart provides the smallest out-of-control ARLs. Since there are no explicit
formulas for the ARLs in the present case both in- and out-of-control results
are calculated in a Monte Carlo simulation study. No single chart appears to be
uniformly better. The obtained evidence allows to recommend a combination
of the appropriate procedures for detecting important types of changes in the
GMVP weights.
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The paper is organized as follows. Section 2.1 provides the required re-
sults from portfolio theory. The surveillance of the weights and their first
differences is discussed in Section 2.2, while in Section 2.3 approximations to
these quantities are monitored. EWMA and CUSUM type charts are intro-
duced in Sections 3 and 4, respectively. A comparison of all charts within a
Monte Carlo simulations study is given in Section 5. Section 6 completes the

paper.

2 Monitoring Optimal Portfolio Composition

2.1 Portfolio Problem

The considered portfolio consists of k risky assets. Let X denote the vector
of asset returns with F(X) = p and Cov(X) = X. The matrix ¥ is assumed
to be positive definite. Moreover, w = (wq,...,w)" denotes the vector of
portfolio weights. Thus w; gives the fraction of the investor’s wealth invested
in the i-th asset. The portfolio return is given by Xp = w’X. The classical
Markowitz analysis is based on finding the portfolio proportions w, providing
the optimal trade-off between the mean portfolio return E(Xp) = p’w and
the portfolio variance Var(Xp) = w'3w. The investor should choose the
portfolio by maximizing the mean-variance objective function EFU (w):
max [EU('w) = p'w — z'w’Ew} ,
w 2

where v > 0 denotes the risk aversion coefficient.

The optimal portfolio weights depend on both the forecasts of the mean
vector p and the covariance matrix ¥. The matrix 3 could be precisely es-
timated and forecasted. However, there are considerable difficulties in esti-
mating and forecasting the mean returns p precisely (cf. Best and Grauer
(1991)). For this reason the GMVP suggests an attractive choice for practi-
cal investment decisions. The GMVP denotes the portfolio with the smallest
attainable variance under the constraint w1l = 1, where 1 = (1...1)’ denotes
the k-dimensional vector of units. The vector of the GMVP weights w is given
by

!
Vo rsor
It corresponds to the optimal mean-variance portfolio with v = oo. Note that
the GMVP composition w allows short sellings, i.e. some portfolio weights
may be negative. Although an individual investor cannot construct such a
portfolio, short positions for some assets should not be a problem for a bank
or investment fund. The short-sellings mechanism is discussed in detail in
Farrell (1997).

The covariance matrix X is unknown in practice and should be estimated.

It is supposed that a sample of returns is available. Since the parameters, here
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p and X, may change over time we use rolling window estimators based on
the last n observations X;_ ,11,..., X3 at each time point ¢

t

Vin = n—1 Z (Xj - ﬁtm)(Xj - [;,t,n)', ﬂt»" - n Z Xo.
j=t—m+1 v=t—n-+1

Replacing ¥ by the sample estimator f]tm we obtain an estimator of the
GMVP weights at time ¢, given by Wy, =3, 1/1'3; 1.
Assuming that the returns follow an independent and normally distributed

random process the estimated GMPV weights are multivariate t-distributed
with the moments (Okhrin and Schmid (2006))

. . 1 SR SHS B 15 Ol N
n) =W, == 2 == Vsl
E(Win) =w Cov(Wy,n) = Q2 e — <E T3 -11 /1'%

2.2 Surveillance of the Portfolio Weights

Empirical evidence reports the presence of clusters in the second moment of
the asset returns (cf. Engle (1982)). The locally constant volatility model (cf.
Hsu et al., 1974, Hardle et al., 2003) suggests that the covariance matrix X
stays unchanged between two consecutive change points. The timepoints of
changes are unknown. The locally constant volatility model allows to mimic
clusters, heavy tails and other stylized facts frequently observed in the distri-
bution of risky asset returns (Rachev and Mittnik (2000)). The level changes
in the covariance matrix may alter the optimal portfolio proportions. For the
investor it is of great importance to detect the changes in the portfolio weights
as soon as possible.

Hereafter the returns X; are assumed to be independent and normally
distributed. The monitoring phase starts at time point ¢ = 1. For the period
t <0, it is assumed that there is no change in the process. This means that
for t < 0 the returns X; are k-dimensional identically normally distributed
random variables with X; ~ Ny (u, X). Thus the vector wy, for ¢ < 0 follows
a k-dimensional t-distribution, i.e. Wy, ~ ti(w, ) for ¢ < 0. The notation
Ey, Covg, etc. denotes that the characteristics are calculated assuming that
X; ~ Ni(p, X) for all ¢t € IN. Since Ey(W;,,) = w, we aim to detect devia-
tions from the value w. The observed process is considered to be in control if
E(W¢,) = w holds for all t > 1. Otherwise, the observed process is denoted
to be out of control.

Golosnoy and Schmid (2007) suggest to monitor the mean behavior of
two characteristics of the weight process. The first approach is directly based
on the process of the estimated weights {Wy ,,}. The second one considers the
process of the first differences {A, ,, }, defined as A, ,, = Wy, —W;_1,,. Taking
first differences aims to reduce the high dependency in the estimated optimal
weights. The EWMA control schemes of Golosnoy and Schmid (2007) are
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applied to these processes. However, they have shown poor detection ability
for some out-of-control situations. This evidence can be explained by the non-
standard exact distributions of both weights and differences.

2.3 Alternative Characteristics

These two alternative processes are proposed to be monitored. They resemble
the weights and the differences but their exact distributions can easily be

calculated. The processes ground on the following result, proven by Golosnoy
et al. (2008).

Theorem 1. Assume that in the in-control state {X:} is a sequence of in-
dependent and normally distributed k-dimensional random vectors with mean
w and covariance matriz 3, which is assumed to be positive definite. Then it
holds in the in-control state that as n — oo

p
nAt, — Ptn — 0, where

pt,n = - Q ( (Xt - ”)(Xt - /J‘)/ - (Xt—n - ”)(Xt—n - /J‘)/ ) w.

Using this result we analyze the alternative processes from the SPC viewpoint.

An alternative to the difference process

The analysis of the process {p:,} is more suitable than that of {A;,}
since the exact distribution of p;, can easily be derived. Suppose that
X ~ Ni(p,X) for t < 0 and Xy ~ Ni(p,Xq) for ¢ > 1. We use the no-
tation E7, Covy for the characteristics calculated with respect to this model,
i.e. if the process is out of control. Then the out-of-control mean and covari-
ance matrix of p;, for t > 1 are given by

Er(pen) = 0 for t>n+1
HPen) = —-Qiw for 1<t<n’
Covr(pen) = { 2 (Ziww'E; + (W'Eiw)31) Q for t 2n+1
1(Pt,n) = Q (Z1ww'S) + (WSiw)S1) Q + % for 1<t<n’

This result shows that the change in 3 has no influence on the mean behavior
of pyn, for ¢ > n + 1. This may lead to the undesirable inertia phenomenon if
a chart gives no signal within the first n time periods.

An alternative to the weight process

In order to avoid the undesirable inertia behavior of the {p;,} process we
consider the characteristic
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q: = —Q[(Xt — ) (X — l‘)/ - E]W = —Q(X; — p)(X; — H)/W . (1)

Note that q; does not depend on n and that p;, = q; — q¢—». This property
is very advantageous, since the choice of n significantly influences stochastic
properties of the weights and differences. It holds that for t > 1

El(qt) = _Q 21 W,
C’ovl(qt) =Q (Elww'El + (W/21W)21) Q.

Thus the change influences the mean behavior of q; for all t > 1.

3 Control Charts Based on Exponential Smoothing

Though the characteristics Wy ,,, A¢n, Pt,n and q; are k-dimensional vec-
tors, the sums of their elements are equal to some constant, e.g. W} ,, 1 = 1.
Consequently, their covariance matrices are not regular. The rank of all co-
variance matrices is k — 1. For that reason in the following we consider the
corresponding vectors of the first k — 1 elements, in general denoted by T,.

3.1 Charts Based on a Multivariate EWMA Recursion

A multivariate EWMA recursion (Lowry et al. (1992)) is applied to each
component of the characteristic T;. This leads to

Zi=(I1-R)Z1 +RT,, t>1,  Zo=Ey(T,), 2)

where I is the (k—1) x (k—1) identity matrix and R = diag(r1,...,7%x-1)
is a (k—1) x (k—1) diagonal matrix with diagonal elements 0 < r; < 1
for i € {1,...,k — 1}. The quantities r; are smoothing parameters describing
the influence of past observations. The smaller the parameter r; the larger the
influence of the past. If ; is chosen equal to one then no previous observations
of T; ; are taken into account.

The control chart gives a signal at time t if (Z;— Fo(Z;))'[Covo(Zy)] ™ (Zs—
Ey(Z,)) is sufficiently large. The advantage of this approach is that each ele-
ment has its own smoothing factor r; which makes the scheme flexible. How-
ever, the calculation of the covariance matrix for Z; remains complicated.

3.2 Charts Based on a Univariate EWMA Recursion

An alternative to the multivariate EWMA scheme is to apply a univariate
EWMA recursion. Here we first transform T; to a scalar random variable by
calculating the squared Mahalanobis distance for the characteristic Ty:

D} = (T¢ — Eo(T4)) [Covo(T)] ™' (Te — Eo(Ty)). (3)
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Then a univariate EWMA recursion is applied to this quantity by
Zy=(1~1r)Z;_1+r D} t>1,  Zy= Ey(D}), (4)

where r € (0,1] is a smoothing parameter. The charts gives a signal if Z; is
large enough.

4 Control Charts Based on Cumulative Sums

The MEWMA charts of Lowry et al. (1992) turn out to be directionally invari-
ant for an independent random sample, i.e. their out-of-control distribution
depends on the magnitude as well as on the direction of the mean vector of
the underlying process. The univariate CUSUM approach is based on the se-
quential probability ratio test. In the multivariate framework, however, this
attempt leads to a control chart which is no longer directionally invariant.
The analysis of such schemes turns out to be quite difficult. For that reason
we focus on the directionally invariant CUSUM control charts for the mean
vector.

Let T; be defined as in Section 3. Instead of exponential smoothing we
now consider the sum of the deviations of T; from its in-control expectation
between the time periods t = a and ¢t = b. More precisely, S, » = z::aH(Tt —
Ey(T;)) for a < b. Next we adjust two CUSUM schemes of Pignatiello and
Runger (1990) for our purposes.

4.1 MC1 Charts

The MC1 chart of Pignatiello and Runger is based on a multivariate CUSUM
procedure. The CUSUM vector is reduced to a scalar by taking its Euclidean
norm, given as [|Sq || = ( ;”b[C’ovo(Sayb)]_lsa,b)l/Q.

MCT1 chart depends on the reference parameter K. It determines the quan-
tity to be subtracted from the sum statistic. In the univariate case the optimal
reference value should be equal to the half-distance between the in- and out-
of-control expectations of the control statistic. Pignatiello and Runger (1990)
propose to choose K as the distance between the expectation of the statistic
in the in- and out-of-control states.

Here the MC1 chart control statistic is given by

MClt :max{\/nt||St_nt7tH —ntK/Q,O}, (5)
where n; denotes the number of time periods since the last renewal, i.e.

_— ng1+1 for MC1l,_1 >0
T for MCl,1=0"

A signal is given if the value of the M C1,; statistic is sufficiently large.
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4.2 MC2 Charts

MC2 is another multivariate CUSUM scheme of Pignatiello and Runger
(1990). It is constructed by applying the CUSUM procedure to the univariate
quantity obtained from the Mahalanonis transformation. Thus, this scheme
can be seen as a CUSUM counterpart of the previously described procedure
based on the univariate EWMA recursion.

The control statistic depends on the cumulative sum of the current squared
distance D?, which is defined in (3). This distance is normalized by subtracting
a reference value of the form K?2/2+k—1. Note that the in-control expectation
of D? is equal to k — 1. The MC?2 statistic is then given by

MC2; = max{0, MC2;_, + D? — K?/2 — (k—1)} for t>1, (6)

with MC2y = 0. A signal is given if the value of M (C?2; is large enough.

5 Comparison Study

The introduced control charts are compared within an extensive Monte Carlo
simulation study. In the following, however, we restrict ourselves to the com-
parison of the charts based on the weight process {Ww;,} and the approxi-
mation process {q;}. These processes seem to be the most attractive ones
from the practical viewpoint. The required in-control covariance matrices are
obtained from simulations as well.

The out-of-control ARL serves as a performance measure. Because no ex-
plicit formulas of the ARLs are available these quantities are estimated via a
simulation study based on 10% repetitions. The control limits are determined
under the condition that all charts have the same in-control ARL equal to
120. Since there are around 250 trading days per year at the stock exchange
this in-control ARL roughly corresponds to six months of daily observations.

The introduced control schemes depend on further design parameters. We
consider a multivariate EWMA recursion with equal smoothing values, i.e.
R = rI. This means that all components of T, are exponentially weighted in
the same way. In our study we take the value r € {0.1,0.2,...,1.0}. For the
CUSUM charts the reference value K is chosen from the set {0.0,0.2,...,4.0}.
The current study is restricted to a portfolio consisting of k = 4 risky assets.
The in-control covariance matrix is given by ¥ = @Y (O with

0135 0 0 0 1 04 0.350.3
0 015 0 0 04 1 04504
©=1 0 0 017 0 and Yo = | 9045 1 05

0 0 0 0.19 03 04 05 1

The matrix ® contains the annualized standard deviations. Y is a correlation
matrix. These parameter values correspond to typical empirical characteristics
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of risky assets (cf. Michaud (1998)). Then the vector of the optimal GMVP
weights is given by

w = (0.477, 0.273, 0.147, 0.103)".

The out-of-control state is modeled by changing the magnitude of the standard
deviations of the first and the fourth asset returns. Thus, we define the out-
of-control covariance matrix as

a1 000
0100
0010
000a4

3 =EXE, where E =

The change parameters are chosen as a; € {0.5,1,2,3} and a4 € {0.5,1, 2, 3}.

The rolling estimator of the portfolio weight is based on the last n obser-
vations. The choice of n has a large impact on the chart performance of the
{W¢ n} process. In the in-control state n should be large to get a reliable esti-
mator. However, in the out-of-control state n should be small to ensure a faster
reaction on the changes. Here we present the results for n € {25, 30,40, 60}.
The values n € {10,15} lead to larger out-of-control ARLs and are not re-
ported here.

The results of our simulation study are given in Tables 1 and 2, providing
the results for the {w,,} and {q;} processes, respectively. Accordingly, the
indices w and q are used to denote the underlying chart. EWMA denotes a
univariate EWMA recursion, while MEWMA a multivariate one. Moreover,
MCUSUM1 and MCUSUM2 denote the MC1 and the MC2 charts, respec-
tively. The first value in a column gives the out-of-control ARL. The standard
deviation of the run length, the optimal smoothing parameter and the refer-
ence values are given in parenthesis. Table 1 reports the optimal value of n
for the weight process, while the control charts for {q;} are independent of
n. The out-of-control ARLs of the best control chart for a specific parameter
constellation are given in bold.

The obtained evidence suggests that there is no overall best chart for all
types of changes. In Table 1 for increasing variance, i.e. for a; > 1 and a4 > 1,
the results for both EWMA charts and the MC2 chart are similar, while the
MC1 scheme shows a worse behavior. The best value of n is nearly always
n = 60. If the variances increase the EWMA charts without memory, i.e. for
r = 1.0, provide the smallest ARLs. If one of the variances decreases then the
multivariate EWMA chart dominates the other schemes. It is difficult to give
a unique recommendation about the choice of n, K, and r values. A change
in the weights due to a variance decrease is detected faster with smaller » and
n values, e.g. r = 0.1 and n = 30.

In Table 2 the multivariate EWMA chart turns out to be clearly the best
for a; > 1 and ag > 1. The best choice of the smoothing parameter is r = 0.1.
However, if both variances decrease then the MC1 chart outperforms the other
ones. In this case the results for the other charts are very bad since the out-
of-control ARLs are larger than the in-control value 120.
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e 0.5 1.0 2.0 3.0
ai
26.92(14.48, 2.0, 40) | 26.74(16.57, 0.6, 40) | 26.48(16.45, 0.6, 40) | 27.19(15.87, 3.0, 60)
05 || 26:10(18.55,2.6,40) | 26.49(12.87,2.8,40) | 26.05(12.40,2.6,40) | 27.06(15.57, 2.4, 60)
: 26.14(13.35,0.5,40) | 26.52(12.71, 0.7, 40) | 26.07(12.01, 0.4, 40) | 27.04(14.93,0.3, 60)
25.48(15.02, 0.1, 30) | 25.18(14.26,0.1, 25) | 24.80(13.00,0.1, 30) | 25.64(16.57, 0.1, 60)
19.84(10.91,0.8,25) | MCUSUM1™ | 44.50(29.12,0.2, 60) | 36.47(21.91, 0.2, 60)
Lo || 1917 (8:67,3.0,25) | MCUSUM2™) | 47.32(35.59,0.4,60) | 41.66(30.58,0.0,60)
: 19.08 (8.76, 1.0, 25) EWMA™ 47.28(40.85,0.1,60) | 43.36(39.43,0.1, 60)
19.07(8.89,0.7,25) |  prEWAMAMG | 44.21(41.87,0.1,60) | 40.38(39.40,0.1, 60)
13.18 (8.28,3.0,60) | 15.47(10.74, 3.0,60) | 13.93 (9.49,3.0,60) | 12.46 (8.57, 3.0, 60)
oo || 12:54 (8.10,2.6,60) | 14.86(10.65,2.6,60) | 13.27 (9.38,2.6,60) | 11.81 (8.51,2.6,60)
: 12.53 (8.10,1.0, 60) | 14.87(10.68, 1.0, 60) | 13.25 (9.38,1.0,60) | 11.79 (8.51,1.0, 60)
12.51 (8.08,1.0,60) | 14.87(10.69,1.0,60) | 13.26 (9.39,1.0,60) | 11.84 (8.52,1.0, 60)
7.79 (5.10,3.0,60) | 8.14 (5.55,3.0,60) | 7.91 (5.46,3.0,60) | 7.40 (5.06,3.0,60)
50 6.96 (4.82,2.6,60) | 7.33 (5.30,2.6,60) | 7.06 (5.12,2.6,60) | 6.56 (4.74,2.6,60)
: 6.95 (4.82,1.0,60) | 7.32(5.31,1.0,60) | 7.06 (5.12,1.0,60) | 6.55 (4.74,1.0,60)
6.94(4.82,1.0,60) | 7.33(5.32,1.0,60) | 7.04(5.09,1.0,60) | 6.53(4.72,1.0,60)

Table 1. Out-of-control ARLs of EWMA and CUSUM type charts based on the
estimated weight process {W,» }.

e 0.5 1.0 2.0 3.0
ai
32.58 (12.81,0.2) | 33.02 (13.47,0.2)10.20 (7.49,0.8) | 4.90 (3.76,1.2)
05 || 369-39(369.10,4.0) | 246.68(245.99, 4.0) | 16.82(15.55, 1.8) | 5.95 (5.21,2.4)
‘ 347.62(330.28,1.0) | 237.67(235.07,1.0) | 15.96(15.06,0.1) | 5.69 (4.92,0.1)
72.97 (67.21,0.1) | 66.87 (63.08,0.1) | 8.81 (8.03,0.1) | 4.04(3.57,0.1)
35.98 (15.97,0.2)| MCUSUM1Y 11038 (8.86,1.0)| 4.76 (3.91,1.4)
1o | 155-53(155.01,4.0) MCUSUM2®  |11.93(10.34,1.6) | 5.12 (4.36,2.4)
: 152.73(152.21, 1.0) EW MA@ 11.08 (9.93,0.1) | 4.87 (4.07,0.1)
64.94 (64.21,0.1) |  pEW MA@ 8.32 (8.53,0.1) | 3.81(3.58,0.1)
5.97 (4.48,1.0) | 6.25 (4.96,1.0) | 4.51 (3.77,1.4) | 3.18 (2.56,1.6)
2.0 7.47 (6.47,2.0) | 7.06 (6.02,2.0) | 4.49 (3.61,2.2) | 3.13 (2.42,2.6)
: 7.02 (6.10,0.1) | 6.59 (5.63,0.1) | 4.23 (3.35,0.1) | 3.00 (2.26,0.1)
4.77 (4.33,0.1) | 4.86 (4.66,0.1) | 3.32(3.14,0.1) | 2.42(2.09,0.1)
2.99 (2.21,1.6) | 3.00 (2.25,1.6) | 2.61 (1.98,1.8) | 2.21 (1.61,2.0)
3.0 3.25 (2.61,3.0) | 3.17 (2.54,3.0) | 2.64 (1.99,3.0) | 2.20 (1.56,3.2)
: 3.16 (2.47,0.1) | 3.08 (2.38,0.1) | 2.56 (1.86,0.1) | 2.15 (1.48,0.1)
2.46 (1.96,0.1) | 2.44 (1.99,0.1) | 2.08 (1.63,0.1) | 1.79(1.30,0.1)

Table 2. Out-of-control ARLs of EWMA and CUSUM type control charts based
on the approximated process {q;}.

A comparison of Tables 1 and 2 illustrates the advantages and disadvan-
tages of both considered processes. For a variance increase the charts based
on the process {q;} perform better than the charts for the estimated portfolio
weights. However, if both variances decrease then the schemes based on the
weight process {W; ,} dominate the charts based on {q;}. In general, it can
be recommended to combine the MEWMA chart for q; and w;,. A signal
from the q; chart can indicate a change in the weights caused by a variance
increase, while a signal for the W, , chart points at a possible alteration in
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the weights due to a variance decrease. This study advocates the advantages
of EWMA charts compared to CUSUM procedures.

6 Conclusions

Changes in the optimal portfolio weights should be detected sequentially. This
paper introduces several control charts for the surveillance of the global min-
imum variance portfolio composition. These charts monitor the processes of
the estimated optimal weights as well as their approximations. The changes in
the weights are modeled via alterations in the variances of the asset returns.
The average run length (ARL) criterion is applied for performance evaluation.

The considered schemes are compared to each other within a Monte Carlo
simulation study. It turns out that no chart uniformly dominates the other
ones. The performance of the charts depends on the fact whether the process
variance increases or decreases. In case of a variance increase the MEWMA
chart based on the approximated characteristic provides the smallest out-
of-control ARLs. In case of a variance decrease the MEWMA chart based
on the weights turns out to be the best scheme. Thus it is recommended
to combine both procedures for practical applications. A simultaneous use of
both MEWMA charts allows to interpret the obtained signals. The behavior of
the schemes for a changing correlation structure requires further investigation.
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Principles for Multivariate Surveillance

Marianne Frisén

Statistical Research Unit, Department of Economics, Goteborg University

Summary. Multivariate surveillance is of interest in industrial production as it enables the
monitoring of several components. Recently there has been an increased interest also in
other areas such as detection of bioterrorism, spatial surveillance and transaction strategies
in finance.

Several types of multivariate counterparts to the univariate Shewhart, EWMA and
CUSUM methods have been proposed. Here a review of general approaches to multivariate
surveillance is given with respect to how suggested methods relate to general statistical in-
ference principles.

Suggestions are made on the special challenges of evaluating multivariate surveillance
methods.

1 Introduction

The need is great for continuous observation of time series with the aim of detect-
ing an important change in the underlying process as soon as possible after the
change has occurred. The first versions of modern control charts (Shewhart
(1931)) were made for industrial use. Multivariate surveillance is of interest in in-
dustrial production, for example in order to monitor several sources of variation in
assembled products. Warmefjord (2004) described the multivariate problem for
the assembly process of the Saab automobile. Sahni et al. (2005) suggest that the
raw material and different process variables in food industry should be analysed in
order to assure the quality of the final product. Surveillance of several parameters
(such as the mean and the variance) of a distribution is multivariate surveillance
(see for example Knoth and Schmid (2002)).

In recent years, there has been an increased interest in statistical surveillance al-
so in other areas than industrial production. The increased interest in surveillance
methodology in the US following the 9/11 terrorist attack is notable. In the US and
also in other countries several new types of data are now being collected. Since
the collected data involve several related variables, this calls for multivariate sur-
veillance techniques. Spatial surveillance is useful for the detection of a local
change or a spread (for example of a disease or of a harmful agent). Spatial sur-
veillance is multivariate since several locations are involved. Recently, there have

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6 9, © Springer-Verlag Berlin Heidelberg 2010
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also been efforts to use multivariate surveillance for financial decision strategies
(see for example Okhrin and Schmid (2007) and Golosnoy et al. (2007)) with re-
spect to various assets and their relations and combinations.

We will focus on some principles for the construction of multivariate surveil-
lance methods. These general approaches do not depend on the distributional
properties of the process in focus, even though the implementation does. Note es-
pecially that both continuous and discrete data can be mixed. Reviews on multiva-
riate surveillance methods can be found for example in Basseville and Nikiforov
(1993), Lowry and Montgomery (1995), Ryan (2000), Woodall and Amiriparian
(2002), Frisén (2003)and Sonesson and Frisén (2005).

In Section 2 the notations and specifications will be given. In Section 3 different
approaches to the construction of multivariate surveillance methods are described
and exemplified. In Section 4 we discuss the special challenges of evaluating mul-
tivariate surveillance methods. In Section 5 we give a simple example in order to
illustrate approaches and evaluations. Concluding remarks are made in Section 6.

2 Notations

The multivariate process under surveillance is denoted by Y ={Y(¢), r=12,...}.
At each time point, ¢, a p -variate vector Y(¢) = (Yl(t) L - Y, (t))T of va-

riables is observed. The components of the vector may be, for example, a measure
of each of p different components of a produced item. When the process is in

control and no change has occurred, Y(¢) has a certain distribution for example
with a certain mean vector [, and a certain covariance matrix X, . The purpose

of the surveillance method is to detect a deviation to a changed state as soon as
possible in order to warn and to take corrective actions. We denote the current
time point by s . At that time we want to determine whether or not a change in the
distribution of Y has occurred up to now. Thus we want to discriminate between
the events {r <s} and {r > s}, where z denotes the time point of the change. In
a multivariate setting, each component can change at different times 1, .. 7,. A
natural aim in many situations is to detect the first time that the process is no long-
er in control. Then it is natural to consider 7, =min{r,,...z,} . In order to detect

the change, we can wuse all available observations of the process
Y, ={Y(¢), t<s} toform an alarm statistic denoted by p(Y,). The surveillance

method makes an alarm, indicating that the change has happened in the process at
the first time point when p(Y,) exceeds an alarm limit G(s) .
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3 General approaches to multivariate surveillance

3.1. Reduction of dimension

It is useful to add any relevant structure to the problem in order to focus the detec-
tion ability. One way to reduce dimensionality is to consider the principal compo-
nents instead of the original variables as proposed for example by Jackson (1985),
Mastrangelo et al. (1996) and Kourti and MacGregor (1996). However, unless the
principal components can be interpreted, a surveillance method based on them
may be difficult to interpret. In Runger (1996) an alternative transformation, using
so-called U? statistics, was introduced to allow the practitioner to choose the sub-
space of interest, and this is used for fault patterns in Runger et al. (2007). Another
way to reduce the dimensionality is to use projection pursuit as done by Ngai and
Zhang (2001) and Chan and Zhang (2001). Rosolowski and Schmid (2003) use the
Mabhalanobis distance to reduce the dimensionality of the statistic, thus expressing
the distance from the target of the mean and the autocorrelation in a multivariate
time series. After reducing the dimensionality, any of the approaches for multiva-
riate surveillance described below can be used. There are also other reduction ap-
proaches which may be used after the initial reduction of dimensions. Vector ac-
cumulation was used by Scranton et al. (1996) after reduction to principal
components and by Runger et al. (1999) after the U-transformation.

3.2 Reduction to scalar statistics

The reduction of the dimension can go as far as to summarise the components for
each time point into one statistic. This is also a common way to handle multiva-
riate surveillance problems. We start by transforming the vector from the current
time point into a scalar statistic, which we then accumulate over time. In Sullivan
and Jones (2002) this is referred to as “scalar accumulation”. The relevant scalar
statistics depend on the application. In spatial surveillance it is common to start by
a purely spatial analysis for each time point as in Rogerson (1997). One natural
reduction is to use the Hotelling T* statistic (Hotelling (1947)). This statistic is

T*(t) = (Y(t)—p, (1) S;l(,)(Y(t) —n,(t)), where the sample covariance matrix
S

a g’ distribution, it is referred to as the y° statistic. Scalars based on regression

v(n 18 used to estimate Xy . When X, is regarded as known and the statistic has

and other linear weighting are suggested for example by Healy (1987), Kourti and
MacGregor (1996) and Lu et al. (1998). The reduction to a univariate variable can
be followed by univariate monitoring of any kind.

Originally, the Hotelling T statistic was used in a Shewhart method, and this is
often referred to as the Hotelling T control chart. An alarm is triggered as soon as
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the statistic 7> (¢) is large enough. Note that over time, there is no accumulation

of the observation vectors if the Shewhart method is used.

In order to achieve a more efficient method, all previous observations should be
used in the alarm statistic. There are several suggestions of combinations where
reduction to a scalar statistic is combined with different monitoring methods.
Crosier (1988) suggested to first calculate the Hotelling T variable (the square root

of T? (¢) ) and then use this as the variable in a univariate CUSUM method, mak-

ing it a scalar accumulation method.

A non-parametric scalar accumulation approach was used in Liu (1995), where
the observation vector for a specific time point was reduced to a rank in order to
remove the dependency on the distributional properties of the observation vector.
Several methods were discussed for the surveillance step, including the CUSUM
method. Yeh et al. (2003) suggested a transformation of multivariate data at each
time to a distribution percentile, and the EWMA method was suggested for the de-
tection of changes in the mean as well as in the covariance.

3.3 Parallel surveillance

This is a commonly used approach, where a univariate surveillance method is used
for each of the individual components in parallel. This approach is referred to as
combined univariate methods or parallel methods. One can then combine the un-
ivariate methods into a single surveillance procedure in several ways. The most
common is to signal an alarm if any of the univariate methods signals. This is a
use of the union-intersection principle for multiple inference problems. Sometimes
the Bonferroni method is used to control a false alarm error, see Alt (1985). Gen-
eral references about parallel methods include Woodall and Ncube (1985), Haw-
kins (1991), Pignatiello and Runger (1990), Yashchin (1994) and Timm (1996).
Parallel methods suitable for different kinds of data have been suggested. In
Skinner et al. (2003) a generalised linear model was used to model independent
multivariate Poisson counts. Deviations from the model were monitored with pa-
rallel Shewhart methods. In Steiner et al. (1999) binary results were monitored us-
ing a parallel method of two individual CUSUM methods. However, to be able to
detect also small simultaneous changes in both outcome variables, the method was
complemented with a third alternative, which signals an alarm if both individual
CUSUM statistics are above a lower alarm limit at the same time. The addition of
the combined rule is in the same spirit as the vector accumulation methods pre-
sented below. Parallel CUSUM methods were used also by Marshall et al. (2004).

3.4 Vector accumulation

The accumulated information on each component is here utilised by a transforma-
tion of the vector of component-wise alarm statistics into a scalar alarm statistic.
An alarm is triggered if this statistic exceeds a limit. This is naturally referred to as
“vector accumulation”.
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Lowry et al. (1992) proposed a multivariate extension of the univariate EWMA
method, which is referred to as MEWMA. This method uses a vector of univariate
EWMA  statistics Z(#)=AY()+(I-A)Z(t—-1) where Z(0)=0 and

A =diag(4,, 4,,....4,) . An alarm is triggered at ¢, =min{r; Z(¢)' £, Z(1) > L}

for the alarm limit, L. The MEWMA can be seen as the Hotelling T* control chart
applied to EWMA statistics instead of the original data and is thus a vector accu-
mulation method. Reynolds and Keunpyo (2005) studied sequential sampling de-
sign in connection with MEWMA.

One natural way to construct a multivariate version of the CUSUM method
would be to proceed as for EWMA and construct the Hotelling T control chart
applied to univariate CUSUM statistics for the individual variables. One important
feature of such a method is the lower barrier of each of the univariate CUSUM
statistics (assuming we are interested in a positive change). This kind of multiva-
riate CUSUM was suggested by Bodnar and Schmid (2004) and Sonesson and
Frisén (2005). Other approaches to construct a multivariate CUSUM have also
been suggested. Crosier (1988) suggested the MCUSUM method, and Pignatiello
and Runger (1990) had another suggestion. Both these methods use a statistic con-
sisting of univariate CUSUMs for each component and are thus vector accumula-
tion methods. However, the way in which the components are used is different as
compared with the MEWMA construction.

One important feature of these two methods is that the characteristic zero-return
of the CUSUM technique is constructed in a way which is suitable when all the
components change at the same time point. If all components change at the same
time, a univariate reduction is optimal, however.

3.5 Joint solution

Stepwise constructions of methods for complicated problems are often useful. In
this section, however, we discuss jointly optimal methods. such optimality is not
guaranteed by the approaches described in the sections above, which start with a
reduction in either time or space (or other multivariate setting). Sometimes a suffi-
cient reduction will result in a separation of the spatial and the temporal compo-
nents. However, such a sufficient separation is not always available. The use of
the sufficient statistic implies that no information is lost. An example of this is the
result by Wessman (1998) that when all the variables change at the same time, a
sufficient reduction to univariate surveillance exists.

Healy (1987) derived the CUSUM method for the case of simultaneous change
in a specified way for all the variables. The results are univariate CUSUMs for a
function of the variables. The CUSUM method is minimax optimal. Thus, the
multivariate methods by Healy (1987) are simultaneously minimax optimal for the
specified direction when all variables change at the same time.
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Another way to achieve a simultaneously optimal solution is by applying the
full likelihood ratio method (Shiryaev (1963) and Frisén and de Maré (1991). This
method can be used as soon as the event to be detected is specified. The full like-
lihood ratio method was used by Jarpe (1999) in the case of clustering in a spatial
log-linear model on a fixed lattice. The likelihood ratio method was used after a
sufficient reduction of the spatio-temporal pattern. Another example is Jarpe
(2001), where the optimal way for detecting an increased radiation level was de-
rived. In this application the shift process spread spatially with time.

4 Measures of the properties of multivariate surveillance

Optimality is hard to achieve and even hard to define for all multivariate prob-
lems, also in the surveillance case (seeFrisén (2003)). We have a spectrum of
problems where one extreme is that there are hardly any relations between the
multiple surveillance components. The other extreme is that we can reduce the
problem to a univariate one by considering the relation between the components.
Consider, for example, the case when we measure several components of an as-
sembled item. If we restrict our attention to a general change in the factory,
changes will be expected to occur at the same time. Then, the multivariate situa-
tion is easily reduced to a univariate one (Wessman (1998)) and we can easily de-
rive optimal methods. For many applications, however, the specification of one
general change is too restrictive.

The problem is how to determine which type of change to focus on and which
not to. The method derived according to the specification of a general change will
not be capable of detecting a change in only one of many components. On the oth-
er hand, if we focus on detecting all kinds of changes, the detection ability of the
surveillance method for each specific type of change will be small. One way to fo-
cus the attention is to consider some type of dimension reduction transformation
(Hawkins (1991) and Runger (1996)).

In hypothesis testing, the false rejection is considered most important. It is im-
portant to control the error in multiple testing since the rejection of a null hypothe-
sis is considered as a proof that the null hypothesis is false. Important methods for
controlling the risk of an erroneous rejection in multiple comparison procedures
are described in the monograph by Hochberg and Tamhane (1987). When testing
several drugs against the standard, the family-wise error rate is relevant. In other
cases, such as when many aspects of a drug is tested, the False Discover Rate,
FDR, suggested by Benjamini and Hochberg (1995) may be more relevant and
does not reduce the power so much. This situation is more accepted as a screening
than as hypothesis testing. In surveillance this is further stressed as all methods
with a fair power to detect a change have a false alarm rate that tends to one (Bock
(2007)). The problem with adopting FDR is that it uses a probability which is not
constant in surveillance. Marshall et al. (2004) solve this problem as the monitor-
ing is carried out over a fairly short period of time and they use only the properties
of the early part of the run length distribution. FDR in surveillance has been advo-
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cated for example by Rolka et al. (2007). However, the question is whether control
of FDR is necessary when surveillance is used as a screening instrument, which
indicates that further examination should be made. For some such applications the
ARL" of the combined procedure may be informative enough since it gives infor-
mation about the expected time until (an unnecessary) screening. It will sometimes
be easier to judge the practical burden with a too low alarm limit by the ARL’ than
by the FDR for that situation.

The timeliness in detection is of extreme interest in surveillance, and other
measures than the ones traditionally used in hypothesis testing are important. To
evaluate the timeliness, different measures such as the average run length, the
conditional expected delay and the probability of successful detection (Frisén
(1992) can be used with or without modification also in a multivariate setting.

The ARL' is the most commonly used measure of the detection ability also in
the multivariate case. It is usually assumed that all variables change immediately.
However, the results by Wessman (1998) are that univariate surveillance is always
the best method in this setting.

It is not entirely satisfactory to restrict the evaluation of the methods to changes
occurring at the same time as the surveillance starts, since the detection ability de-
pends on when the change occurs. The conditional expected delay

CED(t) = E[t Tt 2= t] is a component in many measures which avoids the

dependency on 1 either by concentrating on just one value of T (e.g. one, infinity
or the worst value). Frisén (2003) advocated that the whole function of T should be
studied. This measure can be generalized by considering the delay from the first
change
T = Min{z,..7,}
CED(z),..7,)=E(t, =7 |1, 27,) -
This type of generalization was suggested by Andersson (2007).

The Probability of Successful Detection suggested by Frisén (1992) measures
the probability of detection with a delay time shorter than d. In the multivariate
case it can be defined as

PSD(d,z,..7,)=P(t,—7,, <d|t,>7,).

This measure is a function of both the times of the changes and the length of the
interval in which the detection is defined as successful. Also when there is no ab-
solute limit to the detection time it is often useful to describe the ability to detect
the change within a certain time. In such cases it may be useful to calculate the
PSD for different time limits d. This has been done for example by Marshall et al.
(2004) in connection with use of the FDR. The ability to make a very quick detec-
tion (small d) is important in surveillance of sudden major changes, while the long
term detection ability (large d) is more important in ongoing surveillance where
smaller changes are expected.

Thorough evaluation, involving changes of different types occurring at different
time points, is recommended. Several measures of evaluation may be useful.
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S Examples

In order to illustrate principles and measures we will compare one method using
reduction to one scalar for each time (Method M1) with one using reduction to one
scalar for each time parallel surveillance (Method M2). To keep it simple we base
the methods on the Shewhart method. Our simple model is for two normally dis-
tributed variables which possibly have shifts at different time points

i NOD <y
® N t27,

oy [ NOD i<,
O~ N1 =21,

Method M1 gives an alarm if the Shewhart method gives an alarm for the sum of
the variables.

t, =min{t; X()+Y()>G,,}

Method M2 gives an alarm if the Shewhart method gives an alarm for any of the
variables.

t,=min{t; X(1)>G,, U Y(1)>G,,}

The limits were determined to Gy =3,29 and Gyp=2,57 so that ARL’=100 for
both M1 and M2.

Several situations were examined. In the first one both variables shift at the
same time. That is tx= 1y. For the Shewhart method the CED is constant in this
case. The method M1 has the conditional expected delay CED=1,39 while M2 has
(constant) CED=2,09. The probability to detect the out-of-control state immediate-
ly PSD(0,t) is also constant with respect to t. For the M1 method PSD=0,42 and
for M2 we have PSD=0,32. Thus we see that if both methods shift at the same
time it is best to use the univariate sum as alarm statistic. This is also in accor-
dance with theory.

In the second situation one variable does not shift, while the other one does -
but we do not know beforehand which one it might be. For the case when X in fact
did not change (tx=o0) but Y did we haver_, =7, . The method M1 has the condi-

tional expected delay CED=4,53 and M2 has CED=2,49. For the M1 method
PSD=0,18 and for M2 PSD=0,29. Thus, we see that if only one out of several
processes changes the properties of M2 are much better.

In the third situation we know that only the distribution of Y can change. We
can thus focus on Y only. If this had been the case the univariate Shewhart method
would have had CED=1,69. The probability to detect the out-of-control state im-
mediately would have been PSD(0,t)=0,37. Thus, the knowledge improves the de-
tection ability (for the same ARL’) considerably.
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6 Conclusions

The construction of surveillance methods is challenging in many ways. It involves
statistical theory, practical issues as to the collection of new types of data and
computational ones such as the implementation of automated methods in large
scale surveillance data bases. The data is sometimes highly dimensional and col-
lected into huge data bases. Here the focus has been on the statistical inference as-
pects of the multivariate surveillance problem.

Methods can be characterised as scalar accumulating, parallel, vector accumu-
lating or simultaneous. However, there is no sharp limit between some of these
categories. What is regarded as a dimension reduction and what is regarded to be a
scalar accumulation sometimes overlap. Many methods first reduce the dimension
for example by principal components, and then one of the approaches for multiva-
riate surveillance is used. Fuchs and Benjamini (1994) suggest Multivariate Pro-
file Charts which demonstrate both the overall multivariate surveillance and indi-
vidual surveillance in the same chart and thus combine two of the approaches.

The more specifically the aim is stated, the better the possibilities of the surveil-
lance to meet this aim. Hauck et al. (1999) describe how a change may influence
variables and also the relation between them. One way to focus the detection abili-
ty is by specifying a loss function with respect to the relative importance of
changes in different directions. Mohebbi and Havre (1989) use weights from a li-
near loss function instead of the covariance for the reduction to a univariate statis-
tic. Tsui and Woodall (1993) use a non-linear loss function and a vector accumula-
tion method named MLEWMA. For some methods the detection ability depends
only on one non-centrality parameter which measures the magnitude of the multi-
dimensional change. Such methods are known as “directionally invariant”. How-
ever, this is not necessarily a good property, since there often is an interest in de-
tecting a certain type of change. Fricker (2007) stresses the importance of direc-
tionally sensitive methods for syndromic surveillance. Preferably, the specification
should be governed by the application.

The question of which multivariate surveillance method is the best has no con-
cise answer. Different methods are suitable for different problems. Some causes
may lead to a simultaneous increase in several variables, and then one should use
a reduction to a univariate surveillance method, as shown by Wessman (1998) and
demonstrated here by the examples in Section 5. If the changes occur indepen-
dently, one does not expect simultaneous changes and may instead prefer to use
(for example) parallel methods. This may work better than the scalar reduction, as
demonstrated by the examples in Section 5, where it is also shown that the best
would be to utilize knowledge on which component to concentrate on.

One advantage with parallel methods is that the interpretation of alarms will be
clear. The identification of why an alarm was raised is important. An example is
the inability of the Hotelling T* control chart to distinguish between a change in
the mean vector and a change in the covariance structure. Mason et al. (1995) pro-
vided a general approach by a decomposition of the T* statistic into independent
components. Other suggestions include for example principal component analysis,
see Pignatiello and Runger (1990), Kourti and MacGregor (1996) and Maravelakis
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et al. (2002). An example is a spatially restricted outbreak. The importance of
knowledge about where to concentrate the effort after an alarm indicating a bioter-
rorist attack is discussed by Mostashari and Hartman (2003).
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Summary. In this overview paper, some of the surveillance methods and metrics used in
health-related applications are described and contrasted with those used in industrial prac-
tice. Many of the aforesaid methods are based on the concepts and methods of statistical
process control. Public health data often include spatial information as well as temporal in-
formation, and in this and other regards, public health applications could be considered
more challenging than industrial applications. Avenues of research into various topics in
health-related monitoring are suggested.

1 Introduction

The purpose of this paper is to give an introduction to health-related monitoring,
particularly to those more familiar with research in industrial process monitoring.
Some of the topics covered by Woodall (2006) are updated. A review of recently
published papers, and some still in press, is given. Many of the methods currently
used in public health surveillance are based on the concepts of statistical process
control (SPC), commonly applied in industry and business. Indeed, Lawson and
Kleinman (2005, p. 5) stated, “SPC has formed the basis for many disease surveil-
lance systems.”

There is a growing interest in health-related monitoring and improvement
among industrial practitioners. There will be, for example, a special issue on this
topic by Quality Engineering. There are many interesting and challenging research
problems in public health surveillance and in health-related monitoring. Re-
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searchers in industrial statistics are strongly encouraged to consider topics in these
areas, a number of which are suggested in this paper.

There are several excellent review papers and books that can be very useful to
anyone wanting to know more about health-related monitoring. Sonesson and
Bock (2003) and Lawson and Kleinman (2005) provided very helpful reviews of
public health surveillance. For more in-depth information, an online journal on
public health surveillance topics, Advances in Disease Surveillance, can be found
at http://www.isdsjournal.org/issue/current.

The discussion by Benneyan (2006) is recommended as a starting point for
those interested in hospital applications. Thor et al. (2007) provided a review of
the literature of healthcare applications of control charts. Control of infection rates
is very important in hospitals, with a recent paper on this topic given by Sherlaw-
Johnson et al. (2007). Tennant et al. (2007) reviewed applications of control charts
for use with individual patients with chronic diseases such as diabetes and asthma.

The papers by Fienberg and Shmueli (2005), Shmueli and Burkom (2008),
Buckeridge et al. (2005), Fricker and Rolka (2006), and Rolka et al. (2007) would
be very useful sources for those interested in the very challenging area of syn-
dromic surveillance. In syndromic surveillance data are drawn from a variety of
sources, such as emergency room records, over-the-counter drug sales, absentee-
ism rates, and so forth, in an attempt to supplement traditional sentinel surveil-
lance for natural disease outbreaks or bioterrorist attacks.

2 Contrasts between Industrial and Health-Related Monitoring

Some of the differences between industrial and health-related surveillance prac-
tice, performance metrics, and research literature are given in this section.

1. Data: Attribute data are of greater focus in the health setting than in the in-
dustrial setting. For example, in surveillance for outbreaks of disease the inci-
dence rate, or number of new cases in the population of interest by unit of
time, is typically monitored. More use is made of observed data, especially in
the comparison of aspects of available methods, because of the evolving, non-
stationary nature of the data streams and because processes in the health envi-
ronment cannot be summarily corrected. For instance, rather than adopting a
model for normal (non-outbreak) conditions, observed data may be used as
testbeds on which to compare competing methods’ ability in detecting simu-
lated outbreak scenarios, despite the fact that effects of actual unknown out-
breaks ay be present in these datasets. Indeed, there is somewhat of a cultural
divide regarding the use of observed data for evaluation of methods in public
health surveillance and the use of null models in industrial SPC, a divide dis-
cussed by Breiman (2001) in a more general context.

2. Pattern of Outbreak: Most industrial control chart methods are studied un-
der the model of a constant baseline parameter, with a sustained step shift in
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the parameter when the process goes “out-of-control”. Outbreaks in health-
related monitoring are more likely to be transitory, often with more gradual
increases and decreases than with abrupt shifts. Health-related monitoring
methods tend to be one-sided, to focus on the primary concern of increases in
rates, whereas use of two-sided methods is typical in industrial practice.
Where there is an intervention, such as a surgical or drug treatment, monitor-
ing for improvement in health of an individual would be of interest.

Resetting after a Signal: Some public health surveillance methods are run
without interruption or resetting when a signal indicates a potential outbreak.
In industrial applications, on the other hand, a process adjustment or investi-
gation is usually made following a signal and the chart then restarted.

Performance Metrics: In evaluating the statistical properties of charts, the
focus in industrial monitoring has been on the time to the first signal. Since
timely response to changes in the process is a key concern, this measure has
been used to develop optimality criteria by which to compare charts. Discus-
sions of the various metrics used in public health surveillance were given by
Frisén (1992, 2003), Frisén and Wessman (1999), Frisén and Sonesson
(2005), Buckeridge et al. (2005), and Fraker et al. (2008). Some of these met-
rics, based on medical test terminology such as “sensitivity” and “specificity”,
may be unfamiliar to industrial practitioners.

Use of empirically derived p-values: For health-related process monitoring,
several thresholding approaches have been used in which p-values are calcu-
lated from the empirical distribution of historical or artificially generated val-
ues of test statistics. See, for example, Kulldorff (2001), Kleinman et al.
(2004), Wallenstein and Naus (2004), and Spliid (2007). Associating chart
statistics with a p-value measure (see Benjamini and Kling, 1999; Grigg and
Spiegelhalter, 2008) can allow for use, at some level, of flexible stopping
rules such as false discovery rate (FDR) control (see Benjamini and Ho-
chberg, 1995; Storey et al, 2004). Use of p-values may also allow significance
to be conveyed on a reference scale, without dictation of a formal stopping
rule.

Baseline: In health-related applications the monitored process may be com-
plex. To avoid alarms resulting from predictable factors, description of the in-
control state often includes covariates such as patient risk factors and seasonal
effects. A more detailed null model, or knowledge of unmodelled variability
in the observed process, may make consideration of steady-state behaviour of
a method more difficult. However, steady-state measures remain of interest as
these allow the effects of the initialization of the chart, and any head-start fea-
tures, to be removed.

Updating Control Limits: In some public health surveillance applications it
is common to update parameter estimates and measures of uncertainty sur-
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rounding those estimates at each new observation. Many health-related appli-
cations have accounted for the nonstationary nature of monitored data streams
by updating parameters and control limits with a sliding baseline—a “moving
Phase I”” approach (as in the CDC EARS methods discussed by Fricker et al.
(2007)). It has been recommended by Buckeridge et al. (2005), Fricker et al.
(2007), and others that buffer intervals (guard bands) be used to exclude the
most recent data values from this baseline to avoid having the early effects of
an outbreak prevent the later, possibly more severe, effects from being de-
tected A more traditional, calibrated SPC approach to updating control lim-
its, illustrating the cultural divide, is the ACUSUM of Sparks (2000).

8. Recurrence Interval: In some applications of public health surveillance it is
recommended that the “recurrence interval” be used to assess in-control per-
formance, where the recurrence interval is the fixed number of time periods
(not necessarily adjacent) across which the expected number of alarms under
the null is one. Fraker et al. (2008) showed, somewhat surprisingly, that the
time-to-signal performance can vary widely among charts with the same
value of the recurrence interval.

9. Literature: The body of literature on health-related surveillance is smaller
than that on industrial surveillance, and is somewhat less mathematical in na-
ture. Editors and reviewers for health-related journals typically require, or
very strongly request, an application using real data. Evaluation of perform-
ance of methods based on assumed models, or comparison with other meth-
ods, has not always been required. As Sonesson and Bock (2003) stated, “A
notable feature in many of the methods suggested in the (public health) litera-
ture is the lack of evaluation by other means than in different case-studies.”
As well as opportunities for making application-specific comparisons, valu-
able research opportunities exist in making more general, model-based
evaluations and comparisons of methods.

3 Using Bernoulli Data

One much-discussed problem in the monitoring of rates, such as those of congeni-
tal malformations, deals with detecting an increase in an incidence rate, where
outcomes are assumed to be results from independent Bernoulli trials. One could
imagine, for example, having information regarding each successive birth over
time in a region of interest. A common objective is to be able to quickly detect
sustained increases from a postulated, constant baseline rate. Various “sets-based”
methods have been considered for this purpose, as discussed by Sego et al.
(2008a). The basic sets method of Chen (1978) would signal an increased rate if
the number of births between malformations (a set) is uniformly less than a
threshold ¢ for s successive sets. Sego et al. (2008a) showed that a Bernoulli-
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based cumulative sum (CUSUM) chart proposed by Reynolds and Stoumbos
(1999) has better performance than the sets-based methods.

Ismail et al. (2003) and Naus and Wallenstein (2006) proposed a scan method
that signals as soon as m out of the last » Bernoulli trials corresponded to inci-
dences. Joner et al. (2008a) showed, however, that the Bernoulli CUSUM has bet-
ter performance. The scan method has good performance, however, so some
might prefer it to the CUSUM chart due to its simplicity. Spliid (2007) recently
proposed a competing method based on the exponentially weighted moving aver-
age (EWMA). Comparisons of methods in the Bernoulli case are complicated by
the fact that the in-control performance of competing methods cannot be matched
exactly due to the discreteness of the data.

Much work remains to be done on detection of transitory rate increases. Also
risk-adjustment of scan methods is important. Various SPC methods have been
proposed for “high quality processes”, usually based on an underlying geometric
or negative binomial distribution (see, for example, Benneyan, 2001; Xie et al.,
2002). These methods are applicable in monitoring rare health events, where one
would like to be able to detect any increase in incidence, and thus merit further
study in that context.

4 Risk adjustment

A key characteristic of health-related monitoring is that the human element of the

monitored process is likely to be great. In evaluating hospital and physician care,
it should be taken into account that arriving patients may vary (from patient to pa-
tient, from hospital to hospital, or from physician to physician) with regard to their
general state of health. Grigg and Farewell (2004a) gave a review of risk-adjusted
monitoring. Steiner et al. (2000) proposed a risk-adjusted CUSUM method. Grigg
and Farewell (2004b) demonstrated the use of a graphical risk-adjusted sets
method and Grigg and Spiegelhalter (2007) recently proposed a risk-adjusted
EWMA method.

In risk-adjusted monitoring one usually monitors a measure, such as a mortal-
ity rate, conditional on the value of covariates such as patient risk factors. The
conditioning is carried out through use of a risk model, for example a logistic re-
gression model, where risk is predicted given observed values for the covariates.
The in-control incidence rate then varies from person to person and the focus
moves to monitoring of an odds ratio (odds of a case under changed conditions to
odds of a case under baseline conditions). In monitoring the performance of heart
surgeons, patient 30-day mortality following surgery is a typical measure to con-
sider. Changes in the (risk-adjusted) 30-day mortality rate might be ascribed to
changes in surgical technique. Sego et al. (2008b) recently proposed a way to use
more of the information in the data by treating the survival time as a censored ran-
dom variable, instead of converting it to a dichotomous variable.
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Perfect adjustment for patient mix is difficult, as explained by Winkel and
Zhang (2007), so any inferences made following adjustment for risk should per-
haps be made with care. The adequacy of adjustments made might be checked by
considering the fit of the risk model to training or Phase I data. Lack of fit might
be ascribed to common cause overdispersion in the training data, a description of
which might be incorporated into the risk model, as discussed by Marshall et al.
(2004) and by Grigg, Spiegelhalter, and Jones (2008).

Risk-adjusted charting methodology might be applicable to a variety of health-
care settings. Porter and Teisberg (2006) considered risk-adjusted comparisons of
healthcare providers to be an essential component of improving healthcare in the
U.S. Recently Axelrod et al. (2006) gave an application involving the monitoring
of liver and kidney transplant success rate performance, while Novick et al. (2006)
considered the monitoring of heart surgery outcomes.

There is potential for comparisons relating to the statistical performance and
other aspects of risk-adjusted charting methods. These comparisons might be
made for specific patient populations. The effects of null model misspecification
and error in estimation of the measures of interest warrant more study. Robust
specification of the null model and control limits, in the style of Phase I type
methods, is an area that might be investigated further in the health setting. In addi-
tion, other outcomes, such as quality of life measures, could be considered.

5 Spatiotemporal Monitoring Opportunities

It is important to detect geographic clusters corresponding to increased incidence
rates in the public health setting. One common situation is to collect and screen, at
regular intervals, count data from several subregions in a region of interest. For
example, monthly counts from counties within a U.S. state might be collected and
their spatial distribution examined. The in-control distribution must be available
using direct or indirect standardisation from census-type tables or from data his-
tory, or by modelling sub-regional streams. It is assumed that any null model is
correct in terms of form and in terms of correct covariate selection; whereas it is
assumed with standardization that the effective size of the population for which a
rate is calculated is accurate.

Expected counts calculated might vary across subregions and possibly over
time. When there is no increase which is of particular concern, the counts for the
subregions at a given time might be mutually independent, but there could be cor-
relation between sub-regional counts at any given time. Counts are traditionally
assumed to be Poisson random variables, although experience has shown that al-
lowance for overdispersion is often indicated. Various methods have been pro-
posed for this spatiotemporal problem, and the scan statistics approach of Kull-
dorft (1997, 2001, 2005) has been widely popular because it identifies clusters of
variable location and size, includes some measure of control for multiple testing,
and is available in a freely downloadable software package.
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For the monitoring of distributed data streams, with or without spatial informa-
tion, multivariate control charts have also been proposed by Joner et al. (2008b),
Fricker (2007), Fricker et al. (2008) and others. Directionally invariant multivari-
ate control charts monitor for general shifts in multivariate space and thus react
indiscriminately towards increases and decreases in rates. These charts have been
adapted to react only to increases in rates. As the number of streams increases,
dimensionality renders the anomaly identification more complex, and efficient
strategies for combining multivariate and univariate charts is increasingly impor-
tant, as suggested in Hawkins (1993).

Monitoring incidence rates of chronic diseases may entail less processing of
information than monitoring rates of infectious diseases. Traditional SPC applica-
tions designed to monitor for persistent mean shifts are more naturally suited to
detect sustained increases in chronic disease rates caused by elevated risk factors.
Background behavior of infectious or volatile diseases is commonly influenced by
cyclic or seasonal effects. Just as in industrial applications, time series models
have been used to remove such effects; see, for example, Cowling et al. (2006)
and Burr et al. (2006). In the health surveillance context, regular cyclic effects,
such as weekly patterns in daily emergency rooms visit rates, are more prominent
than in the industrial context.

There are many opportunities for research into spatiotemporal monitoring, a
topic that has not been considered in the industrial monitoring literature. There is a
need for thorough comparisons of possible methods. Comparisons are complicated
by the many factors that can vary: the number of subregions, the locations and
sizes of any clusters, the correlation structure of the data, and so forth. Identifying
(significant) clusters of cases would be of most value if the cause or causes of the
clusters can be discovered.

Public health surveillance applications are often characterized by a large num-
ber of multiple streams of data. For example, there could be data available over
time on a number of different subregions, hospitals or physicians. See, e.g., Grigg
and Spiegelhalter (2006). There has been research on multiple stream processes in
industrial SPC, but the assumptions may be too restrictive for these methods to be
applied directly to health-related monitoring. When many patient sub-groupings or
several healthcare indicators are simultaneously considered, it can be a challenge
to control the rate of false alarms and yet retain power to detect meaningful out-
breaks. Marshall et al. (2004) and Grigg, Spiegelhalter and Jones (2008) applied
FDR principles to obtain manageable alert rates when applying simultaneous
CUSUM charts to data streams from a large collection of health districts.

As discussed by Woodall et al. (2008), little study has been done on the time-
to-signal performance of the spatiotemporal scan methods. Evaluations under rela-
tively simple models of the data could give some indication of the expected per-
formance under the often complex data environment of public health applications.
If one considers the incidence rate as a function over the region of interest, then
the spatiotemporal application can be considered to be an example of profile
monitoring, as discussed by Woodall et al. (2004). A very recent CUSUM ap-
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proach to spatiotemporal monitoring was proposed by Sonesson (2007), who pro-
vided considerable insight on Kulldorff’s (2001) scan methods.

6 Conclusions

Researchers in industrial process monitoring are strongly encouraged to investi-
gate topics in health-related monitoring, where there is an abundance of promising
research opportunities. The information and sources given here are intended to aid
those interested in making this transition.

The study of the following areas seems especially promising: prospective scan-
based methods, health-related applications of control charts for “high-quality”
processes, risk-adjusted control charting, spatiotemporal surveillance, and (one-
sided) multivariate control charts. System-level strategies for combining the vari-
ous methods to achieve distributed, multivariate sensitivity at manageable false
alarm rates is a difficult but important challenge.
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Summary. A new type of sampling scheme for process fraction nonconforming is
proposed for the simultaneous acceptance inspection of any number of large lots of similar
size, which provides the advantage of scale without losing the ability to sentence lots
individually. The methodology is described and illustrated by a flow chart. Attributes and
variables sampling schemes are developed. For beta prior probability density functions for
the process fractions nonconforming, formulae are derived for the expected proportion of
lots accepted and the expected number of items inspected per lot. The advantages of the
method are illustrated by some examples.

1 Surveillance sampling by attributes

1.1 General

The sampling schemes presented in this paper are referred to as surveillance
sampling schemes, as the motivating application was the need for economic
surveillance of the quality of munitions kept in storage.

A surveillance sampling scheme by attributes for & lots is defined by the
sample sizes n, ny and n; together with the integer acceptance numbers c;

=(Ch1» Cros oor Cip) where 0<c¢; <i for i=12, ..,k and ¢1<¢p <

...<¢y. An initial random sample of size n is taken from each lot. All lots for
which the initial sample yields 2 or more nonconforming items are immediately
non-accepted. The number of remaining lots is denoted by m. The total number of
nonconforming items in the initial samples from these m lots is denoted by x. If
x < ¢,,, all m remaining lots are accepted; otherwise, if x > ¢;,,,, a second sample

of size ng or ny is taken from the lots for which the initial sample yielded 0 or 1

nonconforming item respectively. Lots for which the second sample yields no
nonconforming items are accepted, while lots for which the second sample yields
one or more nonconforming item are non-accepted.

Figure 1 is a flow chart of the procedure for applying surveillance
sampling by attributes.
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\ 4

We suppose throughout that the fraction nonconforming varies from lot
to lot in accordance with a beta distribution with prior probability density function

f(p)=p"'(1=p)7"/B(r,s) for 0< p <1,
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where >0, s >0 and B(r,s)=1'(r)I (s)/ '(r+s), with 7"(.) representing the
gamma function. Thus, sampling is being used to distinguish between a prior beta
distribution with mean 1y /(ry+sy) and coefficient of variation

\/SO [{ry(ry +so +1} and a prior beta distribution with mean r/(r;+s4) and

coefficient of variation \/ s1/{r(r; + s, +1}. Note that the coefficient of variation
of a beta distribution with parameters (»,s) decreases as »+s increases subject to

the ratio s /7 remaining constant.

In practice, a minimum expected proportion of lots accepted will be specified at an
acceptable beta prior probability density with parameters (7,55) and a maximum

expected proportion of lots accepted will be specified at an unacceptable beta prior
probability density with parameters (71,s,).

In this section, for each value of £ considered, the values of the k£ + 3 parameters
(i.e. the k integers in array ¢, together with the 3 sample sizes) are determined that
minimise the maximum expected number of items inspected per lot with respect to
the quality level, subject to these two constraints on the operating characteristic
curve.

1.2 The expected number of items inspected per lot

The probability generating function for the posterior probability p,,, . that m of the

k first samples contain no more than one nonconforming item and that x of these
m samples have precisely one nonconforming item is

k- m
Gi(tvik) = D PtV

m=0 x=0

k
= H[E{1—(1—pi)” —np,(1-p)" |+ E{(1-p)" +npl~(1—pl~)"‘1V}t}
i=1

=[E{boo(n. p)} + E {bo(n. p)}t+ E {y (. p)} vt]k
=[ary + Byt +,31vt]k 0

where
Bo = E{bo (n,p)} =E(1-p)" =B(r,s+n)/ B(r,s)
By = E{by(n, p)} = En(1- p)" V= nB(r,s+n—1)/B(r,s)

B = E{bzz("ap)} =1-5y - B
G;4(,v; k) can be expanded as
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(k&
e Z(m) 5" (Bo + )" "
m=0
k (& hemSN (M
:mZO(m) 2 ;(xj g BtV

Hence,
k m k—-m pm—x px
DPiomx = B "By B form=0,1,.,kx=01,..,m. 2
m\ x

If x <¢,, the total number of items inspected is kn, whereas if x >c¢,,, the total
number of items inspected is kn + (m —x)ny + xny. The expected number of items
inspected per lot is therefore

1 m
A= n+;z :Z Pranx {(m_x)no +Xl’l1}

1 k m
=n+;z Z pkmx{(m—x)n0+xn1}. 3)

m=1x=cp,, +1

1.3 The proportion of lots accepted

The probability generating function for y lots having no nonconforming items in

their second samples is given by
m m

Gz(t,v, wyk) = i Zzpkmxytmvxwy

m=0 x=0 y=0

k
= E] [1Be2(n, )+ bo (1, ) {bor (g, ) + b (g, p )Wt

i1
+by(n, p;){boy (4, p;) + by (g, p;)whve]

This can be written

k
Gy (1,v,w; k) = [y + apt + azwi + avi + agywt | 4)

where
o = fo;
ay ={B(r,s+n)—B(r,s+n+n0)}/B(r,s)=,60 -as;
a3 =B(r,s+n+ny)/ B(r,s);
a, =n{B(r+1,s+n—1)—B(r+1,s+n+n1 —1)}/B(r,s) =p-as;
as =nB(r+1,s+n+n,=1)/B(r,s).
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G, (t,v,w; k) can be expanded as

Gy(t,v,w;k) = Zk: i ipkmxytmvxwy

m=0 x=0 y=0

k

: k k—m m _m
=Z e {(@y + agw) +v(ay +asw)} ¢

k (K " (m
( ) a{"mZ[ ](az +azw)" (g +asw) V"
x=0

k m m  min(m—x,y) _
S M () 3 I I g e
m X

y=0 j=max(0,y—x) y_j J

=

k\(m min(m=2.0) " e \(m—x oo S
1 D Y I e e
mj\x Jj=max(0,y—x) y=J J

for m=0,1,....k; x=0,1,...,m; y=0,1,...,m.

Note that e, =0 when ny =0 and that ¢, =0 when n; =0. It follows
that:

k\(m X _ _ - -
a1k m :r)’n X 21 yaé/ m+x
m)\ x )j\m-—y

whenny =0, ny >0 andy =m—-x,m—x+1,...,m;

= kN m) m—x
S I o e ©
m)\x )\ y—x

when ny >0, ny=0andy=x,x+1,...,m;

(kj[m\) k—-m  m—x _x
(4] (24 “a5
m X

when ny =0, ny=0and y =m,
for m=0,1,...,k; x=0,1,...,m.
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Taking into account the restrictions imposed by the array ¢y, the expected
proportion of lots accepted is

Ckm m k m

2SS w3 5 Sn

m=0 x=0 y=0 m=0 x=cy,, +1 y=0

k Ckm k m m
=%{Zm2pkmx+2 > Zypkmxy} (7

m=1x=0 m=1x=cy,, +1 y=1

1.4 Examples

We denote the expected proportion of lots accepted as P,(0) when
(r,s)=(ry,509)and as P,(1) when (r,s)=(rn,s;), and the expected number of
items inspected per lot for given beta prior, sample sizes and ¢, array by
A(k,r,s,n,ny,1, ).

For all three examples of sampling by attributes given below, the prior
beta distributions have been chosen to have means 7, /(7 +s53) =0.005=0.5%
and r/(ry+s1)=0.05=5%, with 7y+sy=r+s;. For examples 1 to 3,
1y + 59 =17+ 54 has been chosen to be 200, 400 and 1000 respectively, to provide

a decreasing coefficient of variation.

The selection of surveillance sampling schemes by attributes given below
were determined so as to provide a producer's risk of at most @ =0.05 (i.e.

P,(0) 295%) at a prior density defined by (r,s) = (ry,57), and a consumer's risk
of at most £=0.10 (ie. P,(1)<10%) at a prior density defined by

(r,s)=(n,s¢), subject to minimising the maximum value 4, of
Ak, yry +(1=y)r,yso +(1=y)s1.n.n9,nq, 1)

over the range 0<y <n/ (r1 -7 ) The expected number of items inspected per

lot at (r,s)=(r5,59) and at (r,s)=(n,s;) are denoted by 4, and 4,
respectively.
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Example 1: Sampling by attributes with
a =0.05, =0.10, (ry, sg) =(1,199), (7, 54) =(10,190)

k n o m Ck Pa (0)% Pa_ (1)% AO Amax A']
1 |*** No sampling scheme of this nature was found for this combination of k, & and S ***
2 |*** No sampling scheme of this nature was found for this combination of k, & and f ***
3151 | 46 64 10,0,2 95.0998 | 9.9989 |52.6038(69.8531| 64.8751
4| 51 | 40 52 10,0,1,3 95.6306 | 9.9836 [51.5065(66.7614| 62.8590
5| 43 | 42 53 10,0,0,1,4 96.5606 | 9.9776 |43.6809(64.0345]| 59.5857
6 | 34 | 46 54 10,0,0,0,1,3 97.5241 | 9.9983 [34.8082(61.4618| 57.4774
7132 | 47 53 10,0,0,0,0,2,4 98.0013 | 9.9974 [32.2709(59.5017 | 56.9654
8| 30 | 45 49 0,0,0,0,0,0,2,5 98.1825 | 9.9925 [30.3183(58.0433] 55.3793
9| 30 | 45 47 10,0,0,0,0,0,1,3,7 ]98.2790 | 9.9910 |30.1126|57.1823| 54.9028
10| 29 | 42 48 0,0,0,0,0,0,0,1,4,6] 98.3869 | 9.9989 |29.0945|56.5558| 54.4954
k n no n Ci .F; (0)% Pa (1)% AO Amax A»]
Example 2: Sampling by attributes with
a=0.05, #=0.10, (1, s5) =(2,398), (11, ;) = (20,380)
k n no n Cr Pa (O)% f)a (1)% AO Amax A1
1 |*** No sampling scheme of this nature was found for this combination of k, & and f ***
2 |*** No sampling scheme of this nature was found for this combination of ¥, @ and f ***
3 | 51 26 | 47 10,0,2 95.9183 | 9.9996 |52.1061|64.8489 |60.7534
4 | 44 | 39 | 49 10,0,0,3 96.6189 | 9.9955 |45.4171|62.8735|57.9856
5 11 38 47 (0,0,0,1,4 97.3564 | 9.9840 |41.5035|60.3282 | 56.3836
6 34 40 49 0,0,0,0,1,4 98.0277 | 9.9958 |34.5455(58.0194 | 54.7524
7 ] 32 | 43 | 46 10,0,0,0,0,2,5 98.3764 | 9.9957 |32.1942|56.3443|53.9013
8 28 43 45 0,0,0,0,0,0,2,4 98.6937 | 9.9592 |28.2302(55.2437 | 52.9301
9 129 | 41 | 44 10,0,0,0,0,0,1,3,8 ]98.6870 | 9.9952 |29.0755|54.4606 | 52.5420
10 ] 28 | 42 | 42 10,0,0,0,0,0,0,1,4,6] 98.7770 | 9.9953 |28.0580|53.9118 | 52.0259
k n n n Cr Pa (0)% Pa (1)% AO Amax A1
Example 3: Sampling by attributes with
a=0.05, B=0.10, (1, s5) = (5,995), (15, ;) = (50,950)
knfm[m | o [RO%[ED%] 4 | 4 [ 4
1 | ** No sampling scheme of this nature was found for this combination of k£, & and g ***
2 | 56 0 36 |01 95.4955 9.9307 |57.7465|65.2388|61.7588
3 ]150] 25| 41 0,02 96.5886 9.9932 |50.9346|62.5602| 58.6629
4 | 42| 37 | 48 [0,003 97.3320 9.9978 [43.1164|60.6337|56.2812
5 139)37 | 46 [0,0,0,14 97.9402 9.9837 |39.3894|58.2082| 54.7872
6 | 33| 42 | 44 ]0,0,0,0,14 98.4226 9.9823 |33.4405|56.1376| 53.0102
7 |31 ]3| 44 [0,0,0,00,24 98.7030 9.9934 |31.1630|54.5560| 52.2062
8 129 | 36 | 44 10,0,0,0,0,0,2,5 98.8421 9.9899 [29.1768|53.5974| 51.3696
9 29| 38 41 10,0,0,0,0,0,1,3,7 98.8966 9.9981 ]29.0605|52.8880| 50.8941
10] 28 | 38 | 42 0,0,0,0,0,0,0,2,4,6] 98.9860 9.9938 |28.0182|52.3982| 50.9212
k n no n Cr Pa (O)% Pa (1)% AO Amax A1
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2 Surveillance sampling by variables

2.1 General

Two types of sampling scheme for surveillance sampling by variables are
developed below. Both can be used, with suitable changes to the parameter
values, for the case of known or unknown process variability. It is initially
assumed that the quality characteristic is normally distributed with a single
specification limit.

Some further notation is necessary. Suppose that a sample of size n from
a normally distributed process with fraction nonconforming p yields a minimum
variance unbiased estimate p of p. Then the probability that p < p* will be
denoted by d(n, p, p*).

When the numerical value of the process standard deviation, o, is
known, then

d(n,p, p*) = (NnK,, ~\n=1K . for n>2,
where K, denotes the upper p-fractile of the standard normal distribution and

@(.) denotes the standard normal distribution function, thus K, = o (1-p).

When the numerical value of the process standard deviation is unknown,
then

d(l’l, b p*) = 1_Fn—1,\/;Kp ((n _1)(1 _2ﬂ(n—2)/2,p*)) for n 2 39
where £, ;(¢) denotes the distribution function of the non-central ¢-distribution
with degrees of freedom v and non-centrality parameter 4, and B, 52

denotes the p*-fractile of the symmetric beta distribution with both parameters
equalto (n—2)/2.

2.2 Type A surveillance sampling schemes

2.2.1 Definition

We define a Type A surveillance sampling scheme by variables for & lots by £ +7
parameters, namely the sample sizes n, ny and n; together with the acceptability

constants p:, p: , pS, pT and ¢= where 0< pZ

ChtsCp2seeres i »
< pr<1,0< py,pys <1 and 0< ¢y <cpp <....<cy, <k. From each lot an initial
random sample of size # is taken and the minimum variance unbiased estimators
(MVUESs) py, Py, ..., p; of their process fractions nonconforming are calculated.
The ™ lot is immediately non-accepted if p; > p: , for i=1,2, .., k. The
number of remaining lots is denoted by m. A second sample of size n; is taken

from each of the remaining lots for which p, < p: and a sample of size n; is
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taken from each of the remaining lots for which p: <p; < p: . For each new
sample, i, the MVUE, 131-(2), of the process fraction nonconforming is calculated.
Lots for which the sample of size n; yields ;31(2) < p; for j =0 or 1 are accepted,

otherwise they are non-accepted.

2.2.2 Expected number of items inspected per lot

There is a close correspondence between the parameters of this type of variables
sampling scheme and the surveillance sampling scheme by attributes described
carlier. Thus, replacing

bo(n, p,) by d(n, p;, p,);

by(n, p;) by d(n, p;, p,)—d(n, p;, pg); and

b.o(n,p)by 1=d(n, p;. ;)
in (1), it is found that the probability generating function for m and x under Type
A surveillance sampling by variables is given by

kK m
G Evik) =D PtV

m=0 x=0

k
= H{E(1—d(n,pi,pf))+E{d(n,p,-,pZ)}t +E(d(n,p,~,pf)—d(n,pi,pZ))vt}‘ (3)
i=1
But p,,,. is given by (2) with
Po = Ed(n, p,p,));
P = E@d(n. p, p;)~d(n,p.p,)); ©)
Bo=1-Fy - B;.
Hence the expected number of items inspected per lot is given by substituting
for py,,, from (2) and (9) into (3).
2.2.3 The expected proportion of lots accepted
Similarly, it is found that the Type A probability generating function for m, x and
yis

k

where
a =Py,

@y = E{d(n,p,p,)(1=d(n. p. p5))} = By ~ a5 (10)
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a = E{d(n, p, p,)d(no, p, o)
The value of py,,, may be determined by substituting from (10) into (5) and (6).

Thus, taking into account the restrictions imposed by the array c;4,¢40,....,Chs

the expected proportion of lots accepted is found by substituting the values of
Dionmy S0 obtained into (7).

2.2.4 Examples of Type A sampling schemes

Examples 4 and 5 show some Type A variables sampling schemes with the same
constraints and prior distributions as for Example 1. Example 4 is for unknown
process standard deviation and Example 5 is for known process standard
deviation.

Example 4: Type A sampling by variables, unknown o, with
a =0.05, B =0.10, (1, s9) =(1,199), (74, s4) =(10,190)

Klnmln | P2 | 2| po | Pr ck B0)%|B(N%| Ay | dwe | 4

1139[--124].01116/.02486| -- |.01903(0 95.0133 | 9.9922 |41.010345.0103/42.1624
2134 3| 3 |.02847(.10249.00000].00000(0,0 95.1930 | 9.8453 [36.9999(36.9999|36.7956
312210 3 |.03042(.13604|.00022|.00000{0,0,0 95.0038 | 9.9888 [31.7924(31.9084/|27.4765
41199 3 1.01972.12669(.00034/.00000]0,0,0,1 98.2364 | 9.8636 [27.5789[27.8188|23.4124
511610| 3 {.02594(.14983|.00001(.00000/0,0,0,0,1 98.5144 | 9.3520 [25.6526[25.8454|21.4614
6[14{11| 3 |.02448(.15138|.00029(.00000|0,0,0,0,0,1 97.4462 | 6.6409 [24.5384[24.7928|19.8782
7113]11| 3 |.03165(.15385|.00103|.00000]0,0,0,0,0,0,1 98.4328 | 9.5582 |23.675323.8503|19.5255
8112110, 3 [.03577(.16328|.00011(.00000]0,0,0,0,0,0,0,1 98.3809 | 9.0445 [|21.755121.8832/18.4061
919]9( 3 (02716/.15162.00001|.00000(0,0,0,0,0,0,0,0,1 | 95.0333 | 7.9468 |17.6443|17.8819[14.6865
101 7(9]| 3 ].03129.16736/.00001(.00000|0,0,0,0,0,0,0,0,0,1| 95.0001 | 9.8562 [15.6742|15.8766[13.1300
k| n|ng|n p: p: ps p: Ci Pa(O) % Pa(1) % AO Amax A1

Example 5: Type A sampling by variables, known o, with
a =0.05, =0.10, (rp, s9) =(1,199), (74, s4) =(10,190)

k| 7 o pZ p: PS p: ¢ P(0) %|P.(1) %| 4 Apmax 44

1]11]--[10].01101).02457| -- |.01585|0 95.0014 | 9.9996 |11.9360[14.3044/13.0200
2|7]-3].00675.03185 -- |.00033|0,1 95.0001 | 9.9850 |7.5398|8.4965|8.1532
3]5/|-/2].00353.03497] - [00001/0,0,2 95.0005 | 9.9898 |5.5383|6.1625|5.9567
4]312/3]00255]18543/00001,00002/0.0.0.2 95.0306 | 9.9742 |5.25585.6816 | 5.6749
5]3|-2].00053.04361] - [.00001/0,0,0,2,4 95.0007 | 9.9058 |3.8868 |4.4088 |4.2544
6]3|-[2|00072.03168 -- |.00001/0,0,1,1,3,5 95.0011 | 9.9398 |3.7806 4.2500|4.0788
712|2|2].00205(.10598(.00001.00001/0,0,0,0,0,0,3 95.0002 | 9.9824 |3.98093.9903|3.7198
8]2]2(2|.00596|.07548{.00001(.00001/0,0,0,0,0,0,1,2 95.0001 | 9.9975 |3.97023.9855|3.6297
9]22|2].00081.02865(.00000|.00001{0,0,0,0,1,2,3,4,5 | 95.0009 | 9.9295 |3.9199|3.9636 |3.3410
10| 2 {2{2].00143].02550|.00001|.00001/0,0,0,0,0,1,2,3,4,5] 95.0002 | 9.9356 |3.9117|3.9601 | 3.3049
Klnpdn| pa | P | o | P ck B(0)%|B (1) %| A | dw | 4
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2.3 Type B surveillance sampling schemes

2.3.1 Definition

It may seem perverse not to immediately accept a lot for which the initial sample
yields an estimate of zero for the process fraction nonconforming, which can
happen with non-zero probability for the case of unknown process standard
deviation. To accommodate this viewpoint, Type A sampling schemes for
unknown process standard deviation can be modified so that, after the initial
sample has been drawn from the i lot, that lot is not only immediately non-

accepted if p; > p: , but also immediately accepted if p, =0, for i=1,2,....k.

Such sampling schemes are developed below, and will be referred to as Type B
surveillance sampling schemes.

2.3.2  Expected number of items inspected per lot
The probability generating function for the probability p,,. that m of the k initial

samples have 0 < p < p: and that x of these m samples have p > p: is

= £ [T{1-d(n.p,.p:)+d(n.p,,0)

+(d(n,pi,p:)—d(n,pl-,O))t+(d(n,pi,p:)—d(n,pi,p:))vt}:|
Thus p,. is given by (9) with
B =E(d(n,pi,pZ)—d(n,pi,O));
B =E(d(n.p.p)-d(mp.p,)): (11)
B2 =1=po - pr.

Hence the expected number of items inspected per lot is given by substituting for
Dime from (2) and (11) into (3).

2.3.3  The expected proportion of lots accepted
Similarly,

GEB) (t, v, W, k) = (a1 +a0W+a2t + a3Wt +a4Vt +a5VWt)k (12)
Where
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(13)

=
=
3
E)

_d(”’PaO))d(”’OaPaP;)};

(
d(n,p,p ))(1 d(n1,p D ))} B —as;
)

as =Ei(d n,p,p: —d(n,p,p: d(m,p,pl*)}-
Expanding (12),
k m m
GEB) (t,v, W,k) = Z Z pkmxytmvxwy
m=0 x=0 y=0

k
= (a1 +a0W+ azt +a3Wt +a4Vt +a5VWt)

2o
é@é@i 2 (zi‘J(’"; !

/=0 j=max(0,/-x)

Nk —m , ;
—-x—j x=l+j J—j m_ x l k—m—i !
xay " aja; " at " w 1" (W)

i=0 i

SR

m=0 0 i=max(0,y—m) Jj=max(0,y—i—x) y—i—J

m—x o !
x( . ja{‘ "abay " afay T el T WY
J

from which it is seen that

min(y,k—m) min(m—x,y—i)

k\(m k—m X m—x
1 R i )
g mj\x i—max(ZO“y m) ! j=max(;,y—i_x) y—i=J J

k—-m—i  m—x—

J g d g X—V¥I+] o y—i=]
xa0a1 a, o, a;

in(y.k - =i k-
min(y,k—m) min(m—x,y—i) k!a6a1 m— zaén xX— 1“3“4)16 y+1+1aV i—j

= > > - , S (14)
i:max(O,y—m)j=maX(0,y—i—x)l'(k_m_l)'(m x— P x—y+i+ HW(y—i—))!

form=0,1,...,k; x=0,1,....m; y=0,1,...,k.
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Note again that @, =0 when ny =0 and that @, =0 when n; =0. It follows
that

p kmxy =

min(y,k—m,y—m+x) k—m—i  m—x . m—y+i  y—i—m+x

Klayay " a3 o, ok

a1 =m=D)(m=x)l(m =y + i)y =m+x=i)!

whenny =0, ny >0 andy =m—-x,m—x+1,....k;

min(y,k—m,y—x) —-m—i  m—=y+i  y—x—i X

ket a, a; as
ilk—m-D)l(m—-y+i)l(y—x—-i)lx!

i=max(0,y-m)
whenng >0, ny=0andy =x,x+1,....k;

y-m k-y _m-x . x

klay "a; " a3 "as

(y—m)(k—y)l(m—x)!x!
whenny =0, ny =0andy =m,m+1,....k,

for m=0,1,...,k; x=0,1,...,m.

The values of py,, and py,,, for given ny and ny can be found by
substituting the values of ag, 4, ay, a3, a4, a5, By and B, from (11) and
(13) into (2), (14) and (15). Taking into account the restrictions imposed by the

array ¢4, ¢, ..., ¢, the expected proportion of lots accepted is given by
1 k Cim k k m k
Bo=o 471 222 Moy + 2, D, 2 WPums
m=0 x=0 y=0 m=0 x=cy,, +1y=0
11 o kK mk
=G0+ 1 2 M) Pt D, D, D Wi |
m=1x=0 m=1x=cp, +1 y=1

2.4 Examples of Type B sampling schemes

Example 6 shows some Type B variables sampling schemes for unknown process
standard deviations, with the same constraints and prior distributions as in
Examples 1, 4 and 5.

Comparing Table 6 with Table 4, it is seen that Type B yields a dramatic
reduction in average sampling effort for two or more lots, suggesting that Type B
sampling schemes may be superior to Type A schemes.

3 Concluding remarks

It is clear from the examples that the methodology proposed in this paper provides
worthwhile reductions in the average amount of inspection needed to satisfy the
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producer’s and consumer’s risks. Examples 1, 2 and 3 for sampling by attributes
show a relatively modest reduction of approaching 20% between the maximum
average effort required to inspect each of three lots and the maximum average
effort required for each of ten lots. Compensation is the decrease in the
producer’s risk as the number of lots increases and as the coefficients of variation
of the prior beta distributions decrease.

There is a much more substantial reduction for sampling by variables.
For the prior beta distributions considered here, the Type B sampling schemes for
unknown process variation were found to be superior to the Type A sampling
schemes and showed a reduction of more than 80% in the average amount of
sampling per lot between inspecting one lot and inspecting ten lots. As expected,
the sampling schemes for known process variation required the smallest sample
sizes, and showed more than 70% improvement between one and ten lots. For
each number of lots under type B, the optimum sampling scheme had producer’s
risks and consumer’s risks close enough to their nominal values to be considered,
for all practical purposes, to be equal to their nominal values.

By comparing the three attributes examples, it is seen that increased
discrimination between the prior densities (in the sense of larger values of » and s
but keeping the same ratios) leads to a reduced sampling requirement, although
perhaps not so much of a reduction as might have been expected.

The sampling schemes for sampling by variables were developed for a
single quality characteristic with a single specification limit. However, it was
shown by Baillie [1] that when, as in this paper, the process fraction
nonconforming is estimated using the minimum variance unbiased estimator, the
band of operating characteristics is quite narrow for double specification limits
and also for multivariate sampling, particularly for unknown process variance(s).
The formulae developed in this paper may therefore be used to determine
surveillance sampling schemes by variables for the multivariate case and for
double specification limits.

A potential improvement to the Type B sampling schemes would be to

replace the acceptance criterion p =0 at the initial sample by p < p:, say, where

p: > 0. Another potential improvement after second samples had been randomly
selected would be to use the MVUE based on the initial and second samples

combined. The benefits of these modifications have yet to be investigated.
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Summary. Selective assembly is an effective approach for improving the quality of
a product assembled from two components when the quality characteristic is the
clearance between the mating components. A component is rejected if its dimension
is outside specified limits of the dimensional distribution. Acceptable components
are sorted into several classes by their dimensions, and the product is assembled from
randomly selected mating components from the corresponding classes. We assume
that the two component dimensions are normally distributed with equal variance,
and that measurement error, if any, is also normally distributed. Taking into ac-
count the quality loss of a sold product, the selling price of an assembled product,
the component manufacturing cost, and the income from a rejected component, we
discuss the optimal partitioning of the dimensional distribution to maximize ex-
pected profit, including the optimal choice of the distribution limits or truncation
points. Equations for a set of optimal partition limits are given and its uniqueness
is established in the presence and absence of measurement error. It is shown that
the expected profit based on the optimal partition decreases with increasing vari-
ance of the measurement error. In addition, some numerical results are presented
to compare the optimal partitions for the cases when the truncation points are and
are not fixed.

1 Introduction
We considered a product assembled from two components in which the qual-

ity characteristic is the difference of the relevant dimensions of the mating
components (i.e., clearance) or their sum. Some variation is inevitable in any

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_12, © Springer-Verlag Berlin Heidelberg 2010
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production process, and the quality of the assembled product is dependent on
the dimensional variability of the component parts. Random assembly of the
mating components may lead to an unacceptably large variance in product
quality. In such a situation, selective assembly should be an effective means
for reducing the variance. We considered the cases in which a measurement
error of each component dimension is either present or absent. Any component
with its dimension outside specified limits of the dimensional distribution is
rejected, and the remaining components are sorted into several classes by their
dimensions. The product is then assembled by randomly selecting mating com-
ponents from the corresponding classes. This approach enables the assembly
of high-precision products from relatively low-precision components.

For example, consider the assembly of a piston and a cylinder in which
quality is measured as the clearance between the mating components. Pistons
and cylinders are sorted into several classes according to their diameters, and
the product is assembled by selecting a piston and a cylinder from the corre-
sponding classes. The smaller pistons are matched with the smaller cylinders,
and the bigger pistons with the bigger cylinders to reduce the variation in the
clearance. Other applications of selective assembly include pin and bushing
assembly, hole and shaft matching, and valve body and spool assembly.

A great deal of research and development effort has been devoted to the
subject of selective assembly. Pugh [14] studied equal width partitioning, as-
suming that the two component dimensions were normally distributed. Fang
and Zhang [3] presented an algorithm to decrease surplus components that
result from the difference between the numbers of components in the cor-
responding classes. Kannan and Jayabalan [5] proposed some partitioning
schemes to reduce surplus components when the two component dimensions
were normally distributed with unequal variances. Pugh [15] demonstrated
with a simulation study that equal area partitioning is superior to equal width
partitioning in terms of the acceptance probability. Pugh [16] also studied
equal area partitioning in the case of dissimilar variances, and proposed to
truncate the dimensional distribution with the larger variance to make the
two variances equal.

In the case in which the two component dimensions have dissimilar vari-
ances, Kannan, Jayabalan, and Ganesan [4] and Kannan and Jayabalan [7]
proposed a method of manufacturing the component with the smaller vari-
ance at three different means. Kannan and Jayabalan [6] studied selective
assembly for three components to minimize surplus components. Kannan and
Jayabalan [8] and Kannan, Asha, and Jayabalan [9] proposed a method using
a genetic algorithm to reduce the assembly variation and surplus components.

Kwon, Kim, and Chandra [10] were the first to study optimal partitioning
to minimize expected squared error loss, assuming that the two component
dimensions had the same normal distribution. Mease, Nair, and Sudjianto
[12] extensively studied some optimal partitioning strategies for several loss
functions and distributions. Importantly, they developed optimal partition-
ing for minimizing the expected squared error loss for the case in which the
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two component dimensions are identically distributed. They gave equations
for optimal partition limits, and showed that the solution to them is unique
when the density function of the component dimension is strongly unimodal.
They also showed that the optimal partition is much better than the two
heuristic strategies of equal width and equal area partitioning. They pointed
out that this optimization problem is related to the optimal partition of one
distribution, which arises in many applications such as stratified sampling
(Dalenius [1]), piecewise constant approximation of a function (Eubank [2]),
and principal points (Tarpey and Flury [18]). Matsuura and Shinozaki [11]
studied optimal partitioning under squared error loss when measurement er-
ror is present.

Mease and Nair [13] studied optimal partitions under general convex loss
functions in “one-sided” selective assembly, in which only one of the two com-
ponents is sorted into several classes. One-sided selective assembly is useful in
the situation when one of the two components has a much smaller variance
than the other.

These papers have fixed acceptable limits or truncation points of the di-
mensional distributions, at the mean + 3 standard deviations, for example. In
this paper, we choose optimal truncation points as well, taking into account
the quality loss of a sold product, the selling price of the assembled product,
the manufacturing cost of the components, and the income from rejected com-
ponents. This paper extends the results of Mease et al. [12] and Matsuura and
Shinozaki [11]. Assuming normality, we discuss the optimal partitioning strat-
egy to maximize expected profit in the presence and absence of measurement
error. We present equations for a set of optimal partition limits and establish
its uniqueness. We also show that the expected profit based on the optimal
partition decreases with increasing variance of measurement error. As well, we
present some numerical comparisons of the optimal partitions in the presence
and absence of measurement error, and also compare the optimal partitions
when the truncation points are and are not fixed.

2 Optimal partitioning in the absence of measurement
error

2.1 Models, notation, and assumptions

Let the two respective component dimensions, X and Y, be independently
normally distributed with equal variance o2. Note that although we use the
clearance as the assembly dimension of interest, our discussion is equally valid
in the case in which it is the sum of the dimensions of the mating components.
Suppose that the expected values of X and Y can be adjusted so that their
difference is equal to a given target clearance. We can let the target be zero and
the two expected values be the same without any loss of generality. Then we
denote the common dimensional distribution of X and Y as N(u,0?). In this
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section, we consider the case in which no measurement error occurs. Since the
true dimension of a component is observed without error, the distributions
of X and Y are partitioned into several classes. Let n denote the number
of classes which is not subject to optimization but predetermined. The two
partition limits for X and Y are the same so that we will not have a surplus
of either component. Then for n partition classes,

(550,331,502, e ,azn_l,:cn)

will be the common partition limits for X and Y. Since components with
X and Y values in the intervals (—oo,xg] and (x,,00) are rejected, we call
xo and x,, the truncation points. Components with X and Y values in the
interval (z;_1, ;] are sorted into the ith class of X and Y, respectively. Then,
the product is assembled by randomly selecting mating components from the
corresponding classes as shown in Figure 1. P(x;—1; < X < x;) is denoted by

Component X
reject

reject /
1, L

XU/ le )(2 ama Xn-ﬂ\ Xn

— )
Component Y matching matching — matching
reject reject
Xg Xy Xy oree Xn1 X,

Fig. 1. Selective assembly

pi, and P(X < ) and P(X > z,,) are denoted by py and p,, 11, respectively.
Then po+pn+1 is the probability of component rejection. Let X; and Y; denote
the truncated random variables of X and Y defined on (z;_1, z;], respectively.

Let Cx (Cy) denote the manufacturing cost for each component X (V).
Note that the next subsection shows that the values of C'x and Cy do not
affect our optimization problem. Rejected components may be sold at a low
price or scrapped for reprocessing. We let Dx (Dy) denote the income from
each rejected component X (Y). Let V denote the selling price for each as-
sembled product. Throughout this paper, we assume that V> Dx + Dy. We
note that if this inequality is violated, then rejecting all components maxi-
mizes the profit. Let the quality loss of a sold product be proportional to the
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square of the deviation from the target clearance, as Taguchi [17, page 15]
proposed for instance. We denote the constant of this proportion as k. For a
specific value of k, we may follow Taguchi [17, page 15|, who suggested that k
is (V —Dx — Dy)/A? where A denotes a given tolerance specification of clear-
ance and V — Dx — Dy is the rejection cost. Now our problem is to find the
set of partition limits (xg, 21, T2,...,Zn_1,%,) that maximize the expected
profit

IO(I‘valv s 7$n) = Vzpl - kZE[(Xl - K)Z]pl
=1 =1

—(Cx + Cy) + (Dx + Dy)(po + Pn+1)- (1)

2.2 Equations for optimal partition limits

Since X; and Y; are independently and identically distributed, we see that

n

S Bl — Yi)p =2 ) BLXEpi - 2 ) (BLX)

i=1 i=1

Then the expected profit (1) is rewritten as

—70(1’07961, e ,l’n) = (V - Cx — CY) - kan: E[XE]Pz‘ + 2k zn:(E[Xi])zpi

=1 i=1
—(V — Dx — Dy)(po + pn+1)-

Thus, maximizing (1) is equivalent to minimizing

n

ZE[XZ-Q]]% - Z(E[Xi])Qpi + C(po + Pn+1), (2)

1=1

where C = (V — Dx — Dy)/(2k). Note that if we choose k = (V — Dx —
Dy) /A2, then C' = A%/2. We only require the values of u, o, and C to solve
this problem. Let f denote the density function of N(u,o?). Since (2) can be
rewritten as

/1”L 22 f(x)dx — Xn: <f;,:;1 zf(x d:z:) +C (/_9: f(x)dx + /an f(x)dx) 7

)
then its partial derivative with respect to x; for 0 < i < n is given as

F(@0)(E[X1] — 20 + VC) (0 — E[X1] + V),
f(.IIZ)(E[XZ+1] — E[XZ])(QLEZ — E[Xz+1] — E[AX}])7 Z = 1, 2, NN (e 1,
f(@n)(@n — E[X,] + \/6)(1'71 - B[X,] - \/5)
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Since we are assuming that V > Dx + Dy, then C' > 0. Thus we see that the
set of optimal partition limits satisfies these equations:

z0 = E[X,] —VC, (3)
xi:E[X"HzE[X"“],¢:1,2,...,n—1, (4)
T = E[X,] + VC. (5)

We show in the next subsection that the solution to (3)-(5) is unique. Thus
we can obtain the set of optimal partition limits using the following numerical
algorithm:

1. Select an initial set of partition limits (0, 2?,...,22).

2. Compute

2 = E[X|z) < X <29 - VC,
, B[X|z) , < X <2l + E[X[z) < X <af,]

! = . i=1,2....n—1,
el = B[X|20 |, < X <20 +VC.
3. Go back to step 2 using (x},z1,...,2L) in place of (z9,29,...,2%) and

iterate until convergence.

Note that Mease et al. [12] showed that for fixed xy and x,, the set of par-
tition limits minimizing > ;| E[(X; — Y;)?]p; satisfies the equations (4), and
proposed an algorithm for solving them. Our results in this section extend
those results to the case in which we choose truncation points as well.

2.3 Uniqueness of optimal partition limits

In this section, we prove the uniqueness of the optimal partition limits. Note
that a proof of the uniqueness of solution to (4) for fixed xy and x,, has already
been given by Mease et al. [12].

We show that if two different solutions satisfy (3)-(5), then we have a
contradiction. Let (zg', x4, ..., 27}) and (z8,2P,...,22) denote the two so-
lutions. We see that

= EIXIaf < X < o) - VE. ©
;4:E[X|:c{‘_1<X<$?];E[X|$?<X<$?+1]7 1<i<n—1, (7)
zp = E[X|z;_y < X <ap] +VC, )
2P = B[X|2f < X <2P]-VC, )
x?:E[X|:c£1<X<x?]-2FE[X|xz‘B<X<m£r1], 1<i<n-—1,10)

B = EX|l2E | < X <2B]+ V0. (11)
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Let a denote the largest ¢ such that :cf‘ # xB. Without any loss of generality,

we assume that z2 < 28, and equivalently D, > 0 where D; = 2P — 28, i =
0,1,...,n. We note that since X is normally distributed, we have
t+u
zf(x)dx
Condition (A) : E[X|t<X<t+u]—t:ft /(@) —t

j;t-i-u f(a:)dm

is decreasing in ¢ for all u > 0,

whose proof is very similar to the one given by Mease et al. [12] (Lemma 1)
and is omitted here. We first discuss the case in which a = n. From (8) and
(11), using D,, > 0 and Condition (A), we see that

E[X|xf_1 <X <x5]—xf = —\/52E[X|:cf_1 <X <;1:f3]—a:fl1
> E[X|z2 | + D, < X <zP] —2P.

This means that z2_; > 2, + D,,, which is equivalent to D,, 1 > D,,. From
D,_1 > D, >0 and Condition (A), we have

EX|z?d | <X <ad) -z | >E[X|2P | <X <22+ D, 1] 28,
> B[X[z8 < X <aB]—a2P . (12)

Now we require the following lemma whose proof is given in the appendix.
Lemma 1. If for some 1 <i<n—1,

< 2P

EX|z{ < X <afy] -2 > B[X|2P < X <28,] 2P,
and (7) and (10) hold, then
wl, <af,

and

E[X|:c;4_1 <X < 33;4] —xf_l > E[X|:c£1 <X < :cf] —xﬁl.

Let us now return to the proof of uniqueness. From D,y > 0 and (12),
applying Lemma 1 repeatedly for i = n — 1,n — 2,...,1, we obtain z{' < xf
and

ElX|zy < X < 2] — 2 > E[X|2P < X < 2P] - 28, (13)

However, this gives a contradiction since (6) and (9) imply that both sides
are the same.

Next we discuss the case in which 1 < a < n—1. From (7), (10), D11 = 0,
D, > 0, and Condition (A), it follows that
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2 — BX|z2 | < X <z] = E[(X|zd < X <zl ] — o
> BX|28 < X <22, + D,] — 25
> EX|el < X <2l ] —af
:l‘f _E[Xle—l <X <$f]7
which is equivalent to
EX|zB | < X <2P) —2B > BX|zd | < X < 2] — 22 (14)

From (14), D, > 0, and Condition (A), we see that

EX|2B | <« X <28 —2P > E[X|z? | < X < 2] —22
> E[X|22 |+ D, < X < 28] — 2B

a

This means that 22 | > 22 | 4+ D,, which is equivalent to D,_1 > D,. Since
D,_1 > D, > 0, using Condition (A), we have

EX|zd <X <o -zl | > FBX[2B |, < X <22 + Dy_4] — 2P,
> E[X|2B | < X < 2B —2B . (15)

From D,_1 > 0 and (15), applying Lemma 1 repeatedly for i = a — 1,a —
2,...,1, we obtain x§ < 2 and (13), which gives a contradiction.

Finally, we discuss the case in which ¢ = 0. From Dy > 0, Dy = 0, and
Condition (A), we have

E[X|zd < X < 2] — 2 > B[X|2F < X <28 + Dy] — 25
> B[ X|zf < X < 2] — 28,

which also gives a contradiction. This completes the proof of uniqueness.

3 Optimal partitioning in the presence of measurement
error

3.1 Models, notation, and assumptions

In this section, we study the optimal partitioning strategy when measurement
error is present. The two measurement errors of the respective components,
denoted by WX and WY, are independent of X and Y, and follow the same
normal distribution N (0,72) independently. We note that if 7 is 0, then this
model reduces to the one in which measurement error is absent. Let Z¥
and ZY denote the observations of the two respective components, i.e., ZX =
X+WX and Z¥ =Y +WY. Since X and Y are distributed as N (u, 02), then
ZX and ZY follow the same normal distribution N(u, 02 + 72). In selective
assembly when measurement error is present, it is the two distributions of
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Z% and ZY, not those of X and Y that are partitioned into several classes
because we only observe ZX and ZY. We let

(20, 215 22y« -+ s Zn—1, Zn)

be the common partition limits for ZX and ZY. Here we use p; = P(z_1 <
ZX < z)fori=1,2,....,n—1,py = P(ZX < zy), and p, = P(ZX > z,). Let
ZX and Z} denote the truncated random variables of ZX and ZY defined on
(zi—1, zi], respectively. We further let X; and Y; denote the true dimensions
of the two components X and Y conditioned so that the corresponding obser-
vations ZX and ZY are on the interval (zi—1, #i], respectively. We note that
although ZiX and ZZ.Y take values in the interval (z;_1, z;], X; and Y; may take
values outside that interval. Then the problem is to find the set of partition
limits (2o, 21,22, - -+, 2n—1, 2n) that maximize the expected profit

I2(20,21,. .., 20) =V Y _pi—k Y E[(X; = Y;) Ipi
=1 =1

~(Cx +Cy) + (Dx + Dy)(po + pusr).  (16)

We show in the next subsection that this problem reduces to the one discussed
in Section 2 if we replace X with ZX, and C = (V — Dx — Dy)/(2k) with C’
given later.

3.2 Optimal partition and its uniqueness

We first give the following lemma which is easily shown using the fact that X
given the condition X + WX = z is distributed as
N ((0'22 +72u) /(0% + 12),0%72 /(02 + 7'2)).

Lemma 2. For any 1 < i < n, expected values of X; and X? are expressed
as follows:

o2 x T2
BIX) = o B2+ o
ot 20272 74 0?72
EX) = ————E[(ZX)?+ ————=pnE[Z¥ 2 .
X (02 4 72)2 (Z%) ]—’—(02—1-7'2)2'u Zi ]—’—(02—1—7'2)2'u +02+7'2

Note that Y; has the same distribution as X;; so using Lemma 2, we rewrite
Z?:l Bl(X; — Yi)z]pi as

23 E[X7pi —2) (E[X.])*ps
=1 =1
204 2

TS ; {ENZ) v — (BIZ])%pi} + UQU—JFTTQ ;pi.

Then, the expected profit (16) is rewritten as
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2% 2.2
L2(2z0,21,...,2n) = (V— 0T —Cx —Cy)

o2+ 712
2ko* - X2 X7\2
e > {ENZ))Ip: - (B1Z))%pi}
i=1
2ko?72
- (V T o242 Dx — DY) (Po + Pr+1)-
Thus, maximizing (16) is equivalent to minimizing
n n
Z E[(ZzX)Q]pZ - Z(E[sz])sz + C/(pO + pn+1)7 (17)
i=1 i=1
where
o (02 +72)2 o o272
- ot o2+712)"

We assume C’ > 0 in this subsection, and we discuss the case in which C’ <0
in the next subsection. Note that (17) is of the same form as (2) if we replace
X and C by ZX and C’, respectively. Therefore, we see that the set of optimal
partition limits satisfies the equations,

20 = B[Z{] - V', (18)
E[ZX] + E[ZX

2 = [2“'2 [Z+1],z':1,2,...,n—1, (19)

2 = E[ZX]+ V(. (20)

From the uniqueness result given in Subsection 2.3, we see that the solution
to (18)-(20) is also unique.

Note that the results in this section extend the work of Matsuura and
Shinozaki [11] who have studied optimal partitioning in the presence of mea-
surement error when the two truncation points zg and z, are fixed. The main
results of Matsuura and Shinozaki [11] are as follows. In the case in which the
two truncation points zy and z, are fixed, since the set of optimal partition
limits satisfies the equations (19), which depend only on the distribution of
the observation Z¥, we can clearly obtain the optimal partition limits with-
out worrying about whether measurement error is present or absent. In other
words, we need not specify the values of the variances o2, 72 separately and
we only need the values of 1 and 02 4+ 72 to obtain the optimal partition lim-
its. However, we see that when the two truncation points zy and z, are not
fixed, we do need the individual values of 0 and 72 to determine the optimal
partition limits.

3.3 Some properties of the optimal partitioning strategy

We let (x§, z7, ...,z ) denote the set of optimal partition limits in the absence
of measurement error, and we specify its expected profit Iy(z§, z5,...,2z)) by
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I5. We also let (z3,27,...,%,) represent the set of optimal partition lim-
its in the presence of measurement error, and we denote its expected profit
L2(25,27,...,2,) by I*s. We note that (zj,7,...,2;) and (23, 27,...,2;)
are symmetrical about u since a normal distribution is symmetrical about its
expected value and the set of optimal partition limits is unique.

We give the following proposition whose proof is given in the appendix.
From (i) we see that the expected profit based on the optimal partition in-
creases when the number of classes increases. This implies that a cost optimal
choice of n will be possible by balancing out the cost of partitioning with one
more class against the gain in expected profit by an additional class. From (ii)
and (iii) we can see that the expected profit based on the optimal partition

decreases with increasing variance of measurement error.

Proposition 1. Assume that C' >0 (C — o?7%/(c? + 72) > 0). Then:
(i) I§ and I*. are increasing in n.

(ii) For any 72 > 0, I > I*, holds.

(iii) I, are decreasing in 2.

Next, we discuss the case in which C” < 0.

Proposition 2. In the case in which measurement error is present, if C' <0
(C — o712 /(0% 4+ 72%) <0), then rejecting all components (2} = 27 = -+ = z})
mazimizes the expected profit.

Although this result may seem strange, one can show it as follows.

Consider two components X and Y whose observations are z* and zY,
respectively. If the two components are assembled, then the profit is V —
k(x — y)? — (Cx + Cy) where we let  and y denote the respective true
dimensions. Note that the values of z and y are unknown because we only
know the observations z” and zY, and we see that
z~ N ((622" + 72p) /(02 + 72),0%7%/(0? + 7%)) and
y~ N ((022Y + 72p) /(0 + 72),0%1% /(0% + 72)). Since we see that
z—y ~ N (0%(z% — 2¥) /(0% + 72),20%72 /(6% 4+ 7?)), the conditional expected
profit when the two components are assembled is given as

2ko?7?

02 4 712

kot - 9
Ve A

— (CX + Cy)

However, if the two components are rejected, then the profit is —(Cx +Cy ) +
(Dx + Dy). Since C' — 0272 /(0 + 72) < 0, we see that for any 2 and 2Y,

ko7

— Dx+Dy) >
(Cx+Cy)+(Dx+Dy) 2V 02 1 12

k 4
7 2(z”“"—zy)z— —(Cx+Cy).

Thus we see that rejecting all components maximizes the expected profit.
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4 Numerical results

In this section, we provide some numerical results to compare the optimal
partitions when the truncation points are and are not fixed. We also compare
the optimal partitions in the presence and absence of measurement error, and
evaluate the effect of the measurement error on the expected profit.

We let X and Y be distributed as N(0,1), and set k =1, Cx = Cy = 0.1,
and Dx = Dy = 0.05. We give numerical results for the following cases:

Case 1: V=09 (C=(V—-Dx — Dy)/(2k) =0.4),
Case 2: V=21 (C=(V—-Dx —Dy)/(2k)=1),
Case 3: V=41 (C = (V—Dx — Dy)/(2k) =2).

Note that the set of optimal partition limits depends only on the value of C' (or
C’ in the case in which measurement error is present) since it is determined
by (3)-(5) (or (18)-(20)). Table 1 gives the results of the optimal partition
for Cases 1-3 when the truncation points are fixed at £3 and no measure-
ment error exists. Tables 2-4 give the results for Cases 1-3, respectively, when
the truncation points are not fixed and no measurement error exists. These
numerical results are given for n = 1,2,3,4,5,6. Tables 5-8 give the results
when measurement error is present for n = 6 and 72 = 0,0.2,0.4,0.6,0.8.
Table 5 gives the results of the optimal partition for Cases 1-3 when the trun-
cation points are fixed at +3+v/1 + 72. Tables 6-8 give the results for Cases
1-3, respectively, when the truncation points are not fixed.

Comparing Table 1 with Tables 2-4, and Table 5 with Tables 6-8, we
see that the optimal partitioning strategy when the truncation points are not
fixed is superior to the one when the truncation points are fixed. This provides
considerable improvement for the case in which the number of classes is small.
From Tables 2-4 or Tables 6-8, we see that the optimal truncation points (the
value of z} = —z{ or 2z = —zj) get larger with value of C = (V — Dx —
Dy )/(2k). This partially explains why the optimal partition studied in this
paper represents a significant improvement over the one with the truncation
points fixed at +3 (or £3v/1 + 72) when the value of C' is small. A smaller
value of C' implies that the rejection cost V' — Dx — Dy is small relative to
the quality loss, and in such a case it is better to set |zo| and |z,,| smaller and
reject components with a larger probability.

From Tables 6-8, we see that the expected profit based on the optimal
partition decreases with increasing variance of measurement error, as is shown
analytically in Proposition 1. In Case 1 with measurement error N(0,0.8)
(Table 6), we see that rejecting all components is the optimal strategy because

C_ 2T _ 04— 98 <0 (sce Proposition 2).

o2 +’T2
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Table 1. Truncation points are fixed at +£3 and measurement error is absent.

n |optimal partition limits |Ip (Case 1)|Iy (Case 2)|I; (Case 3)
1 |£3 -1.2436 -0.0468 1.9478

2 |0 £3 0.0049 1.2017 3.1963

3 |£0.604 =3 0.3410 1.5377 3.5323

4 [0 +0.964 +3 0.4805 1.6773 3.6719

5 |£0.375 +1.215 43 0.5518 1.7486 3.7432

6 |0 +0.643 +1.405 4+3| 0.5932 1.7899 3.7845
Table 2. Truncation points are not fixed and measurement error is absent
(Case 1).

n |optimal partition limits 1§ (Case 1)

1 [£0.632 0.1588

2 |0 +1.146 0.3449

3 |£0.450 4+1.532 0.4601

4 (0 +0.782 +1.826 0.5305

5 |£0.328 £1.040 =£2.056 0.5751

6 |0 £0.582 +£1.246 +£2.244| 0.6046

Table 3. Truncation points are not fixed and measurement error is absent
(Case 2).

n |optimal partition limits I} (Case 2)

1 |£1 0.8679

2 |0 +£1.661 1.3565

3 |£0.544 +2.088 1.5777

4 (0 +0.905 +2.388 1.6892

5 |£0.363 +1.171 +2.615 1.7521

6 |0 +0.633 +1.378 £2.796| 1.7907

Table 4. Truncation points are not fixed and measurement error is absent
(Case 3).

n |optimal partition limits I (Case 3)

1 |+1.414 2.4156

2 |0 +£2.157 3.2440

3 |+0.588 +2.591 3.5387

4 |0 +0.957 +2.886 3.6722

5 |+£0.377 +1.223 +3.106 3.7434

6 |0 +0.652 41.427 £3.280| 3.7858
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Table 5. Truncation points are fixed at +3+/1 + 72 and measurement error
is present.

72 |optimal partition limits I,> (Case 1)|I,2 (Case 2)|I,2 (Case 3)
0 |0 40643 +1.405 =3 0.5932 1.7899 3.7845
0.2 |0 +0.705 =£1.539 +£3.286| 0.2782 1.4749 3.4695
0.4 |0 +£0.761 =£1.662 =£3.550 0.0532 1.2499 3.2445
0.6 |0 =+£0.814 £1.777 +£3.795| -0.1156 1.0812 3.0758
0.8 |0 =+£0.863 =£1.885 +£4.025| -0.2468 0.9500 2.9446

Table 6. Truncation points are not fixed and measurement error is present
(Case 1).
72 |optimal partition limits I*, (Case 1)
0 |0 +£0.582 =+1.246 42.244] 0.6046
0.2 |0 +£0.606 =+1.287 4£2.237| 0.2935
0.4 |0 +£0.590 =+1.236 =+2.056] 0.0758
0
0

0.6 +0.424 +£0.864 =+1.344| -0.0736
0.8 00 0 0 0O -0.1000

Table 7. Truncation points are not fixed and measurement error is present

(Case 2).

72 |optimal partition limits I*, (Case 2)
0 0 =£0.633 £1.378 =£2.796| 1.7907
0.2 |0 +0.694 4+1.510 =+3.062| 1.4756
04 |0 +£0.749 #£1.631 =£3.308] 1.2505
0.6 |0 +0.801 +1.743 4+3.536| 1.0817
0.8 |0 +0.850 =£1.849 +3.751] 0.9504

Table 8. Truncation points are not fixed and measurement error is present

(Case 3).

72 |optimal partition limits I*, (Case 3)
0 0 +£0.652 41.427 +£3.280| 3.7858
0.2 |0 +0.716 =£1.568 =+3.675| 3.4712
04 |0 +0.774 +£1.697 4+4.052| 3.2465
0.6 |0 +0.829 +£1.817 44.417| 3.0781
0.8 |0 +0.880 =£1.930 +4.770[ 2.9471

5 Conclusion

We studied the optimal partitioning of dimensional distributions to maximize
the expected profit in selective assembly when truncation points are chosen
in conjunction, in the presence and absence of measurement error. We gave
equations for a set of optimal partition limits and established its uniqueness.
We showed that the expected profit based on the optimal partition decreases
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with increasing variance of measurement error. We presented some numerical
results to show that the optimal partitioning strategy studied in this paper is
much superior in some cases to the one with the truncation points fixed.

6 Appendices

Proof of Lemma 1. Using (7), (10), and the condition

EX|zd < X <afy))—ai > BX|2f < X <af,]—aP

[

we see that

EX|zP | < X <aP)— 2B | = EX 2P | < X < 2B — 2B + (2B — 2P )

7

> E[X|x;4_1 <X < x{‘] —at 4 (33;3 —xﬁl)

1

— B[X[al, < X <af] - (o, - Dy).
Using Condition (A) and this inequality, we obtain

B X[|zB |, - D; < X <2} - (2B, - D))

>EX|zB, < X <aB] 2B,

> B[X|zf |, < X <] — (2B, - Dy).
From this, we see that x2 | — D; > 2 |, and we have

Di y=xP, 22 >D;>0. (21)
Using Condition (A) and (21), we have
EX|zB <X <a2B)—2f | <EX|z2} <X <a2PB-D;4] -2,
< E[X|z, < X <z -2 .

This completes the proof.

Proof of Proposition 1. (i) is easily shown although we omit its proof. We show
(ii) in the following. Without any loss of generality, we assume p = 0. Now
recall that

L2 (20,2155 20) = VY pi— kY El(Xi = Y:)*Ip;
=1 =1
_(CX + CY) + (DX + Dy)(po +pn+1).

From Lemma 2, we see that

o2
02+ 72

E[X;] = E[ZX], i=1,2,....,n
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and
! 2.2

- - XNy 0
(2_'_7_2) E[(Z )]+

Thus, noting that X has the same distribution as 0 ZX /o2 + 72 and C =
(V. — Dx — Dy)/(2k), we see that

E[X?] =

ko272

I = I(:U(Jg,xh... )—02+7_2

T

2k &
—2+T > S BX2al, < X <al]Pr(al_, < X <af)
g T —

2k7? &
P Z;(E[Xlwi_l <X <al])’Pr(al, < X <af)

ko272
2 Pr(X <o) + Pr(eh < X)),

where Jrj =0z /Vo?+712, i=0,1,...,n. From Io(xg,xi,...,x};) < I}, we
have

2ko?T

I < I — ?Pr(xg <X <al)

2kT2

mZE[XZ\% <X <allPr(e] < X <af)

=1
s S (BXle], < X < al)?Prial_, < X <a)
i=1

2kT?

= —
0 52472

{azPr(:c(T) <X <azh)

—ZEX2|x“<X<x]Pr( 1<X<90T)}
=1

272 &
) Y (BX|a], < X <al])*Pr(zl_, < X <al).
i=1
Noting that xL = —:ro holds since (23,27, ..., 2}) is symmetrical about p = 0,

n
we have

S E[X2|x;.r_1 <X < x;.r]Pr(x;r_l <X < x;r) _
Pr(zh < X <a})

E[X?z) < X <]

< E[X?] =

Thus we see that
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N N p)
IT’.) < ‘[0 - 0_2—_'_7_2 Z(E[X‘%I_l < X S JII])QPT(SCZ_l < X S .’,U;f)
=1

< 17,

which completes the proof of (ii). Similarly, we can show (iii), but we omit its
proof.
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Summary. A large number of papers exists that deal with Bayesian sampling plans.
Hald defines Bayesian sampling plans as "plans obtained by minimizing average
costs, consisting of inspection, acceptance and rejection costs”. In order to obtain
such a plan one starts with an a priori distribution of the fraction of nonconform-
ing items in the lots, i.e. an assumption about the process curve, and calculates
the sampling plan that minimizes the Bayesian risk or cost (if cost parameters are
given). However, once these plans have been obtained they are applied in the clas-
sical manner just by making acceptance/rejection decisions for the inspected lots.
For a Bayesian, the calculation of the a posteriori distribution of the fraction non-
conforming in the lot is the essential step of the Bayesian analysis because for him
the complete information combining prior knowledge and sample information is in-
corporated in the a posteriori distribution. Hence, in this paper the lot acceptance
decision is directly based on the a posteriori distribution of the fraction noncon-
forming in the lot and especially the a posteriori estimate of the probability of the
fraction of nonconforming items in the lot being larger than the acceptance quality
limit pagr. This Bayesian method is applied to sampling by attributes based on a
beta-binomial model.

1 Introduction

ISO 2859-1 [3] specifies an acceptance sampling system for inspection by
attributes to be used for a continuing series of lots stemming from one and
the same production process. “Its purpose is

(1) to induce a supplier through the economic and psychological pressure
of lot non-acceptance to maintain a process average at least as good as the
specified acceptance quality limit, while at the same time

(2) providing an upper limit for the risk of the consumer of accepting the
occasional poor lot” ([3], p.1).

In order to achieve purpose (2) sampling plans (n, ¢) are provided: an
incoming lot is accepted if the number of nonconforming items in the sample

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_13, © Springer-Verlag Berlin Heidelberg 2010
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of size n chosen randomly from the lot is not larger than the acceptance
constant ¢, otherwise it is rejected.

In order to achieve purpose (1) rules for switching between three inspec-
tion stages (normal inspection, reduced inspection, tightened inspection) with
different sampling plans (n, ¢) and a fourth inspection stage ”discontinuation
of inspection” have to be applied.

Users of ISO 2859-1 very often complain about two deficiencies of this
acceptance sampling system:

1. Regardless of whether a lot is rejected or accepted they would like to
get a probability of the lot being actually unacceptable, i.e. having a
fraction of nonconforming items larger than the acceptance quality limit
paqr- Instead, they only know the probability of the lot being accepted
or rejected in relation to its fraction of nonconforming items, i.e. they get
probabilities describing the quality of the acceptance sampling method
and not the quality of the inspected lot.

2. They are aware of switching between the inspection stages but they would
like to know what that means in terms of the distribution of the fraction
of nonconforming items in the lots, called the process curve. Especially
they are interested in estimates of the process average and of the process
standard deviation of the process curve and in estimates of the fraction
of unacceptable lots produced by the production process.

In this paper we offer a Bayesian approach that answers both questions.

A large number of papers exists that deal with Bayesian sampling plans.
Hald [1] defines Bayesian sampling plans as ”plans obtained by minimizing av-
erage costs, consisting of inspection, acceptance and rejection costs”. In order
to obtain such a plan one starts with an a priori distribution of the fraction of
nonconforming items in the lots, i.e. an assumption about the process curve,
and calculates the sampling plan that minimizes the Bayesian risk or cost
(if cost parameters are given). However, once these plans have been obtained
they are applied in the classical manner just by making acceptance/rejection
decisions for the inspected lots. Lenz and Rendtel [2] discuss some existing
and introduce some new sampling inspection schemes that include an adap-
tation of the sampling plan. There schemes consist of monitoring procedures
for the parameters of the process curve and a switch to a new sampling plan
in case a change of these parameters has been signalled.

For a Bayesian, the calculation of the a posteriori distribution of the frac-
tion nonconforming in the lot is the essential step of the Bayesian analysis
because for him the complete information combining prior knowledge and
sample information is incorporated in the a posteriori distribution. Hence, in
this paper the lot acceptance decision is directly based on the a posterior:
distribution of the fraction nonconforming in the lot and especially the a pos-
teriori estimate of the probability of the fraction of nonconforming items in
the lot being larger than the acceptance quality limit pagr. This Bayesian
method is applied to sampling by attributes based on a beta-binomial model.
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2 The model

We use a hierarchical Bayes model with two levels of random variation; at
the first level we have randomly distributed fractions of nonconforming items
in the lots, and at the second level we have randomly distributed numbers of
nonconforming items in the samples drawn randomly from the lots.

Level 1:

We assume that after production of N consecutively produced items a lot
t(t=1,2,...)is formed and that the lot size N is large (N > 1000). Under
the latter assumption we can model the fraction of nonconforming items in lot
t as a continuous random variable P; that takes values p; between 0 and 1. As
the distribution of P;, called the process curve, we choose a beta distribution
with density

Cpt 1=yt

fO(pt) - B(atmgt) (1)

where oy > 0 and 3; > 0 are two parameters; B(oy, ;) is the complete
beta function. This distribution is a flexible distribution model that includes
unimodal distributions for (az > 1,0; > 1), the rectangular distribution for
(g = 1,0; = 1), J-shaped distributions for (ay < 1 < ;) or (ax > 1 > ),
and U-shaped distributions for (ay < 1,8; < 1). The expectation and the
variance of P; are

— ot
B(P) = S @

a S (3)
(ot + Be)? (o + B + 1)
Given pagr, as the borderline between acceptable and unacceptable lots the
probability of a lot being acceptable is

V(R) =

PAQL

PA, — / folp)dpe. (4)

However, since we do not know fi(p;) we do not know E(FP;), V(P;) and PA;.

Level 2:

Under the condition that lot ¢ has a fixed fraction p; of nonconforming
items the number of nonconforming items in a sample of size n drawn ran-
domly from the lot of size N, follows the hypergeometric distribution with
parameters N , n and p;. Under the assumption that the sample size n is not
larger than 10% of the lot size N, n < 0.1N, the hypergeometric distribu-
tion can be approximated by the binomial distribution with the probability
function

fi(z) = P(X =2) = <Z>pf(1 —p)" s 2 =0,1,...,n. (5)
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The expectation and the variance of X are
Ep, (X) = np, (6)
Vo (X) = npe(1 = py), (7)
respectively.

Level 1 and level 2 combined:

The number X of nonconforming items in a sample of size n, randomly
chosen from lot ¢ that has been randomly chosen from the beta process curve,
is beta-binomial (or Polya-) distributed with probability mass function

(8)

T

fi(x) = P(X =x) = <”>B(:v+a,n_g;+5)

B(a, B)

The expectation and the variance of X are

noy
— B(X) = , 9
M +(X) a; + By 9)
+ oz + ﬂt)
0?2 = V(X) = Paufin + oy : 10
C= V) = BT T o+ ) (10)
respectively. o7 is bounded:
n p—
w <of < p(n — p); (11)

the lower bound is the variance of the binomial distribution.

3 The estimation of the parameters of the process curve
and the lot acceptance decision

Having reached lot k we estimate the parameters of the process curve directly

(using an empirical Bayes approach) from the observed numbers xy, za, ...,z
of nonconforming items in the samples taken from the lots t =1,2,... k.
Under the assumption that the parameters of the process curve do not
change in time, j; = g and 02 = 02 for t = 1,2, ..., k, the simplest estimates
of i and o2 would be
A -

and

k
. 1 N
Op = st = Z ) (e — )’ (13)
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respectively. However, the assumption of a constant process curve is contradic-
tory to the purpose of the sampling procedure to detect a possible alteration
of the process average. Hence, we have to estimate the parameters of the
process curve more based on the most recent observations (by giving them
a larger weight) than on the more elderly observations. To do this, we use
exponentially weighted moving averages as estimators,

fe = (1 =) fig—1 + vy
k=23, (14)
67 =1 =7)65_1 +7(zk — fir)?

and start the estimation with
fi1 = max(x1,1) (15)

and

o fu(n—p) n+2

o1 = : ;

n 3

f11 is adjusted so that it cannot be zero because then the updated process
curve would be a one-point distribution at p = 0; 62 is the largest possible
variance of a unimodal (o > 1;8 > 1) beta distribution with pu = fi;. v can
be chosen arbitrarily between 0 and 1. For v = 1 the estimate [ is equal to
the observed number of nonconforming items in the present sample, xy. As
smaller v, as more ji; is based on the z’s observed in the past. We choose
v =0.1.

An assumption underlying the application of sampling systems is a pro-
duction process with an acceptable process curve, i.e. one that causes very few
lot rejections. Hence, we base the updating procedure for the estimation of the
parameters of the process curve only on accepted lots. Lots being rejected are
interpreted as outlier lots with an abnormal large fraction of nonconforming
items that are not generated by the process curve but by an irregular situa-
tion. On the other hand, frequently occurring rejections of lots might signalize
a deterioration of the process curve. Hence, if more than two consecutive lots
are rejected, the updating procedure starts to include all consecutively follow-
ing rejected lots. However, in practice one would rather stop the application
of the sampling system in such a situation and investigate the reason for the
deterioration of the process curve.

With the updated estimates i, and 67 the estimates of the parameters oy,
and [ of the beta-binomial distribution are

(16)

o fw(n— k) — 62
Ay = — — L 17
g Mkngi—ﬂk(n—ﬂk) a7)
~ - ~2
A oy MEN — UEg) — O
B = (n— o) Laln = i) = 0} (18)

nop — fu(n — i)
Within the beta-binomial distribution, the estimates of expectation and vari-
ance of the beta distribution generating the fractions p of nonconforming items
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in the lots are R
N 1227 Qg
(=" =t (19)
~2 ~ D
R o & B
P = b o ()
n(n+ada+ 0r) (6w + Fr)?(1+ dr + Or)

This beta distribution is the estimate of the process curve being obtained from
lots t = 1,2,...,k, and it is used as the a priori distribution f(pii1; &, )
for the Bayesian analysis of the observed number x4 1 of nonconforming items
in the sample drawn from lot k+1. The a posteriori distribution of the fraction
pr+1 of nonconforming items in lot k + 1 is

9(Prsr) ~ Uprs1;n, Trsr) - F(Drss; G, Br) (21)
where
n _
U(Prr13m; Tpy1) = ( >1€ﬁ3101-$k+1)1 Pt (22)
Tk+1

is the likelihood function of the binomial distribution. Since the beta distri-
bution and the binomial distribution are conjugated (see [4]), the a posteriori
distribution ¢(pr+1) is also a beta distribution and hence, we only need to
determine its parameters as

Qpost = dk + Tk+1, (23)

ﬁpost = Bk +n — Tk, (24)

see [4], p.175 ff.
The probability of lot k + 1 having a fraction of nonconforming items
smaller than pagr, is a prior:

PAQL
PAjt1 priori = / F(Prs1; G, Br)dpria (25)
0
and a posteriori
PaqL
P Ay i1 posteriori = / 9(Pr+1; Qposts Bpost ) APr41- (26)
0

The latter one is used for the acceptance decision. In the classical approach to
sampling inspection we accept lot k£ + 1 if the number xx, 1 of nonconforming
items in the sample drawn randomly from lot £ + 1 is not larger than the
acceptance constant ¢ of the sampling plan. In our Bayes approach we accept
lot k + 1 if the a posteriori probability PAy 1 posteriori for lot k + 1 having
a fraction pyy1 of nonconforming items smaller than pagr, is not smaller
than a predetermined probability limit L , PAyi1 posteriori = L, and reject
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it otherwise. The sampling plan now consists of the sample size n and the
probability limit L. Since we assume that the sampling procedure is intended
to be applied to a production process of lots having a process average below
paQr we choose L = 0.5.

This decision procedure works for all lots except for the first one be-

cause in the beginning we do not have an estimate of the process curve and
hence no a prior:i distribution of the fraction of nonconforming items in that
lot. Therefore, we start with a “non-informative” a priori distribution and
choose the uniform distribution in the range between p = 0 and p = 1 as
“non-informative”. I do not intend to start a discussion whether this is non-
informative in the strict sense. However, it says that each fraction nonconform-
ing in the lot is equally likely. There is the argument that this is not a realistic
assumption: If we have agreed upon pagr, = 10%, say, we do not equally likely
expect lots with 10% and with 90% nonconforming items! Although this is
true, it does not meet the point. The fundamental Bayes equation multiplies
the a priori density with the likelihood, and the result of a multiplication is
(almost) zero if one of the factors is (almost) zero. Hence, the a priori density
plays a role only in the range of p for which the likelihood is not approaching
zero. And this is the range in which the fraction nonconforming is likely to be
expected on the basis of the sample result. If we had started with a uniform «a
priori distribution of p in this range (instead of the range between 0 and 1),
the result of the Bayesian analysis would be practically identical.
In other words, to start with a non-informative uniform a priori distribution
of p in the lots is essentially equivalent to the following assumption: In the
range of fractions nonconforming in the inspected lot that we likely expect on
the basis of the sample result, we expect each of the fractions nonconforming
to be equally likely!

Quantitatively, if we start with the uniform a priori distribution, i.e. the
beta distribution with @ = 1 and 8 = 1, and we observe x; nonconforming
items in the sample the a posteriori distribution would be a beta distribution
with

Qpost = @+ 1 =1 + 1, (27)
ﬁpost=ﬁ+n_x1=n_x1+1; (28)
its expectation is
Opos 1+ 1
Epost(p) = post = 3 (29)

apost + Bpost B n+ 2 ’

instead of the classical estimate x1/n of the fraction p; of nonconforming
items in lot 1 we have E,,s¢(p), i.e. the “non-informative” a priori distribution
changes the classical estimate as if one more nonconforming item had found
in a sample of a size two items larger.

The decision rule PAy 11 posteriori = L contains an intrinsic adaptive pro-
cedure: if the numbers of nonconforming items in consecutive samples are large
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the estimated process curve shifts to the right and hence, the a posteriori prob-
abilities of the fractions of nonconforming items below pagr, PAk+1 posterioris
decrease so that rejections become more likely, and vice versa. In the classi-
cal sampling inspection system of ISO 2859-1 the same effect is achieved by
switching to tightened inspection under which the sample size remains un-
changed but the acceptance constant becomes ¢ — 1 or ¢ — 2. This switch is
unnecessary in the Bayesian approach.

4 Some simulated scenarios

The quality requirement for a series of lots of equal size N = 1000 is expressed
by an acceptance quality limit pagr, = 4.0%, i.e. lots are acceptable if they
come from a process with a process average not larger than 4.0%. For N =
1000 and pagr, = 4.0%, ISO 2859-1, Tables 2-A and 2-B, give the sample size
n = 50, the acceptance constant ¢; = 5 for normal inspection and ¢y = 3 for
tightened inspection. The switching rules of the Standard are applied, except
that switching to reduced inspection is not installed. The Bayesian approach
is used in parallel, with n = 50, pagr = 4.0% and L = 0.5.

Scenario 1: Process curve constant in time

Fractions p; of nonconforming items of a series of 100 lots are generated
by drawing from a beta process curve with process average p(P) = 0.02 and
process standard deviation o(P) = 0.01. A sample of size n = 50 is drawn
randomly from each lot, and the number z of nonconforming items in the
sample is determined.

Figure 1 shows the process average as blue bold line and the 95% range
(between the 0.025-quantile and the 0.975-quantile as blue lines). The double
points indicate the fractions of nonconforming items p; of lots ¢t =1, ..., 100.
The larger circle of the double point is green/red if the lot is accepted /rejected
by the Bayesian procedure, the smaller circle is green/red if the lot is ac-
cepted/rejected by the ISO 2859 method. All lots have been accepted by ISO,
98 of 100 by Bayes. In addition, symbols “N”, “T” and “S” on the horizontal
line pagr indicate switches to normal, tightened and discontinued inspection,
respectively. There are not any switches in this scenario.

Figure 2 shows the estimated process curve: the bold black line is the
estimated process average, the other two black lines indicate the estimated
95% range. The corresponding blue lines for the true process curve of Figure
1 are repeated.

Figure 3 shows, for each lot, the a posteriori probability of its fraction of
nonconforming items being larger than pagr. The horizontal line for L = 0.5
separates the accepted lots (points below pagr) from the rejected lots (points
above pagr)-

The Bayesian analysis for lot 29 is depicted in Figure 4. The graph in the
middle is the likelihood function, based on the sample result of x = 5 noncon-
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Figure 1. Fractions of nonconforming items in the lots and acceptance decisions
of scenario 1; green indicates acceptance, red rejection. Larger circles indicate the

Bayes decision, smaller circles the ISO 2859 decision
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(blue) and the estimated process curve (black) of scenario 1
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being larger than pagr, for scenario 1
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Figure 4. Bayesian analysis for lot 29. The graph on top shows the true (green)
and the updated (red) process curve, the graph in the middle the likelihood, the
graph on the bottom the a posteriori distribution of the fraction of nonconforming
items in lot 29 of scenario 1
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forming items that gives the classical estimate p = z/n = 0.10 of the fraction
of nonconforming items in lot 29; the true fraction of nonconforming items in
this lot (which is known in the simulation study but would be unknown in
practice) is pag = 0.025. The graph on the bottom is the a posteriori distribu-
tion of the fraction of nonconforming items in lot 29. The a posteriori estimate
of the fraction of nonconforming items in lot 29 is fi(P) = 0.05. The a posteri-
ori probability of this fraction being larger than pagr, PAp, ;1 yosrerior: = 0-49,
is visualized by the red area under the a posteriori beta distribution. Since it
is smaller than L = 0.5, the lot is accepted. The graph on top shows the true
process curve (green) and the updated estimate of the process curve (red).
The updated estimates of process average and process standard deviation are
fi(Pag) = 0.024 and 6(Pa9) = 0.016, respectively. (true values: pu(Pog) = 0.02
and O’(ng) = 0.01).

Scenario 2: Sudden shifts of the process average

Like scenario 1, scenario 2 starts with a beta process curve with process
average p(P) = 0.02 and process standard deviation o(P) = 0.01. At lot 51
the process average is shifted to u(P) = 0.04 and at lot 51 it is again shifted
to u(P) = 0.06. The simulation ends with lot 150.

Figure 5 corresponds to Figure 1 of scenario 1. The blue curves indicate the
process curve, and the points indicate the fractions of nonconforming items in
the lots together with the acceptance/rejection decisions (green/red) by Bayes
(large) and ISO (small). ISO remains on normal inspection and accepts 145 of
the 150 lots whereas Bayes accepts only 90 lots. The 5 lots rejected by ISO are
also rejected by Bayes. Concerning the requirement to detect a process average
above pagr, Bayes performs much better than ISO. As in Figure 2 for sce-
nario 1, Figure 6 shows the updated (black) and the true (blue) process curve.

Scenario 3: Drift of the process curve

In this scenario, the beta process curve has a linearly increasing process
average (from 0.02 at lot 1 to 0.06 at lot 100) and a linearly increasing stan-
dard deviation (from 0.01 at lot 1 to 0.03 at lot 100). Figure 7 corresponds
to Figures 1 and 5, and Figure 8 corresponds to Figures 2 and 6. ISO starts
to switch to tightened inspection at lot 83. There are 9 rejections by ISO and
24 by Bayes. Bayes reacts much better to the increasing process average than
ISO. The estimated process curve follows roughly the actual process curve.

Scenario 4: A process with outlier lots
As in scenario 1, the process curve is a beta distribution with constant
process average f(P) = 0.02 and constant process standard deviation o(P) =
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Figure 5. Fractions of nonconforming items in the lots and acceptance decisions
of scenario 2; green indicates acceptance, red rejection. Larger circles indicate the
Bayes decision, smaller circles the ISO 2859 decision
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Figure 6. Process average (bold), 2.5% quantile and 97.5% quantile of the true
(blue) and the estimated process curve (black) of scenario 2
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0.01. However, there is a probability of 0.2 that the lot will be an outlier lot
with a fraction of nonconforming items chosen from a uniform distribution
between 0.1 and 0.2. Figure 9 corresponds to Figures 1, 5 and 7, and Figure
10 corresponds to Figures 2, 6 and 8. ISO switches to tightened inspection
after the fifth lot and discontinues inspection after the 23rd lot. Neglecting the
discontinuation of inspection, ISO would switch permanently between normal
and tightened inspection. Bayes rejects all outlier lots, ISO all but two. On the
other hand, Bayes rejects 6 lots with a fraction nonconforming below pagr,
but ISO does not. Altogether, ISO rejects 17, Bayes rejects 25 lots of the lot
series with about 20% outlier lots. Figure 10 shows that, due to some of the
outlier lots included in the update of the estimate of the process curve, the
estimated process standard deviation and hence, the 95% range of the process
curve are overestimated. However, the estimates of the process average are
(almost) unbiased.
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Figure 7. Fractions of nonconforming items in the lots and acceptance decisions
of scenario 3; green indicates acceptance, red rejection. Larger circles indicate the
Bayes decision, smaller circles the ISO 2859 decision

5 Conclusions

Compared with ISO 2859 the Bayesian sampling inspection has some advan-
tages:
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Figure 8. Process average (bold), 2.5% quantile and 97.5% quantile of the true
(blue) and the estimated process curve (black) of scenario 3
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Bayes decision, smaller circles the ISO 2859 decision
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Figure 10. Process average (bold), 2.5% quantile and 97.5% quantile of the true
(blue) and the estimated process curve (black) of scenario 4

The acceptance decision does not end only with the decision result “lot
accepted” or “lot rejected” but in addition with the estimated probability
of the fraction of nonconforming items in the lot being larger than paqr, (or
another established value). Hence, the user gets an idea of the reliability
of the decision. In addition, he can establish other border lines for this
estimated probability, in order to sort lots into two or more groups with
higher or lower probability of fractions nonconforming larger than pagr
being used as different grades of product.

After having inspected only a few lots, the user will have a reliable knowl-
edge of the process curve, especially its process average. This quality his-
tory facilitates steps towards quality improvements. In addition, it can be
used for switches to reduced inspection with smaller sample size.

The Bayesian method works irrespective of the sampling plan chosen from

ISO 2859 or having been designed as cost or risk optimal in the Bayesian

sense.
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Summary. The design of fuel rods is essential for a safe and economic op-
eration of nuclear power plants. Recent considerations have led to the idea
of an increase of the average fuel rod burn-up, which would lead to a better
efficiency and smaller environmental exposure by reducing the number of fuel
assemblies to be disposed of. However, any further increase of the burn-up
means an additional stress for the fuel rods, in particular for the cladding
tube material, and necessitates a new verification of fuel rod integrity. This
is not so easy with the traditional approach and, thus, requires a more realis-
tic description of the processes in the reactor core, enabling more reliable and
more accurate predictions of the performance of the fuel rods. The predictions
are the foundation of a good fuel rod design and constitute the proof of its
integrity.

Instead of the commonly used deterministic models, in this paper a
stochastic model is proposed, which would provide new possibilities for show-
ing the fuel rod integrity. The proposed stochastic model removes the well-
known weaknesses of the traditional approach and applies directly all exist-
ing knowledge and uncovers any remaining ignorance in order to realistically
model the existing uncertainty.

1 Introduction

The performance of fuel rods depends on many different factors, which
can be classified in certain groups:

e Fuel rod design.

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_14, © Springer-Verlag Berlin Heidelberg 2010



210 Elart von Collani and Karl Baur

Fuel rod properties and condition.
Nuclear power plant.
e Operational conditions.

The rod design is well known. The properties and conditions of
the produced rods can be described, if a verified stochastic model is
available for the production process. Their is plenty of information
about the operational conditions for each of the used rods and as well
as about the power plant in question.

The problem is to use all the available knowledge for developing a
stochastic model reflecting the existing uncertainty, which materializes
in performance variability. Subsequently, the stochastic model can be
used for making reliable predictions about the performance of fuel rods,
under the desired conditions with respect to the considered burn-up.

2 Developing a Stochastic Model

A stochastic model for the operation of fuel rods refers to one or more
performance characteristics denoted by X, which are of interest for a
safe and efficient operation. The stochastic model describes the future,
indeterminate behavior of the fuel rods, which is characterized by a cer-
tain variability. Such a description is necessary for quality assessment,
quality comparison and quality improvement. Variability is character-
ized by the range of possible values the random variable X may adopt
and the corresponding probabilities.

2.1 Qualitative Properties

Any performance characteristic of a specified fuel rod behaves differ-
ently under different operating conditions, for instance with respect to
time and amount of irradiation, irradiation history, state of burn-up,
etc. Performance characteristics of interest are, for example, the fission
gas release, the creep behavior, the fuel temperature, the internal rod
pressure, and others. The main difficulty in describing the performance
is the fact that under the same conditions the performance can be quite
different. Thus, for making reliable and at the same time accurate pre-
dictions, one has to describe the variability of the future performance.

For the purpose of illustration, the internal rod pressure is taken here
as the characteristic of interest. It is considered for a certain fuel rod
design in a specified situation of increased high burn-up. The random
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variable X stands for the maximum internal pressure in the specified
situation. From experience, we can immediately list the following qual-
itative properties with respect to the future variability of the maximum
internal pressure X:

e The maximum internal pressure X cannot fall below a finite lower
bound.

e The maximum internal pressure X cannot exceed a finite upper
bound.

e For specified initial conditions, the form of the probability mass
function of any random variable is either constant, monotonic, or
uni-modal. In the case of the maximum internal pressure X, the ex-
treme values will seldom occur under regular operation, while some
values in between will occur more frequently. This implies that the
first two alternatives can be abandoned with certainty, leaving a
uni-modal probability distribution Px.

From the above consideration we conclude that for developing a
quantitative stochastic model for the given situation, a lower and an
upper bound and a uni-modal probability mass function for X have to
be determined.

2.2 Quantitatively Modelling Uncertainty

A quantitative stochastic model must be developed based only on the
available knowledge, as otherwise no valid statement about the un-
certainty on hand can be made. If there is no complete knowledge, an
approximation must be used which covers the existing uncertainty. Un-
certainty about X is described by the probability distribution Py and
its magnitude can be measured by the corresponding entropy denoted
by H(Px). An approximation covers the true probability distribution,
if both agree in all important properties and, additionally, the entropy
of the approximation is not smaller than that of the true probability
distribution.

Consequently, the following items have to be determined based on
available observations:

e A lower bound ¢ for the range of variability must be determined,
which meets the requirement that it does not exceed the true, but
unknown lower bound of X.

e An upper bound u for the range of variability must be determined,
which meets the requirement that it is not smaller than the true,
but unknown upper bound of X.
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e A probability distribution Py for X must be determined, which
has the same relevant properties concerning uncertainty as the
true probability distribution Py, and has an entropy which is not
smaller than that of the true true probability distribution. Let Fj,
1 = 1,...,r, denote the relevant properties of Px. Then, the two
requirements are represented by the following two conditions:

Fi[Px] = Fj[Px] fori=1,...,r (1)
H [PX} > H [Py] (2)

The requirement (1) means that the approximation and the true
distribution have the same relevant properties, while not meeting (2)
would mean underestimation of the magnitude of the existing uncer-
tainty and, thus, would be tantamount to assuming more knowledge
about the probability distribution Px than what is actually available.

Determination of the above specified quantities requires a certain
amount of quantitative information. This is represented by a sample
(Xq,...,X,) of X, where the sample elements are independent copies
of X.

2.3 Relevant Features of Px

As a first step the uni-modality of Px must be utilized. The relevant
properties of a uni-modal probability distribution for a given range of
variability of X are represented by its first two moments (for details
see [1]). Less information about Px would lead to an inappropriate
probability distribution; more information would generally reduce the
uncertainty represented by the probability distribution only marginally.
Therefore, we conclude that for meeting condition (1), the values of the
first moment F[X] and of the variance V[X] of X or Px are needed.

In order to be certain that condition (2) is satisfied, the probabil-
ity distribution must be selected that has maximum entropy for the
given range of variability of the X values and for the given first two
moments of X. In [1] it is shown that the corresponding maximum
entropy distribution is uniquely determined and uni-modal.

The resulting probability distribution covers the existing uncer-
tainty in the sense of (1) and (2). Note that in a given situation the
relevant properties do not refer to the effects of single factors, like
temperature or pressure, but to the properties of the probability dis-
tribution, which are the outcome of all known and unknown factors.
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Thus, the approach proposed here does not depend on any knowledge
about the effects of single factors, but describes the joint effect of all
involved factors.

Stochastic Measurement Procedure for the First Moment
E[X]

For a uni-modal probability distribution, the probability distribution
of the sample mean may be approximated for sufficiently large sample
size n by the normal distribution, which has the important advantage of
being independent of the unknown range of variability of X. Assuming
that n is large enough, we can use the well-known procedure based
on the t-distribution with n-1 degrees of freedom for measuring® the
unknown value of E[X].

The measurement procedure for determining the value of the first
moment E[X] of X denoted C’g&(] is based on the sample mean and
the sample variance:

1 125
X=—)> X,
793 g

125

2_ 1 (X’ (4)

124

= IIM
|

The measurement procedure cls assigns to each possible observed

E[X]
event {(Z,s?)} a measurement interval for E[X], which contains all
those values u, which are consistent with Z and s?. The upper index 3
specifies the reliability level of the measurement procedure, which con-
stitutes a reliability requirement. Applying a measurement procedure
with confidence level 8 means that a correct result will be obtained

with a probability of at least 3. In other words the risk of getting a
wrong result when applying C(ﬁ[) X is less than 1 — (3.

The measurement intervals of C’g&] are given as follows:

(B) - 2 _ ,(n-1) S
O (@) = {n|e 5 S <uso vV )
3Note that in stochastics two classes of procedures are distinguished. The first

one is known as the prediction class, as it refers to the indeterminate future, while
the second one is called measurement class, as it refers to the determinate past.
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Stochastic Measurement Procedure for the Variance of V[X]

Similar as in the case of E[X], there is a powerful measurement pro-

cedure in traditional statistics based on the sample variance and the
x2-distribution. This well-known procedure is denoted by C&ﬂ[g]
Because only an upper bound for the unknown value of V[X] is needed,

the measurement intervals of C"(/B[gq

event {s?} of S? the following measurement interval:

here.

assigns to each possible observed

B) 21\ _ 2 2 n—1 ,
CV[X] ({S }) = o ‘O <o S ms (6)
X"1-p
Applying the measurement procedure C‘(/%q yields a correct result

with a probability of at least .

2.4 Range of Variability of X

The range of variability of X contains all those values that X may
adopt. In general, the range of variability depends on the actual value
w of the first moment and the value o2 of the variance of X. Therefore, a
stochastic measurement procedure is needed for determining the lower
and upper bound of the range of variability of X for given values p and

a2

In [5] to [8] a measurement procedure denoted by Céﬂ ()] for the
bounds L and U of X is developed. The procedure is based on the

sample functions

min(Xy,..., X,)
max(Xq,...,Xp)

and assigns for given (p,0?) to each observed event {(Tmin, Tmaz)} a
measurement set for the unknown lower and upper bounds of X. Again
the value (3 specifies the procedure’s reliability level, which guarantees
that the procedure will yield a correct result with a probability of at
least 3. A result is correct if the measurement set contains the true but
unknown bounds of X.

Note that, in contrast to stochastics, there are no methods in statis-
tics for determining the bounds of variability of a random variable.
Instead, in statistics the range of variability is generally assumed to be
unbounded.
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2.5 The Probability Distribution pX|{(I~%0'2)}

Applying the above outlined measurement procedures yields the follow-
ing knowledge about the true probability distribution Py of X, where
081, B2 and (3 specify the corresponding reliability levels:

o Aset Cpixpvix) = C’ga[}]({(f:, s2)}) x C"(/ﬂ[ig]({ﬁ}) containing all
those values of the first two moments of X that are consistent with
the sample observations (Z, s2):

CE[X],V[X]({(57782)}) ={(.0®) e < p < pu, 0> < o} (7)
e For each possible element (u,0?) a set

CL,U|{(M,02)}({(xmina xmax)}) = ng[?,])|{(u’g2)}({(xmim xmaaz)})
containing all those values for the bounds that are consistent with
the sample observations (Z,min, Tmaz) for given (i, 0?) € C B[X],V[X]-
Let #(p,02) be the smallest lower bound and u(p,o?) the largest
upper bound being consistent with (Zmin, Tmaz), then the measure-
ment result for given (i, 0?) takes the following form:

CL,Ul{(,u,UQ)}({(xminvmmal’)}):{(67 u) | g(/%o-z) <lu< u(ﬂa 02)} (8)

Each element of (7) describes one possible situation and, therefore,
has to be taken in account when making statements about the fu-
ture development. As shown in [1], each of these values together with
corresponding values of the bounds (¢(u,0?),u(u, 0?)) of X given as
elements of Cp r74(u02); determines uniquely a probability distribu-

tion Px|{(,02); Which has maximum entropy of all probability dis-
tribution of random variables having a range of variability given by
{z|(n,0?) < x < u(p,0?)} and having a first moment E[X] with
value ;1 and a variance V[X] with value o2,

The corresponding maximum entropy probability distributions are
determined by the values of three distribution parameters

)\O(M702)7/\1(M702)7/\2(U702) (9)

with A1(p, 02), Aa(j1, 0?) being the solution of the following two equa-
tions:



216 Elart von Collani and Karl Baur

2o (0% + A1 (1,o?) x4+ X2 (,0%)2 o K

S—e

(10)
fu 2 )\0 (n,0 )+>\1(“702)w+>\2(l/¢70—2)$2d1} = 0'2
0
and A\g(u, 0?) is given by:
Xo(p,0%) = —In /ekl(ﬂvgz)m”‘?(l‘ﬁz)wzdx (11)

L

For each (u,0%) € Cpx) gy and each (4,u) € CLul(no?) the
above system of equations has to be solved numerically. The solutions

0.95)

transform the elements of C’fE[’X] VIX] and C, yf(u,02)) onto a set of

probability distributions which cover the true, but unknown, probabil-
ity distribution of the maximum internal pressure X.

3 The Stochastic Model

In [1] the Bernoulli-Space is introduced as the general stochastic model.
Any Bernoulli-Space refers to a pair of variables (X, D), where the
first one represents the future aspect of interest, while the second one
represents the initial conditions. In our case, the aspect of interest X
is the maximum internal pressure for a specified situation. The initial
conditions D = (E[X],V[X]) are given by the values of the first two
moments. The true values are unknown and, therefore, all those values
which cannot be excluded constitute the set of possible situations with
respect to the internal pressure.

The Bernoulli-Space is denoted By (p(x},v(x]) and contains three
components:

e The first one is called the ignorance space. It reflects the existing
ignorance about the relevant initial conditions represented here by
(E[X],V]X]). The true value of (E[X], V[X]) is unknown except for
the measurement result:

Crx,vix] (12)

which, therefore, constitutes the ignorance space with respect to the
initial conditions.



Stochastic Modelling as a Tool for Quality Assessment — 217

e The second component, denoted X, is called the variability function.
It maps subsets of the ignorance space onto the corresponding range
of variability of X. In the example, the variability function is given
for (p,0?) € Cgix),vix) as follows:

X({(,0%)}) = {z | U(p, 0%) <& < u(p,0”)} (13)

e The third component of a Bernoulli-Space is called the random

structure function, denoted P. It maps subsets of the ignorance

space on to the corresponding probability distribution. In our case,
we obtain for the singletons:

P{(1.0°)}) = Pxjuo2y  for {(n, 0%} € Cixpvix (14)
where Py, ,2) represents an approximation meeting the conditions

(1) and (2).

With (12), (13) and (14), we obtain the following Bernoulli-Space
for the maximum internal pressure:

Bx,ex)vix) = (CE[X],V[X]a X, 7’) (15)

A Bernoulli-Space (15) comprises a stochastic model that utilizes the
entire available knowledge, but which is not based on any unfounded
assumption. A Bernoulli-Space contains a set of probability distribu-
tions that cover the true but unknown probability distribution in the
sense of (1) and (2).

Any Bernoulli-Space describes explicitly the existing ignorance and
the prevailing randomness and is a necessary basis for making reliable
and accurate predictions about the future performance of X, which is
here the the maximum internal pressure.

4 Illustrative Example

For convenience, the reliability specification for the three measurement
procedures is set to be equal, i.e., 3 = 31 = F2 = B3 = 0.95. A sample?
of size n = 125 is used for the measurement procedures. The sample
experiment is performed and yields the result given in Table 1:

“Note that the data are fictitious and only used for illustrating the process of
developing a stochastic model. Real data for such an investigation could, however,
be taken from the Halden Reactor Project.
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n Z | s |mina;|max x;

125(|27.05|4.36| 24.90 | 30.15

Table 1: Numerical sample results for the maximum internal pressure.

Measuring the First Moment

For a reliability specification of 8 = 0.95, the measurement procedure

Cg)[f(?) yields the following measurement interval for the unknown value

of E[X]:

cg[-;?) ({(27.05,4.36)}) = {11 26.99 < ju < 27.11} (16)

After the measurement has been performed, the measurement in-
terval C’g&?)({@?.%, 4.36)}) represents the available knowledge about
the true value of E[X].

Measuring the Variance

Again, the reliability specification is set to be g = 0.95. The mea-

surement procedure C"(/O['?(?) yields the following measurement interval,

which, analogously to the case of the first moment, represents the
knowledge about the true value of the variance:

C‘(/()[‘;)(E]’)({4.36}) = {02 |3.51 < 0% < 5.55} (17)

Measuring the Lower and an Upper Bounds

The measurement procedure for the bounds is based on the lower and
upper quantiles of the sample functions min(X7, ..., X,)[{(x, %)} and
max(X1, ..., Xn)|[{(u,o?)}. For the reliability level 3 = 0.95 and a
0.95
((L,U))I{(w72
set of possible values for the bounds. For example, this set for given
(i, 02) and observed sample event {(24.9,30.15)} could be as follows:

given pair (i,0?), the measurement procedure C )} yields a

(0.95) -
CL Uo7} (1(24.90,30.15)}) =

{(0,u)]22.83 < £ <24.90,30.15 < u < 33.78}  (18)

(0.95)

Each value of C} Ul 02)}({(24.9,30.15)}) represents potentially

possible bounds of the range of variability of X for the case (u,o?).
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Any statement about the maximum internal pressure must be valid
for each of the possible situations given by the values of the first two
moments and the corresponding values of the bounds of X.

Determining the Probability Distributions

By solving the system of equation (10) for each of the possible pairs
(i, 02) and the corresponding values of the bounds, we obtain a set of
uniquely defined maximum entropy distributions, where each element
has the specified values of the first two moments and the specified range
of variability:

{PX|{M,0—2)}‘ (n,0%) € CE[X],V[X]} (19)

In Figure 1 the Bernoulli-Space for the maximum internal pressure
X is illustrated by the density functions of some of the probability
distribution obtained as images of the random structure function. The
flat density functions are those with a large variance, while the more
peaked ones have a smaller variance.

£(x)

0.2

0.15

24 26 28 30 32 34 =

Figure 1: Density function of some of the potential probability
distribution of the maximum internal pressure X.

5 Stochastic Prediction Procedures
A stochastic prediction procedure is based on a Bernoulli-Space. A pre-

diction procedure is a set function that maps subsets of the ignorance
space, which represent different levels of ignorance, on to subsets of the
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corresponding range of variability of the considered random variable
X, where the latter subsets represent the set of possible predictions.

A prediction procedure is denoted by Ag’?), where the reliability

level 3 constitutes a specification for the procedure. If the specifica-
tion is met, the procedure produces predictions that will occur with a
probability of at least 3.

In the example considered here, let the system of subsets of the
ignorance space be given by the singletons:

T X, VX)) (CE[X],V[X]) = {{(%02)} ’ (1, 02) € CE[X],V[X]} (20)

The possible ranges of variability of X for specified (u, 0?) are given
by the variability function X ({(,o?)}), while the corresponding prob-
ability distributions are obtained by means of the random structure
function P.

A Tippvix) (Cepvixg) — Tx (X (Cexvix)) (1)

where 7x is an appropriate system of subsets of the overall range
of variability of X, where each element of 7x represents a possible
prediction.

Let Co € Tpxvix) (CE[X],V[X]) be a level of ignorance, and
Ag?)(C’o) the corresponding predicted event. Then

Pxi{(uo2) (AE?)(CoD >3 for (u,0?) € Co (22)

i.e., the predicted event under the condition of Cj occurs for any
(u,0%) € Cy with a probability that is at least 3.

Of course, a prediction procedure Ag?) should be derived in such
a way that the predictions are most accurate, where the accuracy is
measured by the geometrical size of the predicted event. Therefore, an
optimal prediction procedure *Ag?) produces predictions, which have
minimum size:

*Ag@(c())\ — min (23)
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Illustrative Example

In the case considered here, an upper bound for the maximum inter-
nal pressure in the given situation is sought. Therefore, as a first step,
the worst case given by the first moment E[X] and the variance V[X]
with respect to the maximum internal pressure X is identified.

The worst case refers to the maximum possible value of E[X]| and
the maximum possible value of V[X]. If the true values are given by
fmaz = 27.11 and 02,,, = 5.55, then the corresponding prediction will
contain the largest values compared with all other possible values of

E[X] and V[X].

As only an upper bound for the maximum internal pressure is of
interest, the following system 7x of one-sided predictions is selected:

Tx (.)C' (CE[X],V[X])) = {{x|az§b}‘€<b§u} (24)

The corresponding values of the distribution parameters for the
worst case fmar = 27.11 and o2,,, = 5.55 and the corresponding
bounds are given by

Ao(27.11,5.55) = —45.8746113827101
A1(27.11,5.55) = 3.301795856164792 (25)
A2(27.11,5.55) = —0.06192663171432966

The density function of the resulting probability distribution with
respect to the internal pressure X|{(27.11, 5.55)} is displayed in Figure
2 below:

£ (x)

0.15
0.125
0.1
0.075

0.025

24 26 28 30 32 34 =

Figure 2: Density function of the worst-case probability distribution
of the maximum internal pressure X.



222 Elart von Collani and Karl Baur

Denoting the reliability specification for the prediction procedure
by [, then the optimal prediction procedure yields the following pre-
diction:

AP ({(27.11,5.55)}) = {e |z < Qxjernisssn (B} (26)

where Qx|{(27.11,5.55)} 1S the upper quantile function of the random
variable X|{(27.11,5.55)}.

The prediction (26) has the maximum bound among all predictions
based on any of the probability distributions contained in the Bernoulli-
Space. Thus, it actually represents the worst possible case, i.e., it con-
tains or covers each of the possible cases with respect to the initial
conditions.

For 8 = 0.995 we obtain the following prediction:

AL ({(27.11,5.55)}) = {z |« < 33.204} (27)

The predicted event will occur with a probability that is at least
0.995. Thus, it is guaranteed (with a known risk not larger then 0.005)
that the bound 33.204 will not be exceeded.

6 Conclusions

Particularly in areas where safety is involved, quality assessment and
quality improvement are important issues. Therefore, adequate means
for measuring quality should be applied in order to arrive at reliable
and at the same time accurate results.

Clearly, an adequate description of the uncertainty involved cannot
be given by the traditional way in physics, which assumes deterministic
phenomena and cannot model the inherent variability of real processes.
More details of how to consider and model uncertainty with respect to
the design of fuel rods are given in [3] and [4], in which the problem of
fuel rod design and the technical details of an appropriate mathematical
modelling of the operational behavior of the fuel rods are elaborated.

In this paper, a stochastic model — the Bernoulli-Space — is used
for describing uncertainty, without the necessity of postulating a de-
terministic world as in physics or of making assumptions which violate
reality as, for example, in the statistical approaches. The Bernoulli-
Space allows one to guarantee the predicted performance of fuel rods
for a given design and, thus, it can be used to investigate a safe increase
of the burn-up of nuclear fuel.
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Summary. In semiconductor manufacturing, discovering the processes that are attributable
to defect rates is a lengthy and expensive procedure. This paper proposes a approach for
understanding the impact of process variables on defect rates. By using a process-based
hierarchical model, we can relate sub-process manufacturing data to layer-specific defect
rates. This paper demonstrates a hierarchical modeling method using process data drawn
from the Gate Contact layer, Metal 1 layer, and Electrical Test data to produce estimates of
defect rates. A benefit of the hierarchical approach is that the parameters of the high-level
model may be interpreted as the relative contributions of the sub-models to the overall
yield. Additionally, the output from the sub-models may be monitored with a control chart
that is ‘oriented’ toward yield.

1 Introduction

Manufacturing systems can produce such large quantities of data that an under-
standing of the interrelations between subsystems is difficult. Yet, the large quan-
tities of data from these processes may be a valuable resource if information can
be extracted from it. High-dimensional complex systems, such as the semiconduc-
tor manufacturing process, is an example of this and present a number of unique
challenges in data analysis for understanding and prediction. In order to under-
stand and improve chip production in semiconductor manufacturing, the manufac-
turing and process data already recorded during processing may be used to more
fully understand the system and provide avenues for improvement.

Figure 1 summarizes this scenario. Manufacturing systems have em-
braced statistical process control to understand and monitor problem areas in
manufacturing. Traditionally, these are univariate, and maybe even multivariate,
and bound to a specific process to monitor key processing and electrical parame-
ters (Montgomery 2005). These methods, however, do not readily enable a
process engineer to analytically answer questions such as “what characteristics are
present that result in a ‘good lot’?”” ‘Good lot’ is typically defined in terms of high
yield. The dashed lines in Figure 1 represent the relationships required to address

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6 15, © Springer-Verlag Berlin Heidelberg 2010
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this question. These questions go beyond the process level; they need to be ad-
dressed at a higher or operational level.

What tool?
What time frame?
What in iommon?

SEQ SEQ Final Wafer

#1500 #2000 I)e('”gr; Test
Maint \
History Pressure

/e (XR) | % TPCA
| |Parameter Flow / _
i File (X,R) Electrical v
i \
j
ES (X,R) | *| ES(X,R) Yield &
LY A v

- — e e

Figure 1. Conceptual modeling of parameters and performance characteristics.

The goal of this work is to understand the influences and contributions of
lower-level processes (i.e. sub-processes) on performance characteristics, such as
yield, conformance to specifications, defectivity, customer returns, or other quality
measures. Characterizing the relationships at the operational level will also im-
prove productivity and enable the evaluation of competing process models. In or-
der to examine the relationships between sub-processes and performance characte-
ristics, a hierarchical model of sub-process outputs can provide support for
decision making in allocating resources between sub-processes.

This paper demonstrates a hierarchical modeling method using process
data to produce estimates of defect rates. In addition, it demonstrates how control
charts may be used to monitor sub-process outputs where these outputs have been
oriented towards a performance characteristic such as yield and compares these to
multivariate control (or univariate) charts on the sub-processes. The next section
discusses the challenges of modeling at the operational level and summarizes the
structure of hierarchical models. An application of this approach with data drawn
from the Gate Contact layer, Metal 1 layer, and Electrical Test and Probe is given
in the third section.

2 Background

Yield modeling is a key goal of semiconductor manufacturers, and improvements
in yield and yield prediction provide direct financial gain to manufacturers. Yield
models depend primarily on the combination of defect rates from the various sub-
processes to predict yield rates. Unfortunately, the defect rate information attri-
buted to specific sub-processes is expensive and slow to collect (Van Zant 2004;
Horton 1998; Nurani et al. 1998; and Hess and Weiland 1999).
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In addition to yield modeling, there has been work in modeling and clas-
sifying defect patterns after final test to more fully understand low yield (Cun-
ningham and MacKinnon 1998; Hansen et al., 1997; Friedman et al., 1997).
While the previous papers analyze yield and defect patterns, Skinner et al. (2002)
use multivariate statistical methods to analyze relationships, at the wafer level, be-
tween the parameters of a process and yield to potentially determine the cause of
low-yield wafers. However, the process is the electrical test, or probe operations,
that occur after fabrication. This work links yield estimates to process variables
much earlier in production. See Kumar et al. (2005) for a review of empirical
modeling methods in semiconductor manufacturing.

Data stored in process, engineering and metrology databases detail the
manufacturing processes involved in the production process. Analysis of the data
is challenging because of the large number of variables, interactions between sub-
processes and relatively small number of observations. For example, a memory
device involving 22 layers of semiconductor can involve 300 processing steps
over 3 months with 21710 process variables. Figure 2 shows a sample of 90 days
of lot-level production data for one product. Note the misalignments between
separate data tables and that the number of tractable lots, or observations (n=221),
may be much less than the number of variables (p=21710).

X: Input Variables Y: Output

(Logistics, Process, Testing) (Yield & Performance)

Layer 1

Layern
Deposition

Lithography Characteristics

Routing Etching

Categorization

221x21710
Coherent Data

1310x 20

2227x89 1948 x 1904 2071x203

927x15 316x12

x20 ...

Figure 2. Schematic of processing and quality data, X, and testing and yield data,
Y. Note that the number of consistent and completed lots is less than the number
of variables, or n<<p.

The domain has a very high dimensionality compared to the number of
observations. Many tools exist for dealing with high dimensional data; however,
these methods assume a well-formed data matrix (Johnson and Wichern 2004;
Hastie et al. 2001). Combining heterogeneous data sets produces increased prob-
lems with missing data and dimensionality. Forming a larger data matrix requires
joins of datasets, and the large number of variables exacerbates missing data prob-
lems. Consider, for example, Metal 1 layer production data. Suppose that only 7%
of the data in each set was missing at random in each of 10 sub-processes. The re-
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sulting table join would have 52% of the rows with missing data. Established
analysis techniques, such as regression, clustering, and principal component anal-
ysis, perform a case-wise delete of data with missing elements. Thus, combining
datasets with missing data results in larger missing data challenges and missed
modeling opportunities.

In addition, the data may be inconsistent for several reasons: frequent
process changes which produce a dynamic process structure; missing data due to
structure changes (e.g. using a different machine may produce a different set of
process variables); recording and transmission errors resulting from manual entry
that erroneously report values against improper lots. Individually, these data cha-
racteristics are well-studied. However, these issues combine making the problem
difficult to solve. Since complex systems do not often generate data as a simple
data matrix, but instead as a set of distinct subsystem-specific datasets, common
methods such as standard regression, feature selection, and feature extraction are
not easily applied without significant preprocessing. Changes in the structure of
the system, due to equipment or policy changes, makes construction of a full rank
data matrix impossible.

3 Hierarchical Modeling

Analyzing high dimensional, low sample size data by using a hierarchical model
to combine sub-process variables utilizes the many variables to produce meaning-
ful intermediate variables. Figure 3 shows a two-level model comprised of several
sub-models each estimating and intermediate variable (e.g. an electrical test para-
meter), and the high-level model which combines the estimates from the subsys-
tems to produce an overall estimate of the system.
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Subprocess Modeling

Subprocess 1 Meta Modeling

Intermediate Data

Subprocess 2

Subprocess 3 E[Y,]= f(X,B,)

E[Y, ]= f(X,B,)

E[Y,]= fXiB;)

Metampdel

EIZM (Y, 7)

/ E[Y,, = fX,1B,0)

ELY, = (X, B,)

Subprocess m-1 /

Subprocess m

Figure 3: A schematic representation of a two-level model.

Using intermediate data (i.e. the output from the sub-models) provides
two important benefits: it can summarize a large number of input variables into a
smaller, more manageable set, and it can also provide a mechanism for interpret-
ing the interaction between subsystems. Correlations between the intermediate
models represent correlations between the sub-processes. The weights of the stan-
dardized intermediate data represent the significance of the sub-processes to the
variable of interest in the high-level system. By using the “natural” divisions in
the process, data collection and storage system, the entire system can be broken
down into sub-processes, each examined and modeled separately, and recombined
in a hierarchy of interacting models.

Equally contributing sub-models will individually will have low predic-
tive power, but taken together, will have stronger predictive power. Suppose that

the estimate of the defect rate due to some sub-model, m: Yn1 = f(X,,b) where
X, 1s a vector of variables, b is a vector of estimated parameters, and /() is an es-
timation model. The model, fm , will be able to predict the system output with

some level of accuracy. Supposing further that m = 10 independent subsystems
and that each is responsible for 1/20™ of the variance observed in the output, with
the remaining %2 of the variance due to other sources. Each of the 10 models can
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explain at most 5% of variation. This may seem insignificant, but a combination
of the subsystems has toe potential to explain % of the variance of the entire sys-
tem.

The three elements to hierarchical modeling are the identification of sub-
processes, the sub-process and meta- models, and the outputs (intermediate and
system data). In developing the sub-process models shown in Figure 2, consider
m sub-processes separately each modeling a response variable, Y. Taken together,
Y, = XuPm +Em» where Y, represents vector of response variables associated

with m sub-processes, ¢, is a vector representing the error terms, and X, is a ma-
trix of regressors representing a set of sub-process input variables. The m sub-
models are developed in the sub-process modeling stage to provide an estimate of
intermediate data.

The predicted values from the sub-process models are referred to as in-
termediate data. The intermediate data becomes the inputs in the meta-modeling
stage to estimate the system output. In other words, the predicted response from
each of the sub-models is used to estimate the system output:

Z= );171 +f’27/2 +...+)A’m7/m + Emm
ElZ]= 1}1}/1 +)}272 +...+ I;mj/m
E[Z]=Yy
where vector Z is the meta-model response variable, ¢,,, is an error term asso-

ciated with the meta-model, and yis a matrix of parameters representing each sub-
model contribution towards the meta-model. Kumar et al. (2007) provide further
discussion on the properties of the hierarchical linear models.

Finding Y,, = f(X,,) is a well studied problem for many sorts of f(X,,),

however, issues in the construction and usage of the data matrices and interpreta-
tion of the resultant model make the practical application of standard tools on
large and complex data sets problematic. A simple model of one output variable
would be a linear regression - a linear model with Gaussian error terms.

This work uses Generalized Linear Models (GLMs). GLMs relax the as-
sumptions of the least-squares linear model and extend it to a larger class of prob-
lems than linear, Gaussian models. The generalized linear model consists of three
components: a linear model or linear predictor that involves the independent va-
riables in the system, the link function g[(E(y)], which relates the mean of the re-
sponse variable to the linear predictor, and the response distribution (sometimes
called the error structure). Myers, Montgomery, and Vining (2002) write the
GLM as

gLEW]=1(X.5)
where g is a monotonic differentiable link function and the function f'is the linear
predictor. The vector of model parameters, £, is estimated using maximum like-
lihood. The computational procedure involves an iteratively reweighted least
squares algorithm. Very thorough descriptions of the GLM are in Myers, Mont-
gomery, and Vining (2002) and McCullagh and Nelder (1989). Model adequacy
is tested through a variety of methods. McCullagh and Nelder (1989) suggest
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some informal checks using plots to check the model: scaling the standardized de-
viance residuals to a constant information scale, and plotting against the predicted
and explanatory variables produces a method for identifying systematic patterns.
Hosmer and Lemeshow (2000) develop several model diagnostic plots for examin-
ing influence, outliers, and leverage to identify interesting data points. GLMs have
already found application in semiconductor manufacturing as the basis of process
monitoring techniques for multistage processes. See Skinner, Montgomery, and
Runger (2003) and Jearkpaporn, Montgomery, Runger, and Borror (2003).

The intermediate data from the sub-process models, in essence, provides
a quality control variable for monitoring the process.

4 Application

A semiconductor device is the result of many distinct processes applied to many
different layers on a silicon wafer layers over a long period of time to produce a
complex product with measurable performance characteristics. The manufactur-
ing data this methodology was applied to comes from a 200mm fabrication line
producing 250 chips per wafer, in lots of 25 wafers. Each lot undergoes 270 indi-
vidual processing steps, in which different parts of the circuits are etched in thin
layers of material grown or deposited on the working surface of the wafers. Each
process step must be tightly controlled to ensure dimensional tolerances measured
in nanometers. Fabrication of a single lot requires approximately three months.
While the base unit of production may be a small lot of wafers (25 wafers) each
process can operate on different units of production. For instance, an oven can an-
neal multiple lots per baking operation, while some processes act on smaller
groups of wafers, individual wafers, or at the sub-wafer level. Examples of sub-
wafer operations are electrical testing of an individual chip, and reticle level mask-
ing of groups of chips.

Six process datasets drawn from key manufacturing steps such as the gate
contact layer and the metal 1 layer are used to model the in-line electrical test pa-
rameters. The final performance measure, i.e. the number of functional die in dif-
ferent bins is the final dataset. The die of every lot are assigned to one of six bins
based on their performance in the sort process. In this study, we focus on three
bins, i.e. bin 11, 4, and 10, which represent DC Fail Count, Function Fail Count,
and Marginal Fail Count, respectively. The objective of the hierarchical modeling
is to predict the number of die in these three bins.

In this section, we report the model building and diagnostic steps used for
predicting one of the in-line electrical test results (AVG6055) using lithography
process data (LXMASK). The response variable is continuous, and so a GLM
with an identity link function is used. We tested the normality assumption and the
validity of identity link function in the model diagnostic stage. Note that due to the
identity link function, the GLM is equivalent to multiple linear regression and
produces the same output as multiple linear regression. As a result, the model di-
agnostics such as raw residuals and deviance residuals are equal when identity link
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is used. The diagnostic plots for the model are shown in Figure 4 and appear ac-
ceptable.

MODEL1 Fit Diagnostics for AVG6055
04 ? 20 ° 204 ¢
§ 021 & £ 104 % £ 10- g ©
E -0 o0 . o 49 & — o Y o
; 0 + g 0 ?n:l_, 0 ho@
& 524 o T ° € g4 °
-0.4 4 (u] =20 4 Q =20 4 0
1 1 I I LI I T 1 I I I 1 I
0.08009 01 011012 008008 01 011012 0 004 008
Predicted Value Predicted Value Hat Diagonal
0.4- o 0.6+ o
_ 04 L
g 0.2+ § § % 2
S -1 8 02 o x 04+
2 01 g ] QE*D °
® 20 = " P O p2-
-0.2 ‘
0444 o 0 | |
I 1 | I I I I I I | 1
20 2 0.080.09 01 011012 0 400 800
Quantile Predicted Value Observation Number

Figure 4. Diagnostic plots of the LXMASK model.

Figure 5 shows the fitting results of the sub-process model LXMASK. As a result
of iterative model building, six of the original variables are retained in the final
model. Models were fit for five additional sub-processes from the gate contact
and metal 1 layers. Next, the meta-model was fit using the estimated values of the
sub-process models as the inputs to predict the number of die that will be sorted
into a specific bin. Figure 6 shows the results of using a negative binomial GLM
with a log link to predict the number of die in Bin 4, DC Fail Count.

Criteria for Assessing Goodness of Fit

Criterion DF Value Value/DF
Deviance 1036 0.6025 0.0006
Scaled Deviance 1036 1043.0000 1.0068
Pearson Chi-Square 1036 0.6025 0.0006
Scaled Pearson X2 1036 1043.0000 1.0068

Analysis of Parameter Estimates

Standard Wald 85% Confidence Chi-
Parameter DF Estimate Error Limits Square Pr > ChiSq

Intercept 1 -1.5873 1.9381 -4.3772 1.2026 0.67 0.4128
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NCeo139 1 -0.0488 0.0241 -0.0834 -0.0142 4.11 0.0426
NCee57 1 -0.0068 0.0038 -0.0123 -0.0013 3.16 0.0754
NCoo69 1 0.0113 0.0060 0.0027 0.0198 3.57 0.0589
NCoo184 1 0.1007 0.0718 -0.0026 0.2041 1.97 0.1607
NCeolle 1 -0.0152 0.0041 -0.0212 -0.0093 13.54 0.0002
NCeo117 1 -0.0174 0.0069 -0.0273 -0.0076 6.47 0.0110
Scale 1 0.0240 0.0005 0.0233 0.0248

Figure 5. Partial GLM Output for the LXMASK process and AVG 6055 electric-
al test parameter.

The GENMOD Procedure
Model Information

Data Set WORK .MERGE7
Distribution Negative Binomial
Link Function Log
Dependent Variable YLDooo4

Criteria for Assessing Goodness of Fit

Criterion DF Value Value/DF
Deviance 701 722.4246 1.0306
Scaled Deviance 701 722.4246 1.0306
Pearson Chi-Square 701 615.3860 0.8779
Scaled Pearson X2 701 615.3860 0.8779
Log Likelihood 526916.1127

Analysis of Parameter Estimates

Standard Wald 85% Confidence Chi-

Parameter DF Estimate Error Limits Square Pr > ChiSq
Intercept 1 3.0039 0.5651 2.1904 3.8173 28.26 <.0001
OVERPred 1 14.4474 2.6602 10.6180 18.2769 29.50 <.0001
MASKPred 1 -6.9074 3.2984 -11.6555 -2.1593 4.39 0.0362
LQPred 1 -1.2256 0.3779 -1.7695 -0.6816 10.52 0.0012
LXPred 1 16.0875 4.4065 9.7443 22.4307 13.33 0.0003
VDPred 1 -1.9153 4.7355 -8.7322 4.9016 0.16 0.6859
Dispersion 1 0.0463 0.0028 0.0422 0.0503

Figure 6. GLM Output for the Bin 4 Meta-Model.

The results are validated by partitioning the data into a training and test
set. The training data was used to fit the above models and the test set validates
the findings. The performance of each model is evaluated based on the change in
Mean Squared Prediction Error (MSPE) of training dataset with respect to test da-
taset. With the proposed model, overall predictive capability has increased by
~15% over the naive models (Table 1). Apply this model to the 322 lots of data
results in average predicted number of die per lot is 371 and the average actual
number of die is 242. Since information from only five sub-processes (out of 270
process operations) and one in-line electrical test variable (out of 143) are used,
the increase in prediction power by 15% can be treated as a potentially significant
improvement.

Table 1. Bin 4 meta-model results.
MSPE MSPE Variance
Bin 4 Yield Training Set Test Set (Training R’

AVG6055 1324.063365 21015.15957 1495.077468 14.87172
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5 Defect Monitoring

The results from the previous modeling activity can provide for attribution of de-
fect rates to physical subsystems. From Figure 6, ‘MASKPred’ has the largest
coefficient and corresponds to the LXMASK sub-process model in Figure 5. Giv-
en the magnitude of the coefficient, 16.09, relative to the other variables, the
LXMASK sub-process appears to be one of the drivers of the Bin 4 yield. Using
SPC methods to monitor the variables of the process may provide an opportunity
earlier in the fabrication process to detect conditions that result in an undesirable
higher Bin 4 yield. However, after pre-processing, the LXMASK operation has
94 process variables. As a result of the modeling in the previous section, the va-
riables in Table 1 may be monitored univariately (Figure 7) or multivariately (Fig-
ure 8).
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Figure 7. Representative individuals control chart of a variable from the
LXMASK process.
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354
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Figure 8. Multivariate control chart of the six LXMASK variables.

6 Summary

This modeling approach leads to several results: empirical estimates of the defec-
tive chip count using process data, estimates of the relative importance of the sub-
component, and a mechanism to monitor relative process variables. The meta-
model on the scaled intermediate data (i.e. the scaled output from the sub-models)
provides a means of ranking and assessing the relative importance of the sub-
system to the top-level system. This provides an inexpensive alternative to esti-
mate defect rates and monitor variables through the existing use of automated data
collection and enables a process engineer to more fully understand the system and
provide avenues for improvement.

Characterizing the relationships at the systems or operational level will
enable verification of quality control parameters, improve the utilization of tech-
nical resources, and provide the means to validate the effectiveness of current op-
erating methods and metrics.
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Summary. Risk based auditing has recently been promoted by national and in-
ternational auditing standards, e. g., SAS 10 through SAS 111, ISA 315 and ISA
330, IDW PS 261. These schemes have created a broadening demand for stochastic
methods of risk quantification and risk control in the auditing community. In partic-
ular, risk based auditing requires the specification and control of the detection risk,
i. e., the probability that the auditor erroneously approves the conformance of the
financial statements of the audited entity with the de facto financial status. Con-
fronted with large volumes of accounting and inventory data, auditors are interested
in sampling based methods of conformance testing. Customary sampling schemes
are not completely in line with the requirements of conformance testing in auditing.
The paper introduces restricted stratified sampling as a viable scheme for auditing
purposes.

1 Introduction: Audit Risk and Conformance Testing

Audit risk is the risk of not detecting material misstatements on the financial
situation of a company in course of the auditing process, see the definitions
in the professional standards [2], AU 312, §02 and §11, or [1], AU 350, Ap-
pendix. Risk based auditing is a scheme which requires the definition, anal-
ysis, quantification, and control of all audit risks. Risk based auditing has
recently been promoted by national and international auditing standards, e.
g., SAS 104 through SAS 111 (Statements on Auditing Standards promul-
gated by the Auditing Standards Board of the American Institute of Certified
Public Accountants, AICPA) and the corresponding Professional Standards
(AUs) of AICPA, ISA 315 and ISA 330 (International Standard on Auditing
maintained by the International Auditing and Assurance Standards Board,
TAASB), IDW PS 261 (developed by the German Institut der Wirtschaft-
spriifer in Deutschland, IDW). An important motive for these developments
were serious auditing attestation errors which ended up in public scandals.
Known worldwide is the collapse of Enron in 2001. Revelations on irregular

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_16, © Springer-Verlag Berlin Heidelberg 2010
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accounting procedures led to bankruptcy of the company and to the dissolu-
tion of Arthur Andersen which had served as Enron’s accounting auditor. The
loss of Enron stock values amounted to around 60 billion US dollars. A major
German scandal was the collapse of FlowTex in 2000. The company alleged
book values from selling 3000 drilling machines at a price of 1.5 million DM
per item. Only 10% of the machines really existed. FlowTex’s business and
accounting activities had been approved by KPMG. The total indictable loss
of FlowTex creditors amounted to around 2.6 billion Euro. In an extra-judicial
agreement, KPMG paid around 50 million Euro to the creditors.

Risk based auditing schemes distinguish two types of audit risks. i) Risk
resulting from the type and behaviour of the audited entity, e. g., a company,
public organization, or a part thereof. ii) Risk resulting from procedures of
investigative and assessment performed by the auditor. All these risks are
modeled as probabilities. The definition of these risk probabilities in auditing
standards are by far not totally clear. We adopt the consistent view that all
probabilities are conditional probabilities under the condition that a financial
misstatement exists in a company’s accounts. For further discussion of the
interpretation of audit risk probabilities, the reader is referred to auditing
literature, e. g., [7] or [8].

The risks of type i) are differentiated into two components: the inherent
risk (IR) as a function of the character of the audited entity, e. g., field, branch,
type, magnitude, diversification, internationalisation, financial status, liquid-
ity position, and the control risk (CR) as a function of the entity’s internal
control system. The risk of type ii) residing in the auditing activities is the
detection risk (DR), i. e., the probability that the auditing process does not
reveal existing material misstatements. The total auditing risk (AR) is the
probability of erroneously approving the totality of financial statements of an
entity. Inherent risk factors, control risk factors, and detection risk factors are
assumed to be independent which leads to the equation AR = IR x CR x DR,
see [1].

Risk based auditing schemes have created a broadening demand for
stochastic methodology in the auditing community, essentially in two respects:
1) Risk modeling, in particular risk quantification schemes. 2) Risk control
procedures to restrict the detection risk DR. The latter respect will be con-
sidered in the sequel.

The key interest of auditing in the detection area is data conformance
testing, i. e., investigating the conformance of financial book values kept in
lists or data bases with financial de facto values existing in reality, e. g.,
comparing the values of articles reported in an inventory list with the de
facto values of the warehoused articles, or comparing the sales transaction
figures stored in an enterprise resource planning (ERP) base with the de facto
transaction volumes occurred in reality. The book values can easily determined
with negligible expense in time or cost, whereas determining de facto values is
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often considerably laborious and expensive. Hence data conformance testing
is often not based on exhaustive 100 % comparisons of book values with
associated de facto values, but on sample comparisons.

Many sampling techniques are designed for exploring unknown popula-
tions, e. g., survey sampling in social or market research. The conformance
problem in auditing requires a different design. The following aspects are im-
portant. 1) The book values are not in complete accordance with the de facto
values, but nevertheless they provide some partially reliable prior informa-
tion on the de facto values. 2) Simple random sampling can be misleading if
aggregates of book values and true values are to be compared. 3) Auditing
considers finite populations, e. g., an inventory and the corresponding inven-
tory list. Methods from standard statistics are rather designed for random
phenomena with an infinite horizon. Such methods cannot readily be used for
the analysis of finite populations.

The present paper is arranged in the following parts. Paragraph 2 in-
troduces the data conformance problem in processes (superpopulations) and
lots (populations). Paragraph 3 discusses the problems of statistical tests for
data conformance in finite populations. Paragraphs 4 and 5 introduce a formal
model for superpopulations (processes), and finite populations (lots), and sam-
pling therefrom. The restricted stratified sampling scheme is formally defined
by paragraph 6. Paragraphs 7 and 8 describe the implementation of restricted
sampling for testing conformance of book and de facto values. Paragraph 9
discusses properties of the restricted stratified sampling scheme.

2 Data Conformance in Processes and Lots

Consider discrete items 4, e. g., retail articles , invoices, transaction records in
an ERP data base. FEach item i is assigned two characteristic quantities W; and
Vi, mostly in monetary terms. W is the de facto value, e. g., the true monetary
value of article ¢ in an inventory, the true amount of money invoiced from a
customer, the true value of a sales transaction. The book value V; allegedly
reports the true value, e. g., the monetary value of article 7 reported in an
inventory list, the invoice amount reported in accounting records, the sales
transaction amount kept in an ERP data base.

The items and item characteristics can be considered in two different re-
spects. i) In the framework of a process or superpopulation where the items
and their characteristics are repetitive realisations of a continuing random
business phenomenon, e. g., updating an inventory and the corresponding
inventory list, delivering an invoice to a customer and booking the invoice
amount in an accounting system, closing a sales transaction and recording
the transaction amount in the ERP base. ii) As a finite population or lot
where the items 1, ..., N and their characteristics are a completed segment of
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the underlying process or superpopulation, e. g., an inventory and the corre-
sponding list on a certain reference day, the invoices delivered over a certain
period and the corresponding accounting entries, the transactions closed over
a certain period and the corresponding ERP records.

Testing for data conformance, i. e., the conformance of book values to
de facto values, is the essential purpose of auditing. Conformance can be
defined in various ways. The subsequent interpretations are most popular.
i) Itemwise conformance: Data for item 4 are conforming, if V; = W;, and
otherwise nonconforming. For process auditing of itemwise conformance, the
target parameter is the probability P(V; = W;) of the itemwise identity of
book and de facto values. For lot auditing of itemwise conformance, the target
parameter is the relative frequency of items i € {1,..., N} with V; = W;. ii)
Conformance of means: Data are conforming, if the mean of the book values is
sufficiently close to the mean of the de facto values. For process auditing, the
target parameters are the process book value expectation E[V;] = uy and the
process de facto value expectation E[W;] = uw. For lot auditing, the target
parameters are the lot book value mean V = % Zf\]zl Vi and the lot de facto

W= L3N .
value mean W = + > .0, Wi.

Subsequently, we consider auditing for conformance of means. The mean-
ing of “sufficiently close book and de facto means” is specified by impos-
ing a bound 7 for a tolerable misstatement, i. e., a tolerable deviation of
the book mean from the de facto mean. Hence auditing for conformance
of process means amounts to testing the process conformance hypothesis
H:|py — pw| < 7, and auditing for conformance of lot means amounts to
testing the lot conformance hypothesis H: |V —W/| < 7. The tolerance param-
eter 7 is often calculated as a percentage of the known book value mean V,
ranging from 0.5% to 10.0% of V. 7 = 0.02V, i. e., 2% of V, is often used.

3 Statistical Testing of the Data Conformance
Hypothesis

We consider statistical testing of the lot conformance hypothesis H: |V—W| <
7 based on paired samples (X1, Y1), ..., (X,, Yy) of book values X; = V,, and
de facto values Y; = W,, of randomly sampled items vy, ..., v,.

Risk based auditing schemes contain a guideline on how to specify the error
bounds for a statistical test H: |V —W/| < 7. The detection risk DR is identified
with the probability of erroneously accepting H. DR can be calculated from
the basic equation AR = IR x CR x DR by specifying AR, IR, CR, and
then solving for DR = AR/(IR x CR). However, it is a serious problem that
the existing statistical methodology is rather inappropriate for the empirical
analysis of the lot conformance hypothesis H: [V —W| < 7. Standard statistics
provides two approaches.
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i) The explorative appoach considers H: vV - W| < 7 as a hypothesis on
two unknown means V, W. This approach amounts to testing H by comparing
the empirical mean of the pairwise sample differences Y; — X; of de facto and
book values with 0.

ii) The comparative appoach considers H:|V — W| < 7 as a reference
hypothesis with the prescribed and known book value mean V as the reference
value. This approach amounts to testing H by comparing the empirical mean
Y of the de facto sample observations Y; with the known book value mean V.

Both approaches have advantages and disadvantages, but in final analysis
both are not fully adequate for the analysis of the lot conformance hypothesis
H:|V —W]| < 7. The advantage of the explorative approach i) is that by con-
sidering Y; — X; the positive correlation between the paired sample variables
X; and Y; is used implicitly to reduce the sample variance. The conceptual
problem is that V is actually not unknown, but completely known as the pa-
rameter of a finite population. The latter aspect is accurately reflected by the
comparative approach ii), whereas the method of comparing the sample de
facto mean Y with the population book value mean V makes no adequate
use of the correlation between book and de facto values. In auditing practice,
the deficiencies of either of the two approaches may lead to irritations, as
illustrated by the subsequent example 1.

Ezxample 1 (testing conformance of means). Consider a population of N = 17
items with book values V; and de facto values W; given by the following table:

11123456 7 8 91011 12 13 14 15 16 17
Vi{0 0000 0 50 50 50 50 50 100 100 100 100 100 100
W;l000000 = % % % %100 100 100 100 100 100

Vi—=W;l000000 « x « *x x 0 0 O O 0 O

N

We consider the population as given, without recurring to an underlying
process model. The book value mean is V' = 50.00. Let n = 2 items be selected
at random without replacement from the N = 15 items. Then for all samples
(i,7) constituted from the set 1,....,6 we have Y =0 = X, Y — X = 0, and
for all samples (4, ) constituted from the set 12, ...,17 we have Y = 100 = X,
Y — X = 0. Hence P(Y € {0,100}) and P(Y — X = 0) both have the lower
bound 2(5) /(%)) = 0.221.

Consider the tolerance parameter 7 = 1.00 which amounts to 2% of the
book value mean.

The explorative approach i) interprets H: \V W] < 1.00 as a hypothesis
on unknown means, and tests by comparing Y — X with 0. Any reasonable
method would have to accept H: |V — W| < 1.00 under the result Y — X = 0.
However, in view of the actually known book value mean V = 50, this decision
seems implausible. The client would feel fine, whereas the auditor would feel
uneasy to attest a de facto mean of 49.00 < W < 51.00 based on sample
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averages strongly deviating from 50.00. The implausible result occurs with a
probability of at least 0.221.

The comparative approach ii) considers the book value mean to be known
and considers the conformance hypothesis in the form H:49.00 < W < 51.00.
H is tested by comparing the sample de facto average Y with the book value
mean V = 50. Any reasonable method would have to reject H:49.00 < W <
51.00 under Y = 0 or Y = 100. This decision is implausible rather from
the client’s perspective. The auditor will feel on the safe side, whereas the
client will complain not to be approved although his books are in complete
accordance with the de facto values. The implausible result occurs with a
probability of at least 0.221. .

A method is required which preserves the advantages both of the explo-
rative and comparative approach without incurring their inadequacies and
irritating implications as illustrated by example 1. In particular, the following
requirements should be observed. 1) The lot book value mean V is known.
Hence it is basically better to follow the comparative approach, i. e., to es-
timate the de facto mean W by the sample de facto mean Y, and then to
compare V and Y. 2) The use of the correlation between the book and de
facto values, which is implicit in the explorative approach, should be intro-
duced in the comparative approach. In particular, the correlation should be
used according to two objectives: i) to avoid the implausible rejection of the
conformance hypothesis on grounds of samples which exhibit good itemwise
conformance between book and de facto values, but bad conformance of the
sample de facto mean Y with the lot book value mean V, see example 1; ii)
to reduce the variation through sampling, and in consequence to reduce the
amount of sampling.

The guidelines 1) and 2) lead to the methods of restricted random sampling
and restricted stratified sampling. The subsequent paragraphs 4 and 5 provide
the basis for a formal definition and technical analysis of the restricted ran-
dom sampling policy on grounds of an appropriate process, lot, and sampling
model. Restricted random sampling is formally defined by paragraph 6 and
further investigated by paragraphs 7 through 9.

4 Process Model, Lot Model, Sampling Model

Paragraph 2 distinguishes an underlying process or superpopulation and the
resulting finite lot or population. The present paragraph gives a formal and
more refined account of this distinction.

The process and the resulting finite population are classified into strata, i.
e., particular processes and particular resulting populations of different origin
or properties, e. g., articles of different price range or from different storage lo-
cations, invoices of different order of magnitude, transactions of different size
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or from different branches or departments. In some cases, the strata are pre-
defined in a natural way, in particular by location characteristics like storage,
branch, department. The strata can also be defined by the sampling design
to minimize the sampling variance, see for instance the allocation policies by
[12] and [9], and the exhaustive survey by [4]. Table 1 shows an arrangement
into k strata with k£ underlying processes and corresponding resulting stratum
populations of sizes Ny, ..., Ni. The stratum population [ consists of items la-
beled (1,1), ..., (I, N;). Each item (I, j) is associated with a book value V;; and
a de facto value Wj;. These values are arranged into the book value vector
Vi = Viu,..,Vin,)" and the de facto value vector W; = (Wiy, ..., Win,) "
The total process and, respectively, the total population is constituted by the
weighted mixture of the strata with stratum weights ¢1, ..., qx, g1 +...+qx = 1.
The finite total population consists of N = Ny + ... + N items, where the
stratum weights can be expressed as ¢, = N;/N.

Table 1. Process strata and population strata.

infinite stratum process population stratum
oy Vi1, Via, ... Vi= Vi, Ving) "

stratum 1 ’ ’ ’ B
ey Wi, Wha, ... Wi = Wi,.., Win,) "
ey Vi1, Via, ... Vi = Vit oo, Vien,) "

stratum k ’ ’ ’ Tk
oy Wity Wiz, o [ Wy = (Wi, oo, Wi, ) T

Table 2. Process strata characteristics and population strata characteristics under
strata weights q1 + ... +qx = 1.

process stratum characteristics population S'tI‘E?tum
characteristic
7 N

stratum 1 BVii] =y, VIVii] = ijv Kl - NLl Z]{Fll Vi
EWu] = pw, VIWu] =oiw | Wi = 5= 370 Wiy
| = . 1= 42 v _ L' Nk Ve
stratum k E[Vii] — HEV: VIVii] ~ kv | ZF T N Z]JV? ki
E[sz] - /.aLkA’W, V[sz] = O’kJV Wk = N_k Ej:l Wk7

k — & _

total E[Vi] = E;;l qpve V= Zlézl oV

E[Wl] = 2121 QWL W = El:l qW,
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The relevant process and lot parameters are displayed by table 2. The
underlying process has an infinite horizon. Hence process characteristics have
to be defined as parameters of the probability distribution of the random item
characteristics V' and W. The process is assumed to be stable, such that the
distribution remains invariant over time. The book process mean in stratum
[ is defined as the invariant expectation py; = E[V}] of the book values V;
generated by the [th stratum process. The de facto process mean in stratum
[ is defined as the invariant expectation pw,; = E[WW] of the de facto values
Wi generated by the [th stratum process. The total process means are the
mixtures Zle Qv Zle qitw, of the stratum means. The finite population
means are empirical means, e. g., the average value of articles in an inventory
on a specific reference date, the average amount of all invoices billed in a
specified reference period, the average volume of all transactions stored in an
ERP base during a specified reference period. The book mean in stratum [ is
V, = N% Z;V:l]_ Vi;, the de facto mean in stratum [ is W, = NLZ Ejvzll Wi;. The

total population means are the mixtures V = Zle Vi, W = Zle W, of
the stratum means.

The value variance is a secondary characteristic of processes and popu-
lations. In accounting and auditing, the value variance is not a target char-
acteristic, and appears only as a nuisance parameter of statistical methods.
The process variance is defined as the stable variance of the item character-
istics as explained by table 2. In analogy to the definition of the population
mean, a population variance may be introduced as an empirical variance of
the item characteristics in the population. However, in view of the status of
the variance as a mere nuisance parameter, introducing a separate population
variance is redundant. The technical involvements can be handled with the
process variance in a satisfactory way.

The auditing targets are the population means V;, W;, and not the in-
dividual population vectors V;, W,. All populations with the same val-
ues Vi = 51,...,Vk = Vg, W, = @1,...7Wk = wy are equivalent. Hence
the stochastic analysis of finite population auditing is concerned with the
analysis of the conditional distribution of the population vectors Vq,..., Vg,
W1, ..., W}, under conditions Vi =0y, ..., Vi = U, W1 = W1, ..., W) = Wp.

The notations and quantities associated with sampling are explained by
table 10 in the appendix D. A sample of n; items from the population stratum
[ is represented by a sequence of numbers v, ..., v, picked from the item
labels 1, ..., N; in the stratum. The corresponding book values are denoted by
Xn=V,, Xy = Vyml , and the corresponding de facto values are denoted
by Y = WV“) ~--7}/lm =W,

Vin; *
For auditing practice, the only reasonable sampling technique is sampling

without replacement, i. e., the sampled numbers vy, ..., v, are pairwise dif-
ferent. The distribution of the sample number vector v; = (v, ..., Vi, ) de-
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termines the sampling design. The design of random sampling without re-
placement is characterized by the following properties (S1) and (S2). (S1) All
sequences ji, ..., jn, of pairwise different numbers from 1, ..., N; have the same
probability P(vj1 = ji1,...,Vin, = j1) = (NZN;I"”)' of constituting the sample.
(S2) The sample number vector v; is independent of the vector V; of book
values and of the vector W of de facto values.

5 Conditional Sampling Distributions

We analyse the conditional distribution of the sample vectors X, ..., X,
Yl,...,Yk under conditions Vl = 517--'771@* = Ek? Wl = @1,...,Wk = Wy
under random sampling without replacement. For this analysis, we need two
types of assumptions on the generating strata processes: i) Assumptions on the
relations between different strata processes. ii) Assumptions on the inherent
properties of each individual strata process. The relevant assumptions in the
respects i) and ii) are summarised by table 3. The assumptions of independent
strata and of an i.i.d. stratum process are not problematic. Assuming a normal
distribution within a stratum is more controversial. Many business data are
rather skewed than symmetric and have no normal shape. However, the basic
objective is to analyse the sample means X, Y. For these quantities, a normal
distribution is at least a good approximation.

Table 3. Process properties.

stratum strata independent, i. e., pairs (V1,W1),...,(V, W) independent
relation
model

basic stra-| stratum variables ( Via ) s een ( Vin, ) i.i.d., each with density f‘(,l)W

tum model Wa Win,
normal stratum variables Vi S een Ving i.i.d., each with normal
Wit Win,
stratum o2 s
model distribution N(u,;, ;) where p, = (Mv’l ), X = ( vib ot )
KWL Kl 0w,

Under the basic stratum model of table 3, the conditional sampling distri-
butions can be analysed by formulae for the conditional densities. The results
are displayed by table 4. The proof of these results is based on the fact that
for distribution calculations we can assume X = £ 3" |V, Y =1 3" W,

see [6] for a formal proof. "
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The conditional sampling distributions under the normal stratum model
of table 3 are normal distributions as displayed by table 5. The proof of these
results is given by appendix A.

Consider the sequence (X;1,Y:1)", ..., (Xin,, Yin,) | of pairs of book val-
ues X;; and de facto values Y;; in the sample asymptotically for large stra-
tum size N;. The first row of table 5 shows that asymptotically the pairs
(X1, YT, .., (Xlnl,Ylm)T are i.i.d., each with bivariate normal distribution
N(p;, X;). From normal distribution theory, see [3], p. 53, it follows that
asymptotically the pair (X;,Y;)" of sample means and the sample variance-
covariance matrix X, introduced by table 10 are independent.

Table 4. Conditional stratum sampling densities under the basic stratum model.
hyi is the joint density of arithmetical averages = > Vi, = > Wi,.

variables conditional density under V; =7, W; = w,

sample  vec- le’Yllvlzgl’leﬁl(wvy) =
tors Xy,

n (1) Nyv,—> x; Nyw;— i
Y, N, 2 (Hi:ll V,W(mi7yi)>th—"l ( ZNZI_%Z J le—nZly )
Nl — Ny

h, (01, W)

%mp_le means fyl ??l |Vl =7y ,Wl =wy (IE, y) =

X1, Yy , _
Nivj—nx N;yw;—n
(N e (S5 )
Ny —m h, (U, i)
— Nyw;—n
) B N; hn, (y)th—nz (Ul? #)
%}mp € mean f?l |V =%, W=, (y) - N, —n; th (ﬁl,ml)
l

6 Restricted Random Sampling and Restricted Stratified
Sampling

Restricted random sampling from a stratum [ is defined by a restriction pa-
rameter § and the following steps (RS1), (RS2).

(RS1) Select a random sample without replacement from the stratum items
1,00 Vg

(RS2) If | X; — 77| < dov,/e; where e = L Nll: Evaluate Y, terminate. If

ny

| X, — | > dov,\/e: Discard the sample, return to step (RS1).
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Table 5. Conditional stratum sampling distributions under the normal stratum
model.

variables conditional distribution under V; = vy, W, =w,

sample  vec-| normal distribution of dimension 2n; with
tors X,

— p— _ vl
Yz E[(XZ,YI)T“/l = vy, Wl = wl] = <Uz ¢ )
wglnl

T %> — —
COV[(X[,Y;) |Vl Z’UZ,WI :wl] =
2 2
O'V’lInl "flInl 1 O'Vyl]-nl,nl /Ql]-nl,nl
2 - N 2
KlInl UWlInl N "ﬂlnl,nl UW,llnl,nl
sample means| bivariate normal distribution with

Yla Yl Yl _ o El
E[<7l> WVi=w,W,=w] = (Ez)

X\ = - — _
COV[<7;>|VIZUJ,Wl=wz] = eX, e = nil_NLl

sample mean| univariate normal distribution with

Y - = - =
! E[Y1|Vl Z’l}l,Wl :wl] = wi, V[Yl|Vl :’Uz,Wl :wl] = 610‘2/‘/71

Applying the algorithm defined by the steps (RS1) and (RS2) to each
stratum [ = 1,...,k we obtain restricted stratified sampling. We give a brief
survey of the properties and potential advantages of restricted sampling. A
more detailed discussion follows in subsequent paragraphs 7 through 9.

1) In comparison with simple random sampling, restricted random sam-
pling involves no additional difficulties or costs. The only additional require-
ment is the knowledge of the book values in the lot so as to calculate X, 7;,
and oy;. This requirement is fulfilled without additional expenses.

2) The implementation of restricted random sampling requires the specifi-
cation of the restriction parameter 6. The numerical analysis of real auditing
data and of simulated data shows that 0.5 < § < 1.0 are reasonable choices.

3) Restricted sampling conforms to the objective i) established by para-
graph 3: Implausible inferences as illustrated by example 1 are avoided.

4) Restricted sampling conforms to the objective ii) established by para-
graph 3: By using prior information, restricted sampling achieves lower sample
sizes than unrestricted sampling.
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7 Inference on the Population De Facto Mean under
Restricted Random Sampling

The theoretical analysis of restricted random sampling in the lot model
amounts to considering the conditional sampling distribution under the addi-
tional condition |X; — 7| < dov,+/e; or, equivalently, 7y — dov,\/e] < X, <
U + 60v,4/e;. The main properties of this distribution are collected in table
6. The proofs of the results are provided by appendix B. For the analysis of
the distributions it has to be noted that the basic stratum model of table 3
postulates independent strata.

In the conditional population situation, the book value stratum means
v1,...,0; and the book value population mean v = ¢;01 + ... + qx U are known
in a strict sense. The model of paragraph 4 considers only the process stratum
variances o7 v, ..., 0 v, without population counterparts. Since the numbers
N; of stratum book values is large, the process variances o7 v, ..., a,%’v can be
estimated with high precision, and can also be assumed to be known. The de
facto parameters wy, ..., W, W = @1W1 + ... + @p W, aiw, - a,%ﬁW have to be
estimated from the stratum samples of sizes nq, ..., ng.

The inference on the de facto population mean w under the normal stratum
model is described by table 7. The variances and correlations are involved as
nuisance parameters. The properties of the stratified sample mean Y are
immediately evident from the facts given by table 6. If the variances O‘%VJ
and correlations p; are all known, the approximate normality of Y allows to
calculate an approximate confidence interval for w based on quantiles of the
normal distribution N(0,1) as displayed by table 7.

Table 6. Conditional sampling distributions under the conditioning event C' =
{Vi=v,W,=w,v,— dovive < X <t +dov/eforl =1, .., k} in the normal
stratum model of table 3.

moments  of| E[Y;|C] = @, V[Yi|C] = oiv,eih

Yi S S R )
b ny Nl’ b pL 2‘15((5) 1
asymptotic the asymptotic (IV; large) distribution of 832/’1 under C' is the same
distribution as under V; =7y, W; = wy, 1. e., m{—ngzl is asymptotically
2 V. ’
of Sy, distributed by x*(n; — 1) with E[S},|C] ~ o},

asymptotic Y., Sf/’l are asymptotically (for N; large) independent under C
relation of Y7,
St
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Table 7. Inference on the population de facto mean w = q1w1 + ... + gxwy under the
conditioning event C' = {V; =0, Wi = w;, Ui —dov,\/e1 < X < U+0ov,4 /e forl =
1,...,k} in the normal stratum model.

coefficients

estimator of w

N, o 20 (5) 11
q N7 l 12 2@(6)_17 €l ny Nl
W =Y = Zle aY, (stratified sample mean)
EY«lCl=w, V[¥«|C] = X5, ¢teihuoiy,

under C, Y is approximately normally distributed for large k

estimator of| V[Yst|C] is estimated by SSQtTY = Zle GeihiS,
V[Ys|C]  when
021,002, un-| under C, S% 5 is approximately unbiased when Ni, ..., Ny large
known, p1,..., px
known
estimator of| 2% = ni(n — 1) Sg(,Y,l _om 1

B 2 2 Q2 2
PLQ when O-%V,l ny +1 UV,lSY,l n;y +1
unknown, )
unknown

N 20 (0

estimator of | h; is estimated by h; = 1 — ﬁz ﬁ()l
V[V|C]  when| (k) -1
0‘2/[/,1,...,03;;,;c un-| V[Yst|C] is estimated by SSQtTY =, qfelhl‘g%l
known, p1,..., px . . ' B
unknown under C, S5 y is approximately unbiased for V[Y'st|C] when

Ni, ..., Ni large

approximate level
~ confidence in-
terval for w

Yt — 20st.y; Yst + 20sty) where z = z (£2) is the
( , x) (2

1001—42'7-%—quanti1e of the inference distribution

Ost,y when
2 2

UW,I? ceey UW,ka

P1, -, Pl kKnown

Ost,y = Ele q?elhla‘%v,,, and the inference distribution is N (0, 1)

Ost,y when
2 2

Ow,15 -+ OW,k

unknown

Ost,y = SSQt’y and the inference distribution is the central ¢

4
Sy

-2
distribution t(v), v = (quzelhlS%O S (gPeil in_l

h; is inserted for h; if p1, ..., pr are unknown

Consider the case of unknown stratum variances U%VJ, s O"Z/VV 1> but known
stratum correlations p, ..., pr. In this case, the approximate unbiasedness of
the stratified sample variance S2 , = 37}, qieihi Sy follows from E[S5,|C] ~
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0'12/“ see table 6, and the definition of Sszt,y- An approximation of the distri-

4
bution of > ¢ elhlanS ;. v/ (gPerhy)? 22L) can be constructed following

nl—l

the approximation scheme suggested by [10], [11] and [13]. The distribution

of
YogaSy, o YigialSy,
E[El ql2€lh1512/71|c] (Zl qgelhlalz/v,l)

is approximated by the x?(v) distribution with the same variance as Z,,. Hence
v is determined from

Z, =

2 4

| 14 W,
v = V[Z,|C] ~ 2 Zerhy)?—
v [ | ] (Zl q?elth_‘Q/V’l)g EI:(QZ € l) n — 1

Solving for v provides

_ (> QIzelhlU%/Vl)Q (1)
S (q2erhn)> 2k

By the results of table 6, Y4 and S2 sty are asymptotically independent for
large stratum sizes Ny, ..., Nj. For a large number k of strata, the weighted
sum Y is under C' approximately normally distributed. Hence the ratio

Yyt —W 2
2 _
Vb, (Z bl"WJ) Yo — W
- =
S bio%, oo S 2 Tl Sst,y
2 UéV.l St,Y ! nl_l
Z bl n;—1

is approximately distributed by the central ¢ distribution ¢#(r). To calculate
the degree of freedom v, in formula (1) the unknown O"Q/V’l are replaced by the

estimates S%’ ;- This justifies the approximate confidence interval for w.

In the case of both unknown stratum variances o3y, , ..., o4y, and unknown
stratum correlations p1, ..., pg, the squared correlation estimators p7 suggested
by table 7 are plugged into the formula for Sftﬁy, which provides the estimate
SZy Zf L q?eliAzlS%l, and into formula (1) for the degree of freedom wv.
The approximate unbiasedness of the estimate SSt y for V[Y 4 |C] under large
N1, ..., Ny follows from the results of the appendix C: hlSY’l is approximately
unbiased for hiofy,;; Sy = Zz y gieihi ST, is apprimately unbiased for
V[Y4t|C] under known correlations p1, ..., p;, see table 6 and the related expla-

nations; hence SSt y = El 149 elhlSYl is apprimately unbiased for V[Y|C]
under unknown correlations DP1y - PI-

Table 7 considers confidence intervals for the unknown population de facto
mean W whereas paragraph 2 places special emphasis on a test of the lot con-
formance hypothesis H: |[v—w| < 7, or equivalently H:v—7 <w < v+7. The
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confidence interval approach is more general, more flexible, and more infor-
mative. A test for H: 7 — 7 <w < 7+ 7 can easily be defined on grounds of a
two-sided confidence interval B for w by the following rule: H is accepted, if
B C [v—7;v+7]; H is rejected, if BN[v—7;7+ 7] = 0; otherwise the decision
amounts to indifference. Under the confidence level «, the probability of erro-
neous acceptance and the probability of erroneous rejection are both bounded
by 1 — ~. Hence, following the discussion in paragraph 2, the confidence level
should be chosen as 7 =1— DR =1 — AR/(IR x CR). The confidence in-
terval conveys much more information than the test. The auditor obtains an
information about the location of the unknown population de facto mean w
in comparison with the population book mean v.

8 Selection of Sampling Weights and Total Sample Size

Previous paragraphs considered the the total sample size n and the sampling
weights d; = n;/n as prescribed. For applications, we need an algorithm for
planning the sample size and the sampling weights. We frame such rules by
adapting techniques from classical survey sampling. As in classical survey
sampling, the planning phase assumes the de facto variances 0"24/’[ and the
correlations p; to be known. In practice, JIQ,W is estimated by the book value
variance 0‘2“. Assigning values to the correlations p; is more difficult. An
auditor can use three sources of knowledge to determine the correlations: 1)
Estimators from previous audits. 2) Small trial samples to get rough initial
estimates. 3) Rules of thumb to express the auditor’s confidence in the auditee
be assigning appropriate values of the correlations.

For unrestricted stratified sampling, [12] and [9] calculate sampling weights
d; = n;/n which minimize the variance of the stratified sample mean Y
under a sampling cost function C' = ¢o + Ele cny. The same approach can
be used under restricted random sampling, with results displayed by table 8.
The derivation is completely analogous to the derivation under unrestricted
random sampling, see [4], pp. 97-98.

The purpose of sampling is to obtain precise information on the de facto
population mean w = ¢qw1 +...+qiWg. A reasonable measure for the precision
of sampling inference is the length of the confidence interval for w calculated
according to table 7. To determine a lower limit for the sample size n, an upper

limit A is prescribed for the length 2z\/ Zle gieihiogy, of the confidence

interval, see table 7. The resulting lower limit for n is displayed by table 9.
The derivation of the result is based on simple algebraic manipulations.

The number k of strata can be chosen by algorithms familiar from classical
survey sampling, see [4].
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Table 8. Neyman-Tschuprow sampling weights d; = n;/n under restricted sampling.
Coefficients ¢; and h; defined by table 7.

aow.iv M
cost function C = ¢o + Zle ey d = = qﬁw’m —
m=1 NS
i ow,vVh
cost function C' = ¢o + cn d _ Qow,ivVh
Em:‘l dmOwW,mV han
. i . o
cost function C' = ¢o + cn, identical | d; = #
correlations p1 = ... = px > me1 ImOW,m

Table 9. Choice of total sample size n under restricted sampling. Coefficients ¢;
and h; defined by table 7.

prescription | length of level v confidence interval for the de facto population mean
w smaller than A, i. e., 22\/2le qfelhlaa/’l <'A
where z = 2 (HT”) is the IOOHT”%—quantile of N(0,1)
k h
2121 q12 #Ua/,l

A2 1 k 2
el ) D qhioyy,

sample size

9 Discussion of Restricted Sampling

We discuss the aspects 2), 3), and 4) mentioned after the definition of re-
stricted random sampling in paragraph 6: 2) the choice of the restriction
parameter 0, 3) the potential of restricted sampling to avoid implausible in-
ferences as illustrated by example 1, 4) the potential of restricted sampling to
achieve lower sample sizes than unrestricted sampling by using prior informa-
tion.

Aspects 2) and 4) interfere. The prior information is conveyed by the
correlations p;: Increasing p; amounts to increasing confidence of the auditor
in the quality of book values. The correlations affect the sample size formula
of table 9 through the coefficient h;, where the latter is defined by table
7. h; is decreasing in p; and increasing in J. From table 9 it is easy to see
that consequently the sample size lower limit is also decreasing in p; and
increasing in §. Too large values of § counteract the reducing effect of the
confidence parameter p;. As an illustration, figure 9 displays the lower limit
of the sample size according to table 9 as a function n(p) of a homogeneous
correlation p = p; = ... = py, for 6 = 0.75 and § = 1.50. The figure is based on
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a set of real inventory book data. The number of strata was prescribed with
k = 10. The strata boundaries and the resulting strata means and variances
were determined from the real book values by the algorithm of [5]. As usual
in planning stratified sampling, see [4], the unknown de facto variances were
identified with the book value variances. Figure 9 shows a strong effect of the
confidence parameter p for § = 0.75 and a much smoother effect for § = 1.50.
For auditing practice, a strong effect is desirable. Hence 0.5 < 6 < 1.0 are
reasonable choices.

0=0.75 0 =1.50
n(o) n(o)
200 200
150 150
100 100
50 50
o P
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.5 1

Fig. 1. Lower limit of the sample size according to table 9 as a function n(p) of a
homogeneous correlation p = p1 = ... = py in the strata l =1, ..., k.

To discuss the potential of restricted sampling to avoid implausible in-
ferences as illustrated by example 1, consider the data of example 1 as one
stratum. We have v = 50.00, oy = 43.30. For sample size n = 2 we have
e = % — % = 0.44. For moderate restriction parameter § = 1.5 we ob-
tain doy+/e = 43.14. According to the restricted sampling rule, samples with
|X — 9| > doy+/e = 43.14 are discarded. For samples constituted either from
numbers 1,...,6 or from numbers 12,...,17 we have | X — 7| = 50.00 > 43.14.

Hence the samples entailing irritating inferences are discarded.

10 Conclusion

Restricted stratified sampling is a method specifically designed for the purpose
of sampling based analysis of the conformance of book value averages and de
facto value averages in finite populations. Used for this purpose, standard
survey sampling techniques may run into intolerable conclusions. Although
the theory of statistical inference from restricted sampling is more involved
than for standard stratified sampling we have demonstrated that the method
can be arranged into a practically manageable and simple inference scheme.

The planning of restricted sampling with respect to stratification and sam-
ple size requires the prior specification of the correlation between book and
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de facto values, see paragraph 8, in particular tables 8 and 9. This is an im-
portant practical issue which, however, goes beyond the scope of the present
introductory paper. Further research should concentrate on providing practi-
cally useful and usable solutions to this problem.

A Proof of the Results of Table 5

The conditional sampling distributions displayed by table 5 can be obtained
by inserting into the density formulae of table 4, or by using the following well-
known theorem on conditional distributions under the multivariate normal,
see [3], p. 29.

Theorem 1 (Conditional Distributions under the Multivariate Nor-

mal). Let Uq be a ki-dimensional, Uy a ky-dimensional random vector and
letU" = (U] ,U,). Let U have the (k1 +ko)-dimensional normal distribution

N(p, X) where
— 251 3 — 21 r >
124 <“2> ) (FT 22 )

w; = ElU,;], ¥; = CovU,|. Then we have:

(a) The random vectors U, — I'Y5 Uy und Uy are independent.
(b) For any uy € R¥2 the conditional distribution of Uy under the condition
Uy = usy is the ki-dimensional normal distribution with

EU Uz =us] = py + T'X5 (uz — py),
CollU Uy =uy] = X, — I'E;'r". .

The following multivariate distributions are easily found.

1) The distribution of G = (X,Y,V,W)T is the multivariate normal of
dimension 2n + 2 with

0_2
,U'V]-n U\Z/In KIn T\[Kln %lvn
2
I 21, =1, w1,
BlG) = | M o) = | S Twie N N 2)

hy S U

Hw Tw1T & Ty

N ™n N N

2) The distribution of H = (X,Y,V,
mension 4 with

)T is the multivariate normal of di-

T i1y l»
E[H] = (pv,pw,pv,pw) , CovlH]| = (iz ﬁZJ) : (3)
N& N

3) The distribution of K = (X,V,W)T is the multivariate normal of dimen-
sion 3 with
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i T 1 K
EK] = (pv,pv,pw)’, Cov[K]=( n T _ ), v=— . (4
(K] = (nv, pv, pw) ov[K] (7 %2) B N<012/V) (4)

From these results and from theorem 1 we obtain the assertions of table 5.

B Derivation of the Results of Table 6

The moments of 71 under Vl = vy, Wl = wy, U] — 50’\/’1\/6_[ < Yl < v+
dov,iy/er are obtained by applying the subsequent proposition 1 to the results
of table 5 on conditional distributions under V; = v;, W; = w;,.

Proposition 1. Let the random pair U = (Uy,Us)" have a bivariate normal
distribution N(p, X') with

2
g1 K - . : K
Y = ! o |, i e., with correlation p =
K 92 0109.

Let a,b € R, a < b. Then we have:

(a) The conditional density fu,|a<v,<p of U1 under the condition a < U; < b
18

o2 — B2

2
Fontacvacslun) 1 o up — fig 2 of r—a
HA=m2= o1 o1

(b) The conditional first and second moments of Uy under the condition a <
Us < b are

a—p2\ b—p
ElUila<Up <b] = M+§:Eu):<(§ (6)
:

q
[N
~——

EUla<Uy <b] =

b—pog b—po
o9 2
p(z) zp(z)
2 2 2/\6/1/1 % "i2 %

oF + 4~ b -
o) e () e (Ge) e ()
g2 g2
(7)
(c) The conditional variance of Uy under the condition a < Us < b is
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V[Ulla <U;< b] =
( B b—pio wo 27
) a2
zo(z) o(z)
a—po a—p2
o3 1 — p2 a2 o2
o(te) o) |2 (t) -0 (522
o2 o2 o2 02
\ L 4 )

(8)
(d) In case of a = p2 — &, b= po + & we have E[Uirla < Us < b] = 1, and

, 2o ()
2% (U%) 1

Proof of assertion (a) of theorem 1. By theorem 1, the conditional distri-

bution of Uy under Uy = u; is the normal distribution with E[Us|U; = u;] =

Lo + gif(“l — 1), V[U2|Uy = uy] = 03 — ’;—; Hence we have

VIUila<Usy <b] = o0i¢1 —p (9)

f; fU17U2 (u17u2) dug f; fU:_,|U1:u1 (UQ)dUQfUl (ul)
fU1|a§U2§b(U1) = =
P(a < U <) P(a < U, <)

Assertion (a) follows immediately from the latter formula.

Proof of assertions (b) and (c) of theorem 1. By theorem 1, the conditional
distribution of Uy under Us = uy is the normal distribution with E[U;|Us =

ug] = M1+fg(uz—#2)a VU |Us = ug] = 0’%—%a and with E[UZ|Uz = us] =

2 2 2
o? — Z_g +u? + —’;g—l(uQ — p2) + 2_‘21(“2 — p2)?. Hence we have

f U f fUl,Ug(ULUZ)dUZdUl
u1 €R a<us<b

E[U1|(I§U2§b] = =

P(a S U2 S b)
I | wifugu,—u, (u1) dus fu, (uz) dus
a<uz<bui€R —
P(a < U, <) B
12 (1 + 25 (02 = p12)) fury () dua
P(a < Uy < b) B
b— o
o2
—p(z)
p (f ULZ U20—2M2 © <U2U—ZM2) dUQ o %2
ot T Pla<U, <b) Mt L Pa<lh<h)

and
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f up f Ju, v, (U1, uz) dug duy
BlUfja<Up <] = W52 _

P(a < U, < b)
I ] udfuv=u () dur fu, (uz) dus
a<us<bu, €R B
P(a < Uy <) B
ff (a% — jj—; +ud+ %gﬂ(uz — pi2) + ﬁ—;(w - Mz)Q)ng (uz) duz
P(a < Us <) B
bf_p,z
a2
—p(z)
L e +_2f“ o TP
o3 Mt o2 P(a<Uy<b) 05 Pla<Uy<b)
by bepiy
D) o2
() (2(2) - 2p(x)

y K2 o 26 oz K2 e
T T T T T Pla<la<h) o2 Pla<Uz<b) -
bpy bopp
a2 a2

o(z) zp(z)
2K 111 e K2 e

2 2 _r "oy
o1t oy Pla<U; <)) 02 Pla<Uy <b)’

The results of table 6 on the asymptotic (IV; large) conditional distribution
of 53, and the conditional independence of Y, S5, follow from the asymptotic

independence of (X;,Y;)" and S%,J under V; = 7;, W; = @, and from the
resulting asymptotic equation

PVl =7,,W = (YZEASYZEBlXIGC) ~
PV1=§1 W, =0, (Vl € A7Yl S C)
PV;—E; Wl_wl (Xl S O)

2 (V1 € A[X € C) Py, 77, (S%, € BIX, € C) .

2 ~
PV[ =7 7Wl =w; (SY,l € B) -

PVz =7, W=

C Derivation of the Asymptotically Unbiased Estimator
of hla' ‘2;‘,’ l

Consider the estimator 7 = 1 — ﬁfﬂ% introduced in table 7. We

demonstrate the asymptotic (/N; large) unbiasedness of ?LlSXQ/J for hla‘z/v,v’l. The
essential step to this result is contained in the following proposition 2.
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Proposition 2. Let Z1,...,Z, be a sequence of i.i.d. random vectors of di-
mension K with E|Z ) = &,,, Cov|Z|] =T, Vabrs = E[ZmaZmbZmrZms) for
eachm=1,...n, 1 <a,b,r,s < K. Let

~ 1 < _ _ 1 i I
P = 3 (Zu-D)Zn-2) - n_l{E:zﬁzg—nzzT}
m=1 I=m
Then
~ ~ n®—2n+3 1
Eh/abf)/rs] m%b%s + Eyabrs fOT’ 1 S a, b,?“, S S K (10)

and if each Z,, has the K-dimensional normal distribution N(0,I") we have

N n?+1 1
ERZ) = )7§b + . YaaVeb for 1<a,b< K. (11)

nin —1

Proof of proposition 2.  Obviously one can assume &,, = 0. Because of the
independence of Z1, ..., Z,, we have for 1 < a,b,r,s < K

EZioZjyZ1, X:ms) = 0, if one of the indices ¢, 7,1, m differs from all others,
YabVrs 1fl=]7 = m, i 7& l,
E[ZiaZijerms] =
Vabrs, ifi=7=1=m.

Hence for 1 < a,b,r,s < K

(TL - 1)2E[:y\ab:y\rs] =

n n

E[(Zziazib_%zzzjazlb)( z Zerms_%ZZZpths)} =
i=1 m=1

j=11=1 p=1t=1

n

SN Bz ) + 5 OSSN Bl Iy ]

i=1 m=1 j=11=1 p=1 t=1

n n n n n n
1

- %ZZZE[ZiaZinpTZtS] - E ZZE[ZermSZjaZlb] =

i=1 p=1t=1 m=1j=1[=1

1
[n(n - 1)7pb77's + nVubrs] + ﬁ [3n(n - 1)’)/ab7'rs + nVab7's:|

2
- E [n(n - 1)7(16'77”8 + nVabrs] =

2 2
n°—2n+3 n—1
(n - 1) n YabVrs T ( n ) Vabrs-

Dividing the latter expression by n — 1 we obtain the equation (10).
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Let each Z; have the K-dimensional normal distribution N (0, I"). Then
from [3], pp. 38-39,
Vabab = 272b+7aa7bbv

and the second result expressed by equation (11) follows from inserting into
equation (10). °

Table 5 shows that for large N; in the conditional distribution the vectors
Zim = (Xim, Yim) T, m = 1, ..., ny, satisyfy the assumptions of proposition 2
with K =2, n=ny, § = (v;,w;) ", I' = X;. Hence for N; large

E[S% v,

and consequently

nl(nl—l) 2 (nl 1)0\2/,1 2
EESH SX,Y,Z_—le+1 Syq| = K (12)
Hence
~ o 20p(0)
B3] = B[St~ Mg oSt =
o _plmu=1) g (m—Doy o | 2000@)
Wit nZ41 DXV Tz Y 9g gy -1 P
2
2 K 200(6) o
wi 02, 20(6) -1 oiwih

D Sampling Notation

The subsequent table 10 explains the notations associated with stratified sam-
pling, see paragraph 4.
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Table 10. Description of samples.
formal notation interpretation
Ny ey N sample sizes in strata 1,...,k

n=mni+..+ng

total sample size

oL, Bk weights of strata 1, ..., k in the total sample of size
n n

n
Vi1, ooy Viny numbers of items sampled from stratum [

X1 = Vi Xty = Vo,

book values of the n; items sampled from stratum

l

vector of book values sampled from stratum [

sample mean of book values in the sample from
stratum [

Yo =Wy, ooy Win, = W,

Ving

de facto values of the n; items sampled from stra-
tum {

Y, = (Mla'”a}/lnl)—r

vector of de facto values sampled from population
stratum [

N 1 n
Yi= ny 2141 Yii

n

sample mean of de facto values in the sample from
stratum [

S%i = ik (Ya = Y1)

sample variance of de facto values in the sample
from stratum [

Sxyvi =

nl—l

5 M (X = X)) (Y — Yy

sample covariance of book and de facto values in
the sample from stratum [

= Sgc 1 SX Y,l
3 = : 2%
! (SX,Y,I 532/,1

sample variance-covariance matrix of the sample
from stratum !
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Summary. We consider statistical edits defined on a metric data space spanned by the non-
key attributes (variables) of a given database. Integrity constraints are defined on this data
space based on definitions, behavioral equations or a balance equation system. As an
example think of a set of business or economic indicators. The variables are linked by the
four basic arithmetic operations only. Assuming a multivariate Gaussian distribution and an
error in the variables model estimation of the unknown (latent) variables can be carried out
by a generalized least-squares (GLS) procedure. The drawback of this approach is that the
equations form a non-linear equation system due to multiplication and division of variables,
and that generally one assumes independence between all variables due to a lack of
information in real applications. As there exists no finite parameter density family which is
closed under all four arithmetic operations we use MCMC-simulation techniques, cf. Smith
and Gelfand (1992) and Chib (2004) to derive the “exact” distributions in the non-normal
case and under cross-correlation. The research can be viewed as an extension of Kdppen
and Lenz (2005) in the sense of studying the robustness of the GLS approach with respect
to non-normality and correlation.

1 Introduction

Fellegi and Holt (1976) published a break-through paper on automatic editing and
imputation. Wetherill and Gerson (1987) put together the methodology about edits
as validation rules on symbolic, logical, probabilistic and relational data sets. Lenz
and Rodel (1991) extended validation rules to statistical edits, and Lenz and
Miiller (2000) to fuzzy edits in the case of metric data spaces. Liepins and
Uppuluri (1990) published their view and pragmatics on data quality control.
Aitchison (1986) considered non-negative measurements that sum up to unity.

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6 17, © Springer-Verlag Berlin Heidelberg 2010
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Recently, Batini and Scannapieco (2006) put together the methodology about data
quality known in both areas ‘Statistics’ and ‘Database Theory’.

In the following we are concerned with statistical edits, i.e. validation rules based
on a fully specified model and defined on a metric data space. The model is
assumed to be correctly specified. As an example think of sales = profit + costs as
a linear equation which is true due to definition. Note, that the fundamental
economic equation “sales = sold quantity * unit price” is a non-linear relation.
Such relations can be represented by an error-in-the-variables model. Let £ be a
p-dimensional vector of error-free variables and x the corresponding observation
vector with superimposed measurement errors u, i.e. we have £ = x + u as state
space vector. The available knowledge about definitions and balance equations §'=
H(¢) is encapsulated in the observation equation system with fixed dimension ge
N. It is modeled as z = H(€) + v where z is a g-dimensional observation vector and
v an additive noise vector independent of u. If all state equations (definitions and
balance equations) are linear, then H is a (gxp) observation matrix. Generally,
some equations are non-linear leading to H: dom(& ) — dom(z). Lenz and Rodel
(1991) showed for linear models that, given the data (x, z) and the observation
model H, & and { can be estimated by a generalized least-squares (GLS) approach

by £=x+K(z—Hx) and g’:Hx where K = PH'(HPH'+R)'and the
covariance matrices of the errors u, v are given by P=3, ~and R=Y,. The

estimators are best (UMVUE) for a quadratic loss function if u, v are jointly
Gaussian distributed.

In the following we shall relax the assumption of a joint Gaussian distribution and,
moreover, assume cross-correlation between the variables according to some prior
information. This implies to substitute GLS estimation by MCMC simulation, cf.
Chib (2004) and Koppen and Lenz (2005). In this sense the study can be viewed
as a study of robustness with respect to non-normality and dependencies between
the variables. First, we introduce a simple model, and then we present the
simulation approach and close with various scenarios showing the main effects of
deviations between GLS estimates and estimates based upon our MCMC
simulation.

2 Business Indicators Model

It is sufficient for our purposes to consider a simplified business indicators model
M based on two equations and five variables. We have the structural equation
system

Sales = Profit + Cost

Return-on-Investment (ROI) = Profit / Capital.
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Evidently, there are two endogenous and three exogenous random variables. The
only assumption about M we need in the following is that each equation fulfills the
separability condition. This means that each equation of M is uniquely resolvable
for each variable showing up on its right hand side (RHS). In order to simplify the
notation we write x ~ N(x, ¢® ) instead of x = g + u with u ~ N(0, ¢°). For
instance, costs ~ N(80, 8). The mean is either estimated from the observed values
or is known. The variance is assumed to be known too. The distributions
considered include the normal (Gaussian), a skewed multivariate normal,
exponential, gamma and the Dirichlet distribution. The correlation coefficients
between pairs of variables can vary from +0.7, £0.6, £0.4 to 0.0.

3 Estimation by MCMC Simulation Technique

Each of the random variables x, z is described by its density function. We use the
Metropolis-Hastings algorithm, cf. Hastings (1970), for the MCMC simulation of
the random variables which are transformed according to M. In the first step we
consider each of the p variables and assign that subset of equations to it, where it
shows up either as a LHS or RHS variable. In the later case the corresponding
equations are to be solved for the given variable to make it a LHS variable. For
example, resolving for profit in M we get profit = sales - costs and profit = ROI *
capital. The next step is to start MCMC sampling of all RHS variables. Note that
the distribution of each LHS variable is either fully specified or unknown. In the
last case it will be estimated from the corresponding equations where it shows up
as a LHS or RHS variable. If a random variable shows up in 1 < k < g equations

the & simulations must be “fused”. Therefore k pairs of lower (¢, ) and upper
(q,) o/2—quantiles for that variable are computed. Let us define

G = max{&,q_z,...,q_k} and ¢, = Min{g;,q,,....q; } . Then we have

Definition 1: A data set of an equation system M is called M-inconsistent

(contradictive) if at least for one variable it is true that ¢, < ¢,... -

In Fig.1 we illustrate M-inconsistency for the case of a variable x, say, sampled as
x; and x, from two equations of M. Evidently, in the upper case the overlap I is
empty, i.e. the data set is of bad quality while in the lower case the overlap I is
non empty and the data are (weak) consistent. The final step is to project the joint
distribution on the subspace spanned by x; — x, = 0 getting the density

f - (x,x) for all xe/ q= [q max’ 9mi n} . The algorithm SamPro — sampling

and projection — summarizes the procedure.
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inconsistent

weak consistent

Figure 1: M-inconsistency and M-consistency

SamPro-Algorithm

input: a stochastic equation system M, one observation per variable (missing
values allowed), error probability o

output: estimates for all variables, i.e. densities, means and standard deviations

begin
resolve (set LHS' = RHS) for all variables in all equations
sample from the joint density function of all RHS variables for LHS
estimate all LHS variables
estimate o/2, 1-a/2 - quantiles g, ,¢min for each variable, i=1,2,...,p.
if g . >gq_  then “M -inconsistency found” and stop
clse compute the distribution fxz restricted to the subspace x-z = 0

end

4 Scenarios and Robustness Analysis

Let us start with generating scenarios given the two-equation model M, i.e. sales =
profit + cost as a linear equation and ROI = profit / capital as a nonlinear relation.

l,= x; +x, then z is LHS and the x; and x, are RHS.
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In all of our experiments with up to 2.5 million replications each, we assume that a
realization of the random variables profit, cost and capital is at hand. Moreover,
their types of distributions are varying. This implies that at least the mean of the
various distributions can be determined. Furthermore, prior information is
available about the standard deviation or variance of the measurement errors. The
other two variables, i.e. sales and ROI, are handled in experimental group A as
variables with missing values (null values) and later in group B as (correctly or
noisy) observed values. If missing values of variables exist, they must be
estimated, i.e. imputed.

The MCMC simulation results are compared with GLS estimation approach using
the software package QUANTOR, originated as PRTI by Schmid (1979). In
experimental group A the first three experiments analyze the effect of skewed
distributions compared with Gaussian distributions, if all variables are not
correlated. The next two experiments separately investigate the effects of cross-
correlation. Finally, the interaction between non-normality and correlation is of
concern.

In experimental group B the data set is complete and Gaussian distributions are
assumed, that means no missing values exist. The effects of negative, zero and
positive correlation are studied for two cases: The measurement of the variables
fulfill (“‘M -inconsistent variables™) or do not fulfill the balance equation system.

Experimental Group A: Effects of non-normality and / or correlation in the case
of missing values

4.1 Scenario 1: Normality; no correlation

Specification of the distributions:

Profit ~N(20,2%); Cost ~ N(80, 82); Capital ~ N(60, 6)
Missing values:

Sales, ROl unknown

Result: The MCMC simulation and the GLS estimation result for sales as part of a linear
relation are compatible with respect to mean and standard deviation (sd). The same is true
for the imputation of ROI as a nonlinear relationship. Note, that the Gaussian hypothesis
about the distribution of all variables is valid.
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Figure 2: Normal distributed variables with no correlation

4.2 Scenario 2: Effect of Skewness; no correlation

Specification of the distributions:

Profit ~ Exp(1/20) vs. N(20, 20%); Cost ~ Gamma(8,0.1) vs. N(80, 282); Capital ~
Gamma(15, 0.25) vs. N(60, 8.6%)

Missing values:
Sales, ROI unknown

Result: In the linear case the mean and the standard deviation are similar, as the
experiments for the variable sales show. In the nonlinear case the mean and the standard
deviation (sd) are overestimated by about 15%.
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Figure 3: Effect of skewed distributions of all (observed) variables; no correlation
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4.3 Scenario 3: Normality and negative cross-correlation
Specification of the distributions:

Profit ~ N(20, 2); Cost ~ N(80, 82); Capital ~ N(60, 62)
Missing values:

Sales, ROI unknown

Correlation used for simulation:

p(profit, cost) = -0.7; p(profit, capital) = -0.7

Result: While the means are nearly equal, the standard deviations differ between +18% and
—16%.
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Figure 4: Normality and negative correlation (p =-0.7)

4.4 Scenario 4: Normality and positive cross-correlation
Specification of the distributions:

Profit ~ N(20, 2%); Cost ~ N(80, 82); Capital ~ N(60, 62)
Missing values:

Sales, ROI unknown

Correlation used for simulation:

p(profit, cost) = 0.7; p(profit, capital) = 0.7

The positive sign of the correlation coefficients is contra intuitive from a
manager’s point of view. Nevertheless, it is used here more formally as an
opposite case to negative correlation in scenario 3.
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Result: While the means have nearly the same values, the percentage of differences
changes sign: -19% for sales vs. +16% for ROL

Histogram of sales Histogram of roi
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Figure 5: Normality and positive correlation (p = 0.7)

4.5 Scenario 5: Skewness and positive cross-correlation

Specification of the distributions:

(Profit, Costs,Capital)

1 06 0.7
~ MSN | ¢=286),0=] 06 1 02 |,0=(2500,80,300) | vs.
0.7 0.2 1
Profit ~ N(20,4.3%)
Costs ~ N(80,8.3%)
Capital ~ N(60,7.3%)

Missing values:
Sales, ROl unknown

Correlation used for simulation: This correlation is imposed by multivariate
skewed normal distribution (MSN) (see Azzalini and Valle (1996) with the above
given parameters. Note that the parameterisation is adopted from Azzalini and
Capitanio (1999).

p(profit, cost) = 0.4; p(profit, capital) = 0.5

Result: While the means have nearly the same value for both variables, this is not true for
the standard deviation (sd). For sales we get sd = 10.87 by simulation and sd> = 9.4 under
the Gaussian assumption. The corresponding values for ROI are sd = 0.063 vs. sd’ = 0.069.
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4.6 Scenario 6: Skewness and negative cross-correlation

Specification of the distributions:
(Profit, Cost, Capital) ~ Dir(30, 40, 8) vs.
Profit ~ N(20, 2.82); Cost ~ N(80, 8.8%); Capital ~ N(60, 20?)

Missing values:

Sales, ROI unknown

Figure 6: Skewness and positive cross-correlation

Correlation used for simulation imposed by Dirichlet (Dir) distribution:

p(profit, cost) = -0.8; p(profit, capital) =-0.3
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Figure 7: Non-Normality and negative cross-correlation
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Result: While the means of the variable ‘sales’ are identical, this is not true for
ROI. The GLS approach over-estimated the simulated (exact) values about 12%.
Quite opposite, the standard deviation of sales is over-estimated by GLS by about
65% while sd of ROI is about the same.

Experimental Group B: Normality, cross-correlation, no missing values

Scenario 1: Normality, M - consistent observations of sales and ROI, and cross-
correlation

Specification of the distributions:

Profit ~N(20,2%); Cost ~ N(80, 82); Capital ~ N(60, 6%); Sales ~ N(100, 10%);
ROI ~N(0.333, 0.333?)

Note that as above the distribution of profit is threefold determined by the prior
N(20,2%), by profit = sales — cost and by profit = ROI * capital.

Missing values: no

Correlation Matrix specified as: p € {-0.4. 0.0, 0.4}. Economic reasoning leads
to different signs of the correlation coefficient p. This expert knowledge might
vary from company or business sector and represents in this example only one
possible specification out of many. The lower and upper bounds of p are necessary
to ensure a positive definite correlation matrix R:

i profit cost capital sales roi |
profit 1 P 0 -p -p
R cost P 1 0 -p P
capital 0 -p 1 0 P
sales —-p -p 0 1 -p
| i -p p p —p 1]

Results: The variance of costs, capital, sales and ROI is proportional to p. The
variance of the estimated profit is non monotonic in p and has its maximum at p =
0.2. The means of all variables are more or less constant.

Variable | Mean Sd Mean Sd

Table 1: Means and Standard
Deviations (Sd) of all observed
Profit 20.00 | 2 19.87 1.58 | and simulated variables, Gaussian
distributions, no correlation, no

Prior Posterior

Costs 80.00 18 79.95 6.29 missing  values, M-consistent
capital | 60.00 | 6 59.81 489 | Observations.
sales 100.00 | 10 | 99.96 6.37

ROI 0.33 033 | 0.33 0.03
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We close scenario 1 by presenting three three-dimensional scatter plots showing the
simulated values of the variable profit determined from the prior distribution and the two
RHS of the model equations for p =-0.4, 0.0, 0.4.

Common Distribution of Profit Common Distribution of Profit

Fig. 9a: Scatter plot of simulated Fig. 9b: Scatter plot of simulated
profit values for p = - 0.4 profit values for p = 0.0

‘Common Distribution of Profit

Fig. 9c: Scatter plot of simulated profit values for p =+ 0.4

Scenario 2: Normality, M-inconsistent observation of sales and ROI, and cross-
correlations as in scenario 1

Specification of the distributions:

Profit ~ N(30,3%); Cost ~ N(80, 82); Capital ~ N(60, 62); Sales ~ N(100, 10);
ROI ~N(0.333, 0.333%)

Note: As in scenario 1 the distribution of profit is threefold determined by the
prior N(30,3%), and by the equations profit = sales — costs and profit = ROI *
capital. The mean and standard deviation of profit are increased from N(20,2%) to
N(30,3%). This implies M-inconsistency of the observed values (means) of profit =
sales - costs and profit = ROI * capital.

Missing values: no

Correlation Matrix as above with p € {-0.4. 0.0, 0.4}
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Results: The variance of costs, capital, sales and ROI is proportional to p. The
variance of profit is non monotonic and gets a maximum at p = 0.2. The mean of
profit is monotonically increasing, the means of the remaining variables are more
or less constant. The case p = 0.4 leads to incoherency of profit, cf. Fig 9c, thus
implying the M-incoherency of the whole equation system with the data set. Note
that the observed value of each variable is equal to its corresponding (estimated)
mean. To ensure that the first moments fulfill the equation system in a case of
weak consistency, it might be necessary to iterate the SamPro algorithm. But after
a few iterations this is achieved. In Tab. 2 the results of the 5™ iteration are given.
The first moments fulfill the equation system up to a small error.

Variable | Mean | Sd Mean Sd
Prior Posterior

profit 30 3 24.93 0.85

costs 80 8 78.51 1.84

capital 60 6 67.03 2.33

sales 100 10 103.46 1.84

ROI 0.333 | 0.333 0.372 | 0.013

Table 2: Means and Standard Deviations of all observed and simulated
variables, Gaussian distributions, no correlation, no missing values

Finally, we present three scatter plots in Fig. 9a-c for the variable profit with p €
{-0.4. 0.0, 0.4}. Note the effect of a “too large” mean of profit, i.e. N(30,3%), on
the overlap of the point cloud and the (linear) subspace spanned by simulated
values of profit, profit, and profit,.

Common Distribution of Profit . Common Distribution of Profit

Fig. 10a: Scatter plot of simulated Fig. 10b: Scatter plot of simulated
profit values for p = - 0.4 profit values for p = 0.0
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Common Distribution of Profit

Fig. 10c: Scatter plot of simulated profit for p =+ 0.4

It is worthwhile mentioning that the simulated values of an M-consistent variable
should lie on the straight line as in Fig. 9c, i.e. should fulfil all balance equations.
As mentioned above the empty intersection of variable profit is caused by a “too
large” (estimated) mean of the related distribution.

5 Conclusion

We can summarize our study of a non-Gaussian non linear equation model as
follows:

1. In the uncorrelated case, (the means of) the simulated quantities are about
the same as the GLS estimates.

2. Skewness of distributions mostly has only a small effect on the estimates.

3. Positive cross-correlations of the variables can lead to severe problems:
The equation system may become M-inconsistent with respect to a given
data set, i.e. the overlap of the sets of simulated values of at least one
variable determined from all equations, where it is part of, may become
empty. Under a Gaussian regime with infinite domains and under the
independence assumption this effect cannot happen.

Using a GLS approach is relative to MCMC simulation computational cost-
effective. But skewness and correlation may lead to quite different estimates and
the introduction of robust estimators, like median, improves all estimates. In the
case of M-inconsistency it may be necessary to iterate the simulation algorithm
several times for satisfying a given balance equation system. Of course, any
iteration increases the computational efforts. Furthermore, note that if a given data
set is contradictive to the corresponding equation system M-inconsistency is
revealed by our MCMC simulation algorithm quite in contrast to the GLS
approach used by QUANTOR which assumes a Gaussian regime.
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Summary. The process capability index Cpw provides a general representation for a wide
variety of process capability indices including Cp, Cpk, Cpm and Cpmk. In this manuscript
we will develop a procedure to investigate the sensitivity of Cpw to departures from nor-
mality and discuss the impact on inferences drawn for a variety of regions and weights.
The focus will be on the widely used indices and in particular those indices whose infe-
rence focuses on the ability of the process to be clustered around the target. The robustness

of épw to distributional assumptions and the resulting impact on the inferences will be

compared.

1 Measuring Process Capability

Juran (1979) suggested that Japanese companies initiated the use of process capa-
bility indices by relating process variation to customer requirements in the form of
the ratio

_ USL-LSL

C
P 60

where the difference between the upper specification limit (USL) and the lower
specification limit (LSL) provides a measure of allowable process spread (i.e.,
customer requirements) and 6c a measure of actual process spread (i.c., process
performance).

Processes with small variability, but poor proximity to the target, sparked the
derivation of several indices that incorporate targets into their assessment. The
most common of these measures assume the target (T) to be the midpoint of the
specification limits and include

USL-p (., m-LSL

Cpu =
P Rle)

b

Cpk = min(Cpl, Cpu),
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USL-LSL
Cpm =
640 +(u—T)*
and Cpk=(1-k)Cp
2T-
where k =M ,0 <k <l and LSL < p < USL. The two definitions of Cpk
USL-LSL

are presented interchangeably and are equivalent when 0 <k < 1.

The versions of these measures that do not assume T to be the midpoint of the
specifications include

Cout— USL—T(l_ | T—p| j,Cpl*= T—LSL(I_ | T—p| j

36 USL-T 30 T-LSL
Cpk* = min(Cpl*, Cpu*)

i Com* = min[USL—T, T~ LSL]

3467 +(u-T)>

A hybrid of these measures, Cpmk, is defined to be
min[USL —p,pn—LSL]

3y’ +(u-T)’

By definition, Cp, Cpl, Cpu, Cpk, Cpm and Cpmk are unitless, thereby fostering
comparisons among and within processes regardless of the underlying mechanics
of the product or service being monitored. In all cases, as process performance
improves, either through reductions in variation and/or moving closer to the target,
these indices increase in magnitude. As process performance improves relative to
customer requirements, customer satisfaction increases as the process has greater
ability to be near the target. In all cases larger index values indicate a more capa-
ble process. Using the indices to assess the ability of the process to meet customer
expectations (with larger values of the indices indicating higher customer satisfac-
tion and lower values, poorer customer satisfaction) is consistent with the concept
of “fitness for use”. Individually Cpu, Cpu* Cpl and Cp/* consider only unilat-
eral tolerances (i.e., USL or LSL respectively) in assessing process capability.

Cpmk =

A unified index (Spiring 1997), Cpw , of the form
USL - LSL

can be used to represent a wide spectrum of capability indices. Allowing w to take
on various values permits Cpw to assume equivalent computational algorithms for
a variety of indices including Cp, Cpm, Cpk and Cpmk. Setting w = 0, results in
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L — LSL
6vo’
whilew =1, Cpw = USL-LSL Cpm.
6ol +(u-TY
. USL — LSL USL + LSL | u—T|
Defining d = , H— and p = then
2 2 o
d’ 1
= || =S—=-1||=} o
Y [(a’—|a|)2 J (PZJ =r
0 elsewhere

2
d 1 1
w= [m] (?+1J—?, 0<p
0

elsewhere

results in Cpw = Cpmk and

2
=4 (L, L
w [d—u|a|} (p2+v] pz, O<p

0, elsewhere

where u and v are weights as defined in Vannman (1995) result in Cpw=Cp(u, v).

2 Interpreting Process Capability Measures

Process capability measures have traditionally been used to provide insights into
the number of non-conforming product (i.e., yield). Practitioners cite a Cp value
of one as representing 2700 parts per million (ppm) non-conforming, while 1.33
represents 63 ppm; 1.66 corresponds to .6 ppm; and 2 indicates <.l ppm. Cpk has
similar connotations, with a Cpk of 1.33 representing a maximum of 63 ppm non-
conforming. Practitioners use the value of the process capability index and its as-
sociated number non-conforming to identify capable processes. A process with a
Cp greater than or equal to one has traditionally been deemed capable. While a
Cp of less than one indicates that the process is producing more than 2700 ppm
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non-conforming and used as an indication that the process is not capable of meet-
ing customer requirements.

Inherent in any discussion of yield as a measure of process capability, is the as-
sumption that product produced just inside the specification limit is of equal quali-
ty to that produced at the target. This is equivalent to assuming what Tribus and
Szonyi (1989) refer to as the square-well loss function (Figure 1) for the quality
variable. By design Cp, Cpl, Cpu, Cpk and Cpmk are used to identify changes in
the amount of product beyond the specification limits and therefore consistent
with the square-well loss function. Any change in their magnitude, certeris pari-
bus, is due entirely to changes in the distance between the specification limits and
the process mean.

v »v o -

LSL Target  USL

Figure 1. Square-Well Loss Function

Taguchi (1986) used the quadratic loss function to motivate the idea that a
product imparts no loss, only if that product is produced at its target. He main-
tains that even small deviations from the target result in a loss of quality and that
as the product increasingly deviates from its target there are larger and larger
losses in quality. This approach to quality and quality assessment is different
from the traditional approach, where no loss in quality is assumed until the prod-
uct deviates beyond its upper or lower specification limit (i.e., square-well loss
function). Taguchi's philosophy highlights the need to have small variability
around the target. In this context the most capable process will be one that pro-
duces all of its product at the target, with the next best being the process with the
smallest variability around the target.

The motivation for Cpm does not arise from examining yield, but from looking
at the ability of the process to be in the neighborhood of the target. This motiva-
tion has little to do with the number of non-conforming although upper bounds on
the number of non-conforming can be determined for numerical values of Cpm
(Spiring 1991). Several authors (Boyles 1991; Johnson 1992; Spiring 1997) have
discussed the relationship between Cpm and the quadratic loss function (see Fig-
ure 2) and its affinity with the philosophies that support a loss in quality for any
departure from the target.
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+
LSL  Target USL
Figure 2. Modified Quadratic Loss Function

Cpk, Cpm and Cpmk have different functional forms, are represented by differ-
ent loss functions and have different relationships with Cp as the process drifts
from the target (Spiring 2007). Hence although Cpm and Cpk are lumped together
as second generation measures they are very different in their development and as-
sessment of process capability. As a hybrid of these second generation assess-
ments of process capability, Cpmk behaves similarly to Cpk in its assessment of
process capability.

3 Effects of Non-normality

If the process measurements do not arise from a normal distribution none of the
indices discussed provide valid measures of yield. Each index uses a function of
o as a measure of actual process spread in its determination of process capability.
But as several authors (Hoaglin et al. 1983; Mosteller and Tukey 1977; Tukey
1970; Huber 1977) have pointed out, although the standard deviation has become
synonymous with the term dispersion, its physical meaning need not be the same
for different families of distributions, or for that matter, within a family of distri-
butions. Therefore the actual process spread (a function of 66) does not provide a
consistent meaning over various distributions. To illustrate, suppose that precisely
99.73% of the process measurements fall within the specification limits (i.e., a
yield of 2700 parts per million). The values of Cp (as well as Cpl, Cpu, Cpk, Cpm
and Cpmk) are 0.5766, 0.7954, 1.0000, 1.2210 and 1.4030 respectively when the
measurements arise from a uniform, triangular, normal, logistic and double expo-
nential distribution. As long as 60 carries a yield interpretation when assessing
process capability, none of the indices should be used if the underlying process
distribution is not normal.

If we assume process capability assessments to be studies of the ability of the
process to produce product around the target, then Cpm and Cpmk provide practi-
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tioners with an assessment of capability regardless of the distribution associated
with the measurements. Clustering around the target, rather than a measure of
non-conforming releases the physical meaning attached to 6. The denominator
of Cpm and Cpmk then provide a measure of the clustering around the target and
compares this with customer tolerance.

Eliminating the physical ppm meaning and investigating Euclidean distances
around the target allows Cpm and Cpmk to compare the capability of various
processes, or processes over time, regardless of the underlying distribution. The
underlying distribution will impact the inferences that can be made from samples
gathered from the population (Leung and Spiring 2007), however the population
parameter is no longer distributionally sensitive. With this warning, we will pro-
vide a technique that can be used to examine a wide range of indices in order to
better understand the effect of non-normality on the behaviour of the estimated
process capability indices.

We will investigate the sensitivity of the various indices to departures from
normality using a modified Gayen (1949) approach where the pdf associated with

n

Z(xl. -T )2 is transformed to reflect the pdf associated with épw . Analogous to

i=1
Chan et al. (1988), the third and fourth moments are then varied to examine the

impact of moderate departures from normality on the derived distribution of é‘pw .

Defining o'= o’ + w(,u—T )2 , and letting x;, x,,..., x, denote a random sam-

ple of size n, the maximum likelihood estimators for both p and o” result in the es-
timator

Cow= USL - LSL _ USL—LSL |
GJiﬁxin;x):W(;_T)z ] i(xf—;)sz”W(;—T)z
i=1 =
n

The probability density function of é’pw becomes

a’\ 2d’
gépw(l)zhl(t—z —t—z O0<t<oo
e
wherea= p— w and A, (y)z J-O"W hy 4 (y,z) dz (see Appendix).

The third (A3) and fourth (A,) moments are then varied to examine the impact of
moderate departures from normality for the characteristic under investigation on

the sampling distribution of épw . For example, the approximate probability den-

sity function of é’pw whenn=5,T=0,USL-LSL=4,w=1 (i.e. Cpw = Cpm) is
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0.52

g, (=e " o.133+0.0023751( 1074+§ 326+ 2)
pM’ 9t 9t
3/2
0.0004423( 1694+ 22 | ~7.60+ 22 [ 24414 QJ 2_‘2))
o o o J\9

While for n=5, T=0, USL-LSL=4, w=0 (i.e., Cpw=Cp) results in

11111
g, (=80 " {o.zs+o.oooz€»1552+§ —661+ 1) 187+ ﬁ’)@

0.0042‘( 946+— —2.536+ 20)&/

The ability to determine the pdfs associated with various parameters (Cpw
weight, sample size, specification limits and targets) allows us to examine the im-

pact of nonzero values of the third and fourth moments on the pdf of épw . The

plots of Figure 3 depict the distorted pdf of x and the resulting pdf of épw for se-

lected values of A; and A4, provided that the combinations of A; and A, produce a
valid non-negative probability density distribution (see Barton and Dennis 1952).
Tables 1 through 4 allow comparisons among p-values associated with the result-

ing pdf of épw for selected values of A3 and A,4.

The results summarized in Figure 3 and Tables 1 - 4 suggest moderate distor-
tions in the underlying distribution of the process measurements have a substantial
impact on the shape of the pdf associated with Cpw and the resulting tail proba-
bilities. In those cases where the practitioner is monitoring process capability on a
regular basis inferences will be affected. For those process measurements exhibit-
ing normal distribution characteristics but with non-zero estimates of A; and A4,
corrections should be made either to the action limits or to the specified level of o
associated with the decision making process or capability chart (see section 4 Ex-
ample: Perforation Breaking Strength).
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23=0,32=4
0.

Figure 3. Selected pdfs associated with épw forw=0,.5,1and?2

Legend
g(épw) with w=10.0
g(épw) with w=0.5 ...
g(Cpw) with w=1.0
g(Cpw)with w=2.0  ==-nn--
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Table 1. P[Cpw>c=1.5|w=0,n=5T=0,a=4/3,|A3], Ay]

7»4 0 ) 1.0 2.0 3.0 4.0
A5
.0 088338 .100771 113204 138070 .162935 18780
.1 .088235 .100668 .113101 137967 .162833 18770
2 * .100359 112792 137658 .162524 *
3 * .099845 112278 137144 .162010 *
4 * .099125 111558 136424 .161290 *
) * * 110632 135498 .160364 *
.6 * * * .134367 .159233 *

Table 2. P[Cpw>c=15/w=0.5,n=5"T=0,a=4/3, | 5], A ]

7»4 0 ) 1.0 2.0 3.0 4.0
A5
.0 .026686 .033079 .039471 .052255 .065039 077823
.1 .026499 .032891 .039283 .052067 .064851 077636
2 * .032319 038711 .051496 .064280 *
3 * 031363 037755 .050539 .063323 *
4 * .030022 .036414 .049198 .061983 *
) * * .034689 047473 .060257 *
.6 * * * .045364 .058148 *

Table3. P[Cpw>c=15|w=1,n=5T=0,a=4/3,|A3|, A ]

K4 0 S 1.0 2.0 3.0 4.0
A5
.0 .036445 044891 .053338 .070232 087125 .10402
1 .036204 044651 .053098 .069991 086885 .10378
2 * .043930 .052377 .069270 086164 *
3 * 042728 051175 .068068 .084962 *
4 * 041045 .049492 .066386 .083279 *
) * * .047329 064222 081116 *
.6 * * * 061578 078472 *

Table 4. P[Cpw>c=1.5|w=2,n=5T=0,a=4/3,|A3|, Ay]
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7m4 0 5 1.0 2.0 3.0 4.0

A5

0 026686 | .033079 [.039471 052255 1.065039 |.077823
1 026499 |.032891 .039283  |.052067 |.064851 .077636
2 * 032319  ].038711 051496 |.064280 | *

3 * 031363 |.037755 [.050539 |.063323 |*

4 * 030022 ].036414 |.049198 |.061983 |*

5 * * 034689 |.047473 |.060257 | *

6 * * * 045364 |.058148 | *

* denotes combinations where g( Cpw ) is not positive definite

A summary of the results from Tables 1 through 4 (Table 5) suggests that épm is
more robust to similar departures from normality than Cp , while the index asso-
ciated with a fixed weight of 0.5 is more robust than either Cpm and Cp .

Table 5. Summary of Probability Results

w Minimum Maximum Normal A

1 .03620 .10402 .03645 .06782
0 .08824 .18780 .08838 .09957
5 .02650 .07782 .02669 .05132
1.5 .03024 .08815 .03045 .05791

Similar to épm , épw is not distributionally robust. However, if the practi-

tioner can identify the amount of distortion from normality in terms of A; and A4,
corrections can be made that will provide the practitioner with viable decision
rules or action limits. It appears that A, has a substantially greater impact than that
of A; on inferences made. In order to maintain the same confidence in the deci-
sion that the process capability has significantly improved (increased) in the pres-

ence of nonzero values of A4, larger values of Cpw are required.

Ceteris paribus, and ignoring process yield, investigating the impact of w on
g( épw) and the resulting decision process can be investigated. For example for

w =0 and w = 1, direct comparisons between the robustness of Cp and Cpm and
the resulting inferences can be investigated. Further for w = 1 and specific values
of w depending upon values of a, d and p comparisons among Cpm, Cpk and
Cmpk can be investigated.
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4 Example: Perforation Breaking Strengths

The adjusted breaking strengths of a perforation between non-folded lottery tickets
was identified as a key process variable associated with the mechanical vending of
lottery tickets (Spiring (1997)). An initial study of the process suggested that ad-
justed breaking strength (i.c., the strength required to initiate and completely sepa-
rate a lottery ticket from its neighbor along the perforation) had non-zero values of
A; and A4. The first fifty observations from production were used to assess the
normality of the breaking strengths. Both the histogram and the normal probabili-
ty plot (Figure 4) suggest that breaking strengths deviate moderately from a nor-
mal distribution. The customer specifications and numerical results for the first
fifty observations were as follows

N 50
USL | 2.0
LSL | -2.0
Target 0
u -0.135
o 0.83
Ay 0.10
Ay 0.99
Cpm | 0.79
15 ¢
10 {
54
-1.50 0 1.50
X
0.75 1
0 -
. L
0.75 "
1.25 0.00 1.25

normal scores

Figure 4. Histogram and probability plot of Breaking Strengths



288  Fred Spiring

Subsequent to the initial capability assessment (i.e., the first fifty observations),

the process was routinely monitored. X, s and épm based on samples of size 5
were calculated daily, with the first subgroup of size five being

X 0.63
X, |-1.04
X3 0.37
Xy 0.99
xs | -0.48
X 0.09
s 0.835
épm 0.71

To investigate Cpm (assuming that the observations behave similar to the first fif-
ty), the upper and lower critical values (i.e., adjusted action limits) were deter-
mined (forn=15, A; = 0.1 and M =1.0)to be C; = .2690 and Cy; = 3.004, where
Cy and C, are such that Pr( Cpm > Cy ) = Pr( Cpm < C, ) =0.00135. Since
Cpm 0.71 for the first subgroup, falls within the interval [.2690, 3.004], the
practitioner concluded that the process capability, assessed using the index Cpm,
had not changed from the initial capability study (a=0.0027). Figure 5 contains
the results from the first 10 days_including each subgroup Cpm , the average
Cpm for the ten subgroups (i.e., Cpm ), Cy and C; assuming A;=A,=0 and the
adjusted Cy and C; for A3 = 0. 1 Aq=1.0. Adding the adjusted action limits to
the Cpm run chart results in similar conclusions for the remaining subgroups.

Adjusted Cy

Adjusted C._

Figure 5. Cpm chart of Breaking Strengths by subgroup with Average épm (Cpm),
Adjusted (dashed lines) and Non-Adjusted (solid lines) Action Limits
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5 Summary and Discussion

Robustness studies for those process capability indices whose magnitudes are
translated into parts per million non-conforming are meaningless as the parameters
are sensitive to departures from normality. Regardless of how robust an estimator
maybe, its associated yield is distributionally sensitive and hence any robustness
claims carry little meaning. Similarly, developing actual and approximate confi-
dence intervals for these capability indices where the process characteristics arise
from non-normal distributions is an academic pursuit with no application.

For those capability indices that attempt to assess the ability of the process to
cluster around the target, the robustness of the estimator and associated inferences
is a valid concern. The robustness of an estimator of Cpw in the face of quantifia-
ble departures from normality can be determined and adjustments made to the crit-
ical values associated with assessing changes in the process capability. We have
confirmed that moderate distortions in the underlying distribution of the process
measurements have a substantial impact on the shape of the pdf associated with

é’pw and the resulting tail probabilities.

Through the development of g( épm ) adjustments for the impact of skewness

and kurtosis on the tail probabilities and the associated inferences are possible.
Further, action limit adjustments for various process values including T, USL and
LSL as well as various sampling characteristics including sample size, A; and A4
are now possible over a wide range of capability assessors. The development of

similar corrective actions for épmk as well as other hybrid capability indices that

allow the target to be other than the midpoint of the specification limits, while as-
sessing clustering around the target, follow directly.
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7 Appendix

Consider a random sample of n measurements, x;, X, ... , X,, of a characteristic
taken from a process where X ~ N(0, 1) but contaminated such that there are non
zero values of A3 and A4.

USL - LSL USL — LSL

6\/§£xinj)2+w(}—T)z ) g(xi_)_c)z+nw(;_T)z ’

n

Rewriting épw =
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n

" 2
Sl=2xi y=nw(i—T) +5,

and defining s;, s, as ] andy, z as 5
oS3} (2
i=1 n
with inverse {Sl - n(i‘/;JrT )
§, =y—nwz
. d(s s ) 0 =+ " _n
and Jacobian J =|—124 = o =F——
‘ d(y,z) 1 - r:/w; 2\/;

allows us to use a technique developed in Gayen (1949) for the joint probability
density function of S; and S,

g5 s (sl,sz)=W(n—l){l+n—}L3 H, S +3S—2H1 Sk
e 3! n n n
B 2
| (50) 8 gy (0], 305
4! “\n n \n n+l \n

ni: s ) s\ s, Y
+—2 n(—l —3(2n+3)(—1) +9(n+4)(—1j
72 n n n

4 2
—15+6S—2{n i) —3(n+3)(s—'j +6}
n n n

+%(%2J2 Aml)(%}z —3("‘1)}(;76%)(;?1)(%)3}

s . . . . (s
where H, (—‘) is the Hermite polynomial of degree v in (—lj , A3 and A4 are
n n
measures of skewness and kurtosis, respectively and
st 1 1
e—ﬁ SZE("H) =5

27n 22T (1 no)
2
Using the above transformations, the Edgeworth expansion for the joint prob-

2 2
ability density function for ¥ = nw(i -T J +S, and Z = (i -T ) becomes

n n
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o 0:2)= .5, | = ol N 7Ly o T bz 7Ly ]
o I%H_[ A7) Loz (ﬂrﬂ

2 1 e L) 2 2
Lz 1] 3(en 7 7] ol 4Nz 7]
s Lo )[ (74 7) =3 3Nz 7 ]
o e | L e BRI = P e
Wz(n_l% ﬂ 1) 2 (JM)}

Tﬂ[H (W o) Z e 7 ) 2 11)(%_%)2]

B E ) -3n s E 1) 500+ 5 47

15 Loz [lZ e 7) <t 30 7 ]
%g_wzy[dﬁwmy_3(,,_1)}%(3_Wﬂ%

where
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2
P (zer o {2m)

e y—nwz) 2

Similarly,

—%[(1—w)nz+y+2n\/;T+nT2]( n=3

Wz(l’l—l)=e y—nwz)z

1
Jomn 222

2

The marginal probability density function of Y can then be obtained by consider-
ing

£
I (v)= O"Why,z( ,2)dz

~  USL-LSL a n(USL-LSL)
for Cpw= \/7 T where a = p .
2
Letting y =— 5 with J = oz =- AZ a ; results in the pdf
pr oCpw  Cpw
a’ | 24’
gcﬁw(t)zhl(t—2 - 0<t<w.




A Note on the Estimation of Restricted Scale
Parameters of Gamma Distributions
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Summary. In this paper an admissible estimator of the scale parameter of a
Gamma distribution is derived, which is bounded above. Next, the simultaneous
estimation of p scale parameters of Gamma distributions are considered that are
bounded above. Moreover, simultaneous estimation of two ordered scale parameters
of two Gamma distributions is investigated in terms of the mean square error (MSE).
Finally, some simulation results are given for illustrating the improvement obtained
with the new estimators, when compared with the usual estimators.

1 Introduction

The Gamma distribution plays an important role in reliability theory, as it
serves often as a model for lifetime times and waiting times, leading to the
necessity of estimating the parameters of a Gamma distribution. Usually, the
estimation problem is solved assuming that there are no restrictions with re-
spect to the values of the parameter. However, in reality the parameters are
always restricted and very often prior information about the restriction is
available. In this case, the usual methods of estimation turn out to be inap-
propriate. Therefore, we consider for the scale parameter some types of con-
straints, for example, bounded above or order restrictions between two scale
parameters, and derive estimators, which take into account the restrictions.
The suggested estimators perform better than the usual estimators.

Problems concerning statistical inference for restricted parameters are of
considerable interest. The earlier works related to statistical inference under
restrictions are reviewed by Barlow et al (1972), Robertson and Wright (1988).
The more recent literature about restricted statistical inference after 1988 is
reviewed in two monographs, Silvapulle and Sen (2004), Eeden (2006). Many
authors have considered inference on parameters in case of a is simple order
restriction or tree order restriction on parameters and have suggested estima-
tors, which improve the performance of unbiased estimators, especially for the
normal distribution.

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_19, © Springer-Verlag Berlin Heidelberg 2010
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Katz (1961) has shown the admissibility or minimaxity of estimators when
an upper or lower bound restriction is given in the case of the expectation pa-
rameter in exponential family under squared error loss. Casella and Strawder-
man (1981) proposed a minimax estimator for a normal mean that is restricted
to a bounded interval. Berry (1993) considered admissible minimax estimators
of the location parameter for the exponential distribution, when upper bound,
lower bound or two-sided restrictions are given. Eeden (1995) suggested an ad-
missible estimator for the scale parameter of a Gamma distribution with given
lower bound under scale invariant squared error loss. When there is an order
restriction between two scale parameters of two Gamma distributions, Chang
and Shinozaki (2002) have considered the estimation of a linear function of
two ordered scale parameters of two Gamma distributions. They derived a
necessary and sufficient condition for the ratio of two coefficients, which guar-
antees that the maximum likelihood estimator (MLE) and the modified MLE
dominate the crude unbiased estimator (UE) and the admissible estimator
based solely on one sample under quadratic loss, respectively. Marchand and
Strawderman (2005) improved the minimum risk equivariant estimator of a
scale parameter under a lower bound restriction.

Although Katz(1961) has given a proof of the admissibility for an estimator
of the expectation parameter in the exponential family, when there is a lower
bound(upper bound) restriction, Eeden(1995) has pointed out that there is
an error in Katz’s proof and showed that Katz’s condition is not satisfied for
the Gamma scale parameter with lower bound restriction.

On the other hand, Berger(1980) developed a general technique for simul-
taneous estimation of Gamma scale parameters to improve the standard esti-
mators under several types of loss functions that include the sum of squared
error loss and scale invariant squared error loss.

In this paper we investigate the estimation of restricted scale parameters
of Gamma distributions. We discuss the admissibility of an estimator of an
upper bounded scale parameter of the Gamma distribution under squared er-
ror loss. We also discuss the simultaneous estimation of upper bounded and
lower bounded Gamma scale parameters. In Section 2, we discuss the admissi-
ble estimation of an scale parameter, which is bounded above, of the Gamma,
distribution under squared error loss. In Section 3, we consider the simulta-
neous estimation of Gamma scale parameters with upper bound and lower
bound restrictions under sum of squared error loss and sum of scale invari-
ant squared error loss. In Section 4, we consider the simultaneous estimation
of two ordered scale parameters of two Gamma distributions. In Section 5,
some simulation results are given for illustrating the performance of the risk
function of simultaneous estimation of p upper bounded scale parameters of
Gamma distributions and simultaneous estimation of two ordered Gamma
scale parameters. Finally in Section 6 we give some conclusions.



Estimation of Restricted Scale Parameters of Gamma Distributions 297

2 An Admissible Estimator for an Upper-Bounded
Gamma Scale Parameter

Let X be a Gamma(a, ) random variable with density function

1 xa—l —x/6

fo(z) = m 0o € )

0<z<oo (2.1)

where « is known and 6 is unknown, but satisfies the relation 0 < 6 < a,
where a is a positive constant.
Consider the following density function of a prior distribution

— Cn __1/n6
gn(0) = —5e” !, 0<f#<a (2.2)
where ¢,, = e!/"*. Then, Bayes estimator of 6 is given by:

/a 6—(a+1)6—(x+1/n)/9d6.

Sn(x) = E[f|z] = 2% :

/ g~ (@+2) o~ (@+1/m)/0 g
0

(2.3)

For simplicity let a = 1, for a moment. By the variable transformation (z +
1/n)/0 = t, we have:

o0
. / t@ teTtdt
<$+—> x4+1/n
n

) .
/ t%etdt
z+1/n

Further by applying a partial integration to the numerator, we have

o0 1 1\* 1 [
/ ettt = — = <33 + —) e~ (@Hl/n) 4 —/ t*e~tdt.
x+1/n a n & Jat1/n

Then

a,—(x+1/n)
() = = (m+1) R TAD b
[0

/ t*e~tdt
z+1/n

(2 3) 1= 6u0).

1
o
where

D€V e V2t
/ tve~tdt / <t+l> e HL/m) gy
z+1/n ;z; n
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The function ¢,,(x) has the following properties:
Since 6 is restricted by 0 < 6 < 1 it follows 0 < J,,(z) = E(f|z) < 1, which
implies 0 < ¢, (x) < 1. It is also easy to check that

«
r+1/n

6,0) = o) (1= anla)) 20

and, thus, ¢, (z) is a non-decreasing function of x.
The Bayes estimator d,,(z) of 6 in (2.3) can also be expressed as:

/a p—(at1) g~ (a+1/n)/6 g
0

571(1') = a = vt 1/n - a a v
/ g—(a+2) o= (z+1/1)/0 gp @ a/ g~ (a+2) o= (z+1/1)/0 gp
0 0
with the limit for n — oo given by:
T a—ae—az/a
d(x) = lim 0,(n)=— — (2.4)
n—oo o

o /a e—(a+2)e—x/9d0
0

This limit can also be derived by Katz’s (1961) general formula as follows:
Let w = —1/6 then the density of z is

_w)aezw

I'(a) ’

ma—l(

fw(x) = T > 0, (25)

where w is restricted to —oo < w < —1/a. Let f(w) = (—w)%, and p(x) =

271 /() be o—finite measure on (0,00). Then by Katz’s general formula
(for details see Theorem 2.1) we obtain the estimator of E,(z) = p(w) =

- (w)/f(w) = a/(—w) as follows:

o e t/agm
__w =r- —1/a .
/ (—w)*e™dw
— 00
Moreover, the estimator of —w™! is given by:
. P e—x/aa—a
—w~1l= a — “1/a . (26)
a/ (—w)¥e™ dw
— 00
Since, w = —1/6, we have:

—1/a a
/ (—w)"‘ewdw:/ g~ (at2) =2/ 49
0

— 00
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Thus, we obtain the estimator (2.4), which is an admissible estimator of
with restriction 0 < 0 < a.
By Theorem 2.1. we show that (2.6) is an admissible estimator of —1/w:

Theorem 2.1 Suppose that the density function of X is given by (2.5) and
that w is restricted to —oo < w < —1/a. Then the estimator

6—x/aa—a

—-1/a ’
/ (—w)%e™dw
—o0

is an admissible estimator of p(w) = E,,(X).

xr —

Proof. The prior distribution of w is given by:

gn(w) = %e“’/”, —00 <w < —1/a, (2.7)

where ¢, = e!/"* and the corresponding Bayes estimator of p(w) = a(—w) ™1,

dn(x), is given by:

1/na

—1/a
/ a(_w)a—le(;c—l—l/n)wdw
On(r) = Elp(w)]a] = — =7, : (2.8)
/ (_w)ae(w—i-l/n)wdw

— 00

Applying integration by parts to the numerator of (2.8) yields:

—1/a
/ a(_w)a—le(r—i-l/n)wdw

— o0

1 —1/(1
_ _a—ue—(:r+1/n)/a + (l’-f— g)/ (_w)ue(w+1/n)wdw‘

It follows: 1 .
9z,n a
On = L Ganll/a) 7
(z) =2+~ G+ L) >
where
ga:,n(l/a) = a_a’e—(m“l‘l/n)/a
and
—1/a
G(x+1/n) =/ (_w)ae(x+1/n)wdw.

It should be noted that G(x + 1/n) is an increasing function of n with n =
1,2,---, and
gan(1/a) 1
L —. 2.
G($+1/n)_m+n (2:9)



300 Yuan-Tsung Chang

The risk of 4,,(z) under squared error loss is given by:

- 1 gon(l/a) ’
p(On,w) = E,|x+ o G(Tl/n) - SO(W)]
o ngn(l/a) 1 gm,n(l/a)
= ) 2B | Gy | T 2B (“ a) m]
92 ,(1/a) 1

Using (2.9) it is easy to verify that all the terms of (2.10) are finite.
In order to calculate the Bayes risk of d,(r) we need to calculate the
expected value of each term of (2.10) with respect to the prior distribution of

w. Since p(w) = —f'(w)/B(w), we have:

a —-1/a
Lo

G(x+1/n)
—1/a
ga: n 1/&) (z+1/n)w
/ Gl + 1n )e dp(z)dw.

E|p(w)E,

Jx n(l/a) Cn w n
G(x—i—l/n)] M

By changing the order of integration and partially integrating with respect to
w first, we get:

/ 1/a/ gw;_|_11/77)1) =L/ ()
G(x -l-ll/;ln pl) - /Ooo <~’U+ %) Gan(1/a)dp(z).

Similarly, we obtain:

1 gz,n(]-/a’) _ C_” = l a x
FE Ew <.’L‘—|— E) m]] = " /0 (l’-ﬁ- n) gm,n(l/ )d:u( )7
and (1/a) (1/a)
gmn 1/a 1 a
B\ By G?(x+1/n) ” Ga:—i—l/n d(x)-

Thus, we get following expression for the Bayes risk of d,,(x):

00 42 a
(6 = Pl - 2 [T o) +

. (2.11)

It is easy to check that all terms are finite.
The limit of §,(x) is
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() = lim 3, (x) =z - gG(Z ;z), (2.12)
—1/a
where g,(1/a) = a~%e~%/® and G(z) = /_ (—w)*e™dw.

The risk of 6(x) under squared error loss is given by:

p(6,w) = E, |z

2
_ 9253;;&) B go(w)]

9x=(1/a)
G(z)

xgm(l/a)

= ¢'(w) + 2p(w)Ew G

—2E, + B,

g3(1/a)
G2(z) |

It easy to verify that all these terms is finite. Moreover, we can show that:

gz(1/a) G —/a e o £ 92(1/@) (i1 mye
E|p(w)E, Glo) ” = N /0 ﬁ(W)We( L@ gy () dw
e [P aen(/0)e(fa) e [ 1N w0/ 1)
-5 ) ey e+ 3 [ (o4 7) G P
Similarly, we have:
rge(1/0)|] _en [¥ 200/ 1/n)
BB | =G0 ] = n/o G dp(z)
and
Go(1/a) || _en [*g2(l/a)Gx+1/n)
FlP| e ” B B ]

Since G(z 4+ 1/n) < G(x) and [;° g.(1/a)du(x) = 1 the following Bayes risk
of 0(x) is obtained:

rald) = Bly/ ()] - 2% [ 2O gy

Gl
cu [ Gle+1/n)g.(1/a) cu [* Gla+1/n)g2(1/a)
T2 ) G(x) d“(”“’”_/o @@
< ply) - 2% |7 2L gy 0) 1 2%
o mgg(l/a)du(:c), (2.13)

n Jo G(x)

Next, we will show that d(z) is an admissible estimator of ¢(w) for —oco <
w< —1/a.

Suppose that ¢ is inadmissible. Then, there exists an estimator ¢’ such
that p(¢',w) < p(d,w) for all w with —oo < w < —1/a, and strict inequality
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for some w. Because the risk is a continuous function of w, we can find an
€ > 0 and an interval (wq,ws) C (—00, —1/a) such that

p(6,w) — p(8',w) > € for all w € (w1, ws),
implying:
w2

n(rp(8) —rp(8") > eel/”“/

w1

e“/"dw = ee'/ " (e“’?/” — 6“”/n>7
Then it follows:

wa/n _ Lwi/n
lim n(r,(6) —r,(d")) > € lim n(e””” - ewl/"> =€ lim RV
n—oo n—oo n—oo n

—wzwa/n 4 %ewl/n

= enliﬁnéc g ey =€e(wy —wy) > 0.
Now, consider the quantity:
n(rn(8) — rn(8")/n(rn(8) — rn(dn))- (2.14)

From (2.11) and (2.13) we obtain the following upper bound for the difference
n(rn(8) — rn(dn)):

n(rn(8) — rn(dn))
< cn/ Wa)du( )_2Cn/0 gm(l/a)g”’"(l/a)du(fv)

( ) G(z)
Gaz+1/nd()+zi_ﬁ‘ (2.15)

From (2.9) it is easy to check that the second and the third term of (2.15)
are finite. Therefore, we can change the order of limit and integration with
respect to the second and the third term of (2.15). We obtain:

lim Cn/:>o 2(1/a)d,u( ) —2 lim Cn/oo gm(l/a)gx,n(l/a)du(x)
0

n—oo ) n—oo G(gj)
o(1/a)
thmen | Gl 1 @
e, - 0.(/0)gen(fa)
= [ ) 2 [ i G CI gy

©  g.(1/a) -

Hence:
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lim n(r,(5) —r.(d,)) = 0.

n—oo

It follows that for n — oo the quantity (2.14) tends to infinity, too:

() (@)
n—00 (1 (8) — 70(0n)) ’

Thus, for sufficiently large n we have shown that:
rn(8") < 1 (6,).

This contradicts the fact that d,, is the Bayes estimator of ¢(w) with respect
to the prior distribution (2.1), for n = 1,2,.... It follows that §(x) as given by
(2.12) is an admissible estimator of ¢(w) for —oo < w < —1/a. This implies
that (2.6) is an admissible estimator of § for 0 < 6 < a.

3 Simultaneous Estimation of Gamma Scale Parameters
with an Upper-bound or an Lower-bound Restriction

First, we consider simultaneous estimation of Gamma scale parameters when
each scale parameter has an upper-bound restriction under sum of squared-
error loss, and suggest an improvement of the admissible estimator based
solely on each sample.

Let X = (Xi,---,X,) be a p-variate random variable, where, X;,i =
1,...p, are independent Gamma(ca;, ;) random variables, each having a den-
sity function given by (2.1), where «; is known and the unknown scale pa-
rameter is restricted by 0 < 6; < a. The admissible estimator of the scale
parameter 6; is given by (2.4):

T; a~Yig=vi/a r; —t(z; )
57(X):_2_ a = ( )7 Zzlv"'ap'
0
For simultaneous estimation of # = (61,--- ,6,) under sum of squared-error

loss, Chang (1982) has derived a uniform improvement of d;(x) given by:

5 z; —t(w;)  cai(ey — Dyt 2cad(a; 4+ 1)2%x;?

where D = Z];:l o (a; + l)za:j_z. As can be seen, 6;(x) extends §;(x) not in
direction of %Z(xl) Here, we consider another estimator which extends d;(x)
in the same direction and which is given by:

A €T — t(xi)_i_cai(ai — 1) (2; — t(x;)) 7t +20a?(a,- + 1) (2 — ()3
a; D* D*2

(3.2)



304 Yuan-Tsung Chang

where D* = ?:1 a?(aj + 1)%(z; — t(zy)) "2
In Theorem 3.2 it is shown that §7(x) improves d;(x) uniformly.

To evaluate the difference of the MSE of the two estimators, we need the
following lemma, which is proved by integration by parts (Berger (1980)).

Lemma 3.1. Suppose that X ~¢ Gamma(a, ), if « > 1 and g(z) is abso-

lutely continuous on (0, 00) with ¢'(z) = dgd—(;) satisfying

(1) Ellg"(X)[] < 0o and E[|g(X)|] < oo
(i) lin})g(x)xa_le_m 9 — lim g(x)z® e /Y =0, for 6> 0.

then
sty = 1 {8 |22 - Bl

a—1

Theorem 3.2. Suppose that X; ~"? Gamma(a;,0;), and that there is
an upper-bound restriction for 6;, 0 < 6; < a,i = 1,---,p. Let SS(X) =
(83(x), -+ ,05(x)) and 6(x) = (81(x),--- ,0,(x)). Then the estimator §%(x)
for simultaneous estimation of (61, - ,6,) has a uniformly smaller risk than
d(x),ifa; >1,p>3and 0 < c<2(p—2).

Proof. The difference of the risk of §%(x) and of §(x) is given by:

AR = R(§(x),0) — R(6°(x),6)

- 2cc;(a; — 1) (25 — t(x)) ™t [ 2 — t(zy) '
01 e e ()
| Aead(a; + (i — b)) (m —t(zi) 9¢>

D*2 (73
4cat(a; — 1) (o + 1) (2 — t(z;)) 2
-+ D3
czoz?(ozi —1)2(x; — t(xy)) 2 402a§(a,- + D)4 (x5 — ()76
~ o + Py .

Since x; — t(z;) > 0 and by applying Lemma 3.1, we get:

_(l‘z‘ — t(:ci))_lﬁi 1’71091
> K3
E . > B| =5

Ll 1 20en £ 1@ - @) 200 (ar 1 1) (@)
~ 7| (a; — 1)D* (o; — 1)D*? (o; — 1)D*?

[ 20, 2. )39,
> B 1 205 (0 + 1) (2 — Uws)) 00 ’

(a; — 1)D* (o — 1)D*?
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as 0; > 0 and t'(x) > 0 holds. It follows:

P i 2 2 —2
2¢  deog (o +1)%(x; — t(xy))
AR > g {E D D*2

i=1

—-B

[4c2ad (o + 1)2(a; — 1) (@, — t(x»)—‘*]
D=3

-020412(042- — 1) (2 — t(xy)) 2 B 4c2al (o + D)z — t(mi))_fj] }

—E D*2 D+4

From the definition of D* we obtain:
a?(ai + 1)%(z; — t(x;)) 2 af(ai + 1) (z; — ()~ - a?(x; —t(x;)) "2

<1 i ,
D* — D*3 — D*2
and 6 4 6 2 2
o) (a; + 1)* (@ — t(x))” < Y (x; —t(zi))”
D+* - D+? '
Therefore:
-2pc —4c 2 &
AR> E D D ;(émf(ai — 1) +a? (o —1)* +4a?) (x; — t(x;)) 2
-2pc —4c — 2
=F|—FFF—| >0,
D*

ifp>3and 0<c<2(p—2).

Next we consider simultaneous estimation of p-variate Gamma scale pa-
rameters, when each scale parameter has a lower-bound restriction, 6; > a(=
1), under sum of scale invariant squared error loss, > +_, (d;/0; — 1)%.

For scale-invariant squared error loss, Eeden(1995) gave the following ad-
missible estimator of 6;:

Z; gai+2(xi) Zi *
iI\X) = = + 7 (x; s
5 ( ) o; +1 (Oéz' + 1)Gai+2($z’) o; + 1 ( )
where .
gs(x) = 2Pe™?, Gg(z) = / tP=te tdt.
0
In Theorem 3.3 we show that for simultaneous estimation of § = (6y,--- ,0,),

the estimator £7(x) given below has uniformly smaller risk than & (x) for
gi(x)vi = 17 Py it b>0.

£5(x) = i ( c(a; + 1) log z;

1-— + % (x4 if x; > 1
a; + 1 b+ Z§=1 aj(a; + 1)(10g33j)2> (i) if
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Theorem 3.3. Suppose that X; ~"d¢ Gamma(a;,0;), and that there is a
lower-bound restriction for 6;, 6; > 1,7 =1,--- ,p. Let §*(x) = (§5(x), -+, §,(x))
and £(x) = (&1(x),- -+ ,&p(x)). Then in simultaneous estimation of (6y,--- ,6,)
under sum of scale-invariant squared-error loss, £*(x) has uniformly smaller
risk than £(x), if

0<e< 2{p—2— > (i + )7t = 3b"3[Y /(i + 1)]7} '
T 14 (2p/b) + (16/[27bp]) + b2 [4p + S {ai(ou + 1)} 1]2

Proof. The proof is the same as that of Theorem 3.2 and we can check the
conditions in Berger (1980). Therefore, we omit the details here.

It should be noted (see Berger (1980)), that by choosing b large enough ¢
meets the above requirement provided:

P> 2+Z(a,; + 1)1,

which will be satisfied, if a; > 3 for p > 3.

4 Simultaneous Estimation of Two Ordered Scale
Parameters

In this section, we deal with the simultaneous estimation of (6;,62), when
there is an order restriction of type 8; < 5. We propose two estimators that
improve the modified MLE of two ordered scale parameters. The modified
MLE of two ordered scale parameters was suggested by Chang and Shinozaki
(2002) as follows:

i (o2 + Dy — (a1 + Dza) "
- Oé,'-i-l +(_1) (Oéi+1)(041+042+2)

= : _1th 7':1727
10,

where t;(x) = ((a2 + 1)x; — (o + Do)t /(s + 1) (a1 + a2 + 2)).

Chang & Shinozaki(2002) showed that 6; improves z1/(cq + 1), if ag <
as and ap > 1, and that 63 improves xs/(as + 1), when there is an order
restriction for 6;, where x;/(a; + 1) is an admissible estimator of 6; based

~

solely on z;. The competitor of 6, is:

G2(x) = Ty (1)t () + A

o? — 1! N 2¢(; +1)%x;°
a5 —|— 1

2

T T2

Y 7;:]‘727

(4.1)
where T' = Z?Il(aj + 1)450]72. In Theorem 4.1 it is shown that (65,05) im-

proves (él, ég) for simultaneous estimation of (61, 62) under sum of squared
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error loss.

Theorem 4.1. Suppose that X; ~™¢ Gamma(as,0;),i = 1,2, and that
there is the order restriction 6; < 6. Let 6%(x) = (A5(x),05(x)) and
0(x) = (A1(x),02(x)). Then, the estimator §%(x) for simultaneous estima-
tion of (A1,02) under sum of squared error loss has a uniformly smaller risk,
than f(x), if 0 < ¢ < 2.

Proof. The difference of the risks of #%(x) and (x) is given by:

AR = R(A(x),0) — R(A*(x),0)

T T T
=1
de(a; + 1023 [ ay ;
+FE e PO + (=1)"t;(x) — 6;
B Aa? =122 4c?(a? —1)(a; + 1)%z;* 4 (o +1)0x;°
+ T2 T3 T4
(4.2)
From Lemma 3.1 we obtain, if «; > 1:
E xz_lé?z — B 1 _ 2(Oéi + 1)4131'_3‘91'
T N (Oéz‘ — 1)T (Oéz‘ — 1)T2 ’
5 7 (%) _ 1 5 ti(x)]  2(a1 + 1)4E 27 (%)
T (051 — 1)91 T o1 — 1 T2
(OQ + 1) I(a2+1)x1>(a1+1)12
_ E = 4.3
(a2 —1)(a1 + az +2) T (4.3)
and
B x5 Mo (x) _ 1 B ta(x)]  2(a2+ 1)4E x5 2 ts(x)
T (042 - 1)92 T g — 1 T2
(1 +1) Loy 1)z, > (a1 +1)as
= . 4.4
T~ D+ 12) T (44)

where I (o, 1)1 > (a1 +1)z, denotes the indicator function of the set {(x1, z2)|(a2+
1)z1 > (a1 + 1)x2}. For simplicity we denote I(q,41)z,>(a;+1)z, Py I, here-
after.

From (4.3) and (4.4) we obtain:
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Z{E (~1)'(0F — D 'ti(x)

T

}

_plL (L 1) (a2t Dar — (a1 + Dao)"
N T 01 0o (a1 +ax+2)T
_ap|Y (—=1)"(ey +T12)5x;3ti(x) “ K __22 a,+1)5 34(x) |

since 0, < f5. From the definition of T" we get:

(a; +1)5z 4 < (a; + l)xi_2 (o; + 1)10:vi_6
T3 - T2 ’ T4

Then the difference of risk (4.2) becomes:

(o +1)%z;2
T2 '

<

_ ) _2
dc  2cl 9 (4(0[? —(a; +1)+ (O‘zz — 1)2 +4(a; + 1)2)332-
AR> B =~ =) e
_20 c?
>F|———| > ) <c<?2
> T T >0 if 0<c<2,

since it is easy to check that 4(a? —1)(a;+1)+(a? —1)?+4(a; +1)? = (s +1)*.
Next we consider the estimator which extends the modified MLE, when
(a1 + Dzg < (a2 + 1)x1

B Ti , if (a1 + 1)562 > (OéQ + 1)5[,‘1
0;(x) = § izt ! .
P + (—1)"%(x) + h(x), if (aq +1)z2 < (2 + 1)21

where h(x) = C(a?_Tlm_l +

that (6%, 65) improves (61, 0) under sum of squared error loss.

Cevs41)5—3
240”;1) Yi_ TIn the following theorem we show

Theorem 4.2. Suppose that X; ~"% Gamma(as,0;),i = 1,2, and that
there is the order restriction 1 < 6y. Let 6%(x) = (63(x),05(x)) and
0(x) = (61(x),02(x)). Then #*(x) has a uniformly smaller risk for simulta-
neous estimation of (61, 6y) under sum of squared error loss, 6°(x) than 6(x),
if0<e<2

Proof. The difference of the risks of 6%(x) and of A(x) is given by:
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~

AR = R(0(x),0) — R(6°(x), 0)
(20(017; -1) 2c(a? — 1)z 0, N (—1)2¢c(a? — 1)m;1ti(x))ll

T2 * T3 T4

If a; > 1, we have from Lemma 3.1:

o[(54)] -aol e S . o

and

(52 ool ) ] s

01(cp+1)+03 (g +1)

0191—a1+1€2_012/ £§41+O¢26_< 6102 (cotD) )mzditg
0
(o) () (o + 1)2 + (g + 1)2) )

A =

(4.9)

oC _ 92(o«1+1>+91(az+1>>
0291—a102—a2+1/ l.tllrl—aze < 0103 (c+1) xldl‘l

= 0
. I'an) () ((r + 1) + (g + 1)2) (4.10)

and
(Ozl + 1)0‘1_1 (042 + 1)0‘2_1
Ci = Cy = . 4.11
! (Oél — 1)(&2 + 1)“1"_17 2 (OLQ — 1)(&1 + 1)0‘2+1 ( )
Note that:
59 oot _(el(ag-;él)(zezﬁixfﬂ))m artagtl
/0 T4 e 102 (a2 da’;2 B 9192(a2 n 1) 1taz
F(a1+a2+1) 92(0114—1)4—91(0&24—1)
(4.12)
and

o _(62(a1+1>+61(u2+1>
m(f1+a2€ Y CIESD)
0

F(a1+a2+1)

)a:l a1 Ta2 1
dwl - 9192(041 + 1) et
~ \O2(ar +1) + 01 (a2 + 1)

(4.13)
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With (4.9)-(4.13), it is easy to check that:

02 (a1 +1)+07 (p+1)

oo
(a§—1)02/ 1:(1“”2@_( P102(a1 D) )“dsz:l
0

01(ao4+1)+605(x141)

o
— (Oé% — 1)01/ w§1+02€_( 0105 (g 1) )zgdmz
0

and that (a2 —1)A4s — (a? — 1)A; > 0, since 03 > 0.
Next we evaluate E[((—1)"z; 't;(x)/T)I] using the same method as given
by (4.3)-(4.5) in the proof of Theorem 4.1. We obtain:

i {E <<—1>i<a% —;)x;lu(x))ll }
(__22 a@+1) _3ti(x)>l_]

and, hence, the difference of risk becomes:

ARZE( 0222: (af — 1)( 1)+(a$—1)2+4(ai+1)2)g:;2>I]

T2

[ 2¢ 2
=F|l=-=]1

5 Simulation results

> 0, if 0<e<2.

In this section we give some simulation results to illustrate the extent of the
improvement of the risks. The simulations are made using R and each sim-
ulation run contains 10000 replications. Simulation results on simultaneous
estimation of p(= 10) upper bounded Gamma scale parameters, and simulta-
neous estimation of two ordered Gamma scale parameters are given in Section
5.1 and Section 5.2.

5.1 Simulation Results on Simultaneous Estimation of p(= 10)
Upper Bounded Gamma Scale Parameters

We consider the simulation of simultaneous estimation of p(= 10) upper
bounded Gamma scale parameters under sum of squared error loss. The up-
per bound is set to be 1 and ¢ = 2(p — 2). The comparison involves the
crude unbiased estimator (UE), the suggested estimators 6(z),%(z) and the
admissible estimator (z). Compared are the relative risks R(6,UFE)/R(0,0),
R(6,6)/R(6,6) and R(6,6%)/R(0,5), respectively. For the simulation study
the following cases with respect to 6 are considered:
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1,..
0.1,....0.1)

— (1,1/2,1/3.1/4,1/5,1/6,1/7,1/8,1/9,1/10)
iv) o (1,1,1,1/5,1/5,1/5,1/10,1/10,1/10,1/10)

For the cases i)-iii), we consider the cases a = (2,...,2), (3,...,3), (4,...,4),
(10,...,10), (2, 2, 2, 10, 10, 10, 20, 20, 20, 20) and (20, 20, 20, 10, 10, 10, 2,
2, 2, 2). For case iv), we consider the cases a=( 2,2, 2, 10, 10, 10, 20, 20, 20,
20), ( 20, 20, 20, 10, 10, 10, 2, 2, 2, 2), (100,100,100,50, 50, 50, 2, 2, 2, 2) (2,
2, 2, 50, 50, 50, 20, 20, 20, 20) and (2, 2, 2, 50, 50, 50, 70, 70, 70, 70). The
simulation results are displayed in Table 1.

Table 1. Relative risks of UE , §and 6° and the admissible estimator §

R(O,UE) R(0,8) R(8,6°)

Case a R(0,6) R(0,0) R(0,0)
) (2,2,2,2,2,2,2,2,2,2) | 1.8923 0.6404 0.7001
(3,3,3,3,3,3,3,3,3,3) 1.6878 0.5019 0.5800
(4,4,4,4,4,4,4,4,4,4) | 1.5726 0.4343 0.5226

(10,10 10,10,10,10,10, 10 O 10) 1.3327 0.3993 0.4906
(2,2,2,10,10,10,20, 0, O) 1.7000 0.7766 0.8028
(20,20.20,10,10, 10, 2, , ,2) 1.73290 0.8004 0.8226

i) (2,2,2,2,2 22222 | 12171 0.8613 0.8636
(3,3,3,3,3,3,3,3,3,3) 1.0728 0.8657 0.8670
(4,4,4,4,4,4,4,4,4,4) | 1.0253 0.8844 0.8850
(10,10,10,10,10,10,10,10,10,10) | 1.0000 0.9538 0.9538

(2,2, 2,10,10,10,20,20,20,20) | 1.1528 0.9876 0.9877
(20,20,20,10,10,10, 2, 2,2, 2) | 1.1703 0.9866 0.9867
iii) (2,2,2,2,2,2,2, 2 2 2) 1.9676 0.9512 0.9503
(3,3,3,3,3,3,3,3,3,3) 1.7396 0.9518 0.9502
(4,4,4,4,4,4,4, 4,4, 4) 1.5743 0.9582 0.9563
(10,10,10,10,10,10,10,10,10,10) | 1.2973 0.9803 0.9786
(2,2, 2,10,10,10,20,20,20,20) | 1.9965 0.9988 0.9987
(20,20,20,10,10,10, 2, 2, 2, 2) | 1.1982 0.9264 0.9216
(2,2, 2, 10, 10, 10, 20, 20, 20, 20)| 1.8959 0.9996 0.9994
(20, 20, 20, 10, 10, 10, 2, 2, 2, 2 )| 1.2205 0.8938 0.8846
(100,100,100,50, 50, 50, 2, 2, 2, 2)| 1.1381 0.9321 0.9290
(2,2, 2, 50, 50, 50, 20, 20, 20, 20)| 1.9064 0.0998 0.9997
(2, 2, 2, 50, 50, 50, 70, 70, 70, 70)| 1.9081 1.0000 1.0000

iv)

Note that, when # = (1,...,1), the improvement of the estimators 6 and
6% is considerable, especially, for o = (10,...,10). In contrast, the improve-
ment is small if # = (0.1,...,0.1) or 6=(1,1/2,1/3,1/4,1/5,1/6,1/7,1/8,1/9,
1/10). However, if the upper bound is fixed at 0.1 for the case ii),i.e.,
60 = (0.1,...,0.1), we get the same improvement as in case i). In case iv),
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the improvements by § and &% are small for any a. However, if we group 6 as
(1,1,1), (1/5,1/5,1/5) and (1/10,1/10,1/10,1/10) and fix the upper bounds
to be 1,1/5,1/10 for each group, then we can get the same improvement as
in case i).

5.2 Simulation results for simultaneous estimation of two ordered
Gamma scale parameters

Let X; ~ Gamma(ay,0;),i = 1,2. The simulation refers to the simultaneous
estimation under sum of squared error loss of the two Gamma scale parameters
(01,02), where 61 < 63. The simulation involves the admissible estimator
07d(x) = (z1/(01 + 1), 22/ (2 + 1)) of §;, which is based solely on z;, and the
suggested estimators, %(x), #5(x) and a modified MLE 6(x). The comparison
is made by the following relative risks R(0,6°%)/R(6,60), R(0,0%)/R(6,6) and
R(0,6%)/R(8.,6).

For the simulation, we set ; = 1, 6 = 1,(1),10 and ¢ = 2. We made
simulations for 12 cases with respect to (aq,s2): (1,1), (1,3), (1,5), (1,7),
(1,9), (3,3), (3,5), (3,7), (3,9), (10,10), (10,20), (10,30). The simulation results
are shown in Figure 1. A

Note that relative risk of #* gets larger when «; is small, except for oy =
1,z = 1. For larger oy and a3 the relative risk of 0° gets smaller. The relative
risk of 6% gets smaller for all cases, except for a; = 1, a9 = 1. The risk of 6°
is worse than that of #° for all cases. When 65 = 1, the relative risk of the
admissible estimator is not good, especially, when «; is large.

6 Concluding and remarks

In simultaneous estimation of p-variate upper bounded scale parameters of
Gamma distributions, we suggest the estimator 6%, (3.2), which extends the
individually admissible estimator of an upper bounded scale parameters in
the same direction. From Table 1. we see that the risks of §; and 35’ are almost
the same. In simultancous estimation of two ordered scale parameters of two
Gamma distributions, I'(«;,60;),i = 1,2, the suggested two estimators for
(01,05), (65,03) and (6%, 05), satisfy the order restriction if g > a.
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Fig. 1. Relative risks of each estimator: dashed line for 6%, solid line for 6,
and dotted line for admissible estimator based solely on x;.
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Attractive Quality and Must-be Quality
from the Viewpoint of Environmental Lifestyle in
Japan

Tsuyoshi Kametani, Ken Nishina, and Kuniaki Suzuki

Nagoya Institute of Technology, Gokiso-cho, Showa-ku, Nagoya 466-8555, Japan

Summary. In this paper, the evaluation of environmental quality based on environmental
lifestyle is discussed using a questionnaire survey, which is conducted by applying the
following three approaches:.

1. Kano’s approach of subjective quality evaluation: Accordingly, the quality elements

9 ¢

can be categorized in “attractive quality”, “one-dimensional quality”,“must-be
quality”,“indifferent quality” and “reverse quality”. Kano’s proposal is applied to
express the variability of subjective quality.

2. Akiba and Enkawa’s proposal concerning the transistion steps of categorized quality
elements: The hypothesis is that quality evaluation by customers changes as follows:
“indifferent” quality —> “attractive” quality = —> “one-dimensional” quality —>
“must-be” quality. In this paper, the transition is referred to as “the maturity of
quality”.

3. The third approach is the theory concerning the environmental lifestyle by Nishio. She
classified female subjects to four types, “green”, “ego - eco”, “pre-eco” and “non-eco”
in a survey from the viewpoints of the degree of environmental consciousness and of
the practical action for the protection of environment.

Our questionnaire survey was performed in November 2005. The questionnaire is

composed of two parts. One is for classifying the 277 female respondents to the four types

of the environmental lifestyle following Nishio, the other is for categorizing the quality
elements of refrigerator and shampoo, which are the environment-friendly products
following Kano’s theory.

From the results of our survey, we have established a relationship between “the maturity
of quality” concerning environment and the environmental lifestyle. This information might
be relevant for planning of products.

1 Introduction

It has been nearly 20 years since people from the marketing area in Japan started
say-ing that they no longer understood what kind of products would sell. It was a
time of change, from an age in which a product was judged to be good primarily
from “looking” at its physical properties, to one in which a product would not sell

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6 20, © Springer-Verlag Berlin Heidelberg 2010
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unless customers could “feel” a story or vision behind the product. This trend
initially became pervasive as “brands,” but from the eve of the 21st century a new
element was rapidly spreading: the “environmental friendliness” of products.

As environmental pollution problems such as destruction of the ozone layer,
global warming, and environmental endocrine disrupters, which affected the earth
itself, came to the fore, the main object of environmental concern shifted from fac-
tories causing local pollution to individual consumers around the world. It took lit-
tle time after that for the emergence of “green consumers.” When deciding to
make a purchase, “women” more than “they” are said place emphasis on the
environmental friendliness of the product, but behind that purchase and consump-
tion is a close relation to the lifestyle of them/women. This is not the usual pur-
chasing behavior in which an individual seeks his or her own pleasure, conven-
ience, or economic benefit, but rather something in which a person feels an image
of him- or herself as someone who is contributing to society or considering the fu-
ture of his or her children. This kind of consumption behavior, which corresponds
to a person’s values and lifestyle, is very important to the person’s sense of self as
seen in his or her actions. One clothes oneself with “environmentally friendly” be-
havior and purchases as one would clothe oneself with a favorite brand.

As shown above, the purchase decision-making of consumers is thought to be
influenced by their lifestyle with respect to the environment.

This article takes up the theory of attractive quality and must-be quality of Kano
et al. [1] to explain consumer purchase decision-making from the viewpoint of
product attributes. In addition, it looks at Nishio’s “typification of environmental
awareness  [2] to classify consumers according to environment-related lifestyle.

In this article we attempt to use consumers’ environmental lifestyles to explain
variability in assessments of environmentally friendly product attributes, and from
this to obtain a deeper level of information for product planning.

2 Attractive Quality and Must-be Quality

Kano et al.’s [1] theory of attractive quality and must-be quality is very
appropriate for explaining the purchase decision-making of consumers from the
view-point of product attributes.

With respect to the product elements making up product quality, Kano et al. [1]
investigated the relationship between the objective aspect indicated by fulfillment
of physical criteria and the subjective aspect of sense of satisfaction with product
quality. From the two-way relationship shown in Fig. 1, with physical fulfillment
on the horizontal axis and user satisfaction on the vertical axis, they proposed the
classification of quality elements shown in Table 1.
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Satisfied feeling

Attractive quality

One-dimensional
qualit

Reverse quali

Must-be quality

Fig. 1 Quality elements seen from the relation between physical aspects and consumer

satisfaction [1]

Table 1. Definitions of quality elements of Kano et al. [1]

Classification Content
Attractive Quality |Quality elements that when fulfilled provide satisfaction
Element but when not fulfilled are acceptable.

One-Dimensional
Quality Element

Quality elements that result in satisfaction when fulfilled
and in dissatisfaction when not fulfilled.

Must-Be Quality
FElement

Quality elements that are absolutely expected (taken for
granted when fulfilled), but result in dissatisfaction when
not fulfilled.

Indifferent Quality Quality elements that neither result in satisfaction nor dis-
Element satisfaction, regardless of whether they are fulfilled or not.
Reverse Quality Quality elements that result in dissatisfaction when
Element fulfilled and satisfaction when not fulfilled.

According to Kano et al., consumers’ purchase decision-making is affected by
the relationship between the physical aspects of quality elements and the subjec-
tive aspects of consumers themselves. For this reason, various studies have been
conducted from the perspective of improving quality in the product planning
stage, so-called “planning quality.”
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Akiba and Enkawa [3] showed from a study of televisions that, as the market
matured, the quality elements that consumers emphasized, when evaluating a
product, shifted from basic functions to durability and maintainability, then from
durability and maintainability to operability, and finally to ease of placement, per-
sonal preference, and optional functions. Moreover, in the pattern of shifting em-
phasis in consumers’ product evaluation, starting from basic functions and moving
up to optional functions, the quality elements that customers had at one time em-
phasized become “must-be quality” elements. At this point the quality elements
emphasized by customers become “one-dimensional quality,” and at a further step
beyond that “attractive quality.” The quality elements beyond that are “indifferent
quality.”

Enkawa [4] looked at evaluation factors for the service industry, and found that
among the quality classification categories of attractive quality, must-be quality
and the others, there is an order with the direction indifferent — attractive —
one-dimensional — must-be, and that such an order moves with time from the
quality element of indifference until reaching must-be. Regularity in this order
was then proposed in this transition of quality classifications that is caused by
market maturity.

According to the claims of Akiba et al. [3] and Enkawa [4], the elements that
consumers emphasize in evaluating products, meaning the changes in quality clas-
sifications, follow a time axis of market maturity. Then, from the level of market
maturity, the quality classification that is assessed by consumers moves in the or-
der

indifferent quality —> attractive quality —> one-dimensional quality

—> must-be quality.

3 Classifying consumer type by ecology

Nishio [2] proposed a “typification of ecological awareness” by classifying con-
sumers by type according to their level of interest and behavior with respect to en-
vironmental problems. She categorized consumers into four types indicated on the
two axes of “degree of ecological involvement” and “degree of implementation of
ecological behavior.” In the present study these four types are called en-
vironmental lifestyle. Here, “degree of ecological involvement” is a scale express-
ing an individual’s insistence, thoughts, and interest in carrying out environmental
preservation and corresponding behaviors.

Each of the following ten items was scored 1 point for “Completely disagree,” 2
points for “Disagree somewhat,” 3 points for “Cannot say either way,” 4 points for
“Agree somewhat,” and 5 points for “Completely agree.” However, questions 1
through 3 were scored in reverse. The total score for the ten items was taken to be
the “degree of ecological involvement.” The questions were as follows.
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Environmental problems are serious, but there are more serious problems
in my life.

Although I would like to preserve the environment, I do not want to give
up my current comfort and convenience.

It is difficult for me to think of environmental problems as my own
problems.

Of the various problems faced by society, I am interested above all in
envi-ronmental problems.

I try to communicate the importance of environmental problems to the
people around me, and get them to adopt environmentally-friendly
behaviors.

I feel like my individuality is reflected by the types of behaviors I adopt to
preserve the environment.

When selecting a product, I consider its effect on the environment or what
has been done to make it environmentally-friendly.

I am very knowledgeable about environmental problems.

I regularly watch television programs or read articles about environmental
problems.

Environmental problems should be addressed immediately.

“Degree of implementation of ecological behavior” expresses the degree of
action one takes with concern for ecology. “Degree of implementation of ecologi-
cal behavior” was measured based on subject responses as to whether or not she
adopted 20 ecological behaviors. The “degree of implementation of ecological be-
havior” was scored by giving one point for each positive answer a respondent
gives, and totaling the score. The questions were the following.

I unplug electrical appliances that I am not using.

I give used milk cartons for recycling.

I do not pour oil down the drain.

When I go shopping I carry a basket with me (I do not take the store’s
shopping bags).

I limit automobile use and ride a bicycle or public transportation.

I gather full loads of laundry before washing.

I recycle or reuse plastic bottles.

I participate in environmental volunteer activities.

I am careful to turn off lights.

I try to limit trash by not buying disposable items or more than I need.

I dispose of kitchen garbage at home by using a garbage processor or
composting.

I do not use synthetic detergents as dishwashing or laundry soap.

I send clothes, I no longer need, to a recycling shop or flea market.

I try whenever possible to repair broken items and use them.
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e | set my air conditioner at 28°C or higher, and my heater at 20°C or
lower.

I do not let my car’s engine idle.

I seek out and buy organic vegetables.

I turn off the faucet conscientiously, and do not leave water running.

I use the determined amount of washing powder.

I drive a low-emission vehicle (hybrid, etc.), or am considering one as my
next car.

Consumers were divided into four types according to the four quadrants of a
coordinate system related to ecology, as shown in Fig. 2.

Ecological involvement

4 (High)

Pre-eco
Understands that environmental
problems are important as a general
theory, but tends not to associate
them with onés own life, and they
do not lead to any specific behaviors,
Many unmarried women. May come
to consider them as onés own
problem after marriage or giving
birth.

Green consumer

High awareness of environment, and
generous financially and
behaviorally. Many are people who
are financially comfortable and have
time and mental energy to spare.

Implementation of
ecological behavior

>

(Low)

Non-eco Ego-eco

Is interested in environmental

Almost no interest in environmental
problems, or considers that
environmentally friendly behavior
would constrict onés own lifestyle.

problems, but does not want to make
any sacrifices in onés own life. Will
adopt ecological behavior if feels it is
to one’s own economic benefit. Many|

Takes minimal action. young working couples oriented to

their homes and themselves.

(Low)

Fig. 2. Four types of environmental lifestyle

4 Questionnaire survey
4.1 Purpose of survey

The purpose of this survey was to validate our hypothesis that the variance in
assessments of environmentally-friendly quality attributes can be explained by
consumers’ environmental lifestyles. We also considered the relationship between
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quality elements and the time axis of maturation of consumer environmental life-
styles.

4.2 Survey Outline

All questioned persons in this study were women. This was, because it was
assumed, as a general image, that purchasing environmentally friendly products, is
a behaviour being characteristic for women.

The products should be selected on condition that the persons imagined an
environmentally-friendly product group. Moreover, the products should be of a
type that “everybody is familiar with” and that “women make the purchase
(decision)”. Finally, to avoid having a great number of questions on the
questionnaire, the number of products was narrowed to two with different
properties and price ranges. Thus, a refrigerator and shampoo was selected for the
study.

Table 2. Quality element items used in questions

Quality element items

Question items

Basic function Good performance
Usability Easy to handle
Ease of placement Size is just right
Preference Good design
Good reputation
Reliability Trustworthy manufacturer

Long-lasting

Environmental friendliness

Conserves resources

Carries environmental label

Waste materials are not harmful to the earth

Availability Easy to obtain
Harmful effects No adverse effects from use
Economically advantageous | Economical
Applicability Multifunctional
Maintainability Good after-sales service

Note: In the text, “Conserves resources”’, “Carries environmental label” and “Waste
materials are not harmful to the earth” are abbreviated with “resources”, “label” and
“waste material”, respectively.

A questionnaire was conducted to determine environmental lifestyle types fol-
lowing the proposal of Nishio. On questions related to quality elements, the
persons were asked what they would feel in the case that the product satisfied or
did not satisfy the respective quality elements in Table 2. On the actual
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questionnaire, subjects were not asked whether products satisfied or did not satisfy
the quality elements, but to classify their feeling using the five categories of
“like,” “acceptable,” “no feeling,” “must-be,” and “do not like” in the case that
each element was good and bad.

29 <¢

Table 3. Demographic attributes of subjects

Total number of subjects 277
20s 69

30s 82

Age 40s 69
50s 54

60s 3

. Married 190
Marital status Single 27
. Yes 179
Children No o8
1 42

2 63

3 80

No. of other people | 4 34
in household 5 14
6 5

8 1

0 23

Full-time homemaker 98

Part-time employment 58

Work Full-time employment 92
Other 29

Less than 4 million yen 67

4 million to less than 6 million yen 76

Annual income 6 million to less than 8 million yen 59
8 million to less than 10 million yen 34

10 million yen or more 33

Unspecified 8

The survey was conducted in cooperation with the Chubu Electric Power Co.,
by posting a call for questionnaire respondents to the 5,000 registered members of
the company’s mobile phone website. Questionnaires were sent by post to 398
women aged in the 20s—50s, who had requested it. The number of responses was
359, i.e., a response rate of 90%. Table 3 shows the demographic attributes of the
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subjects. If a respondent failed to answer all the questions or made a clear mistake
in responding, all the data from that respondent was excluded. As a result, the
number of valid responses was 277.

Table 4. Determination of attractive quality items — skeptical quality items [1]

Not fulfilled Like Essential Don’t care | No choice | Don't like
Fulfilled either way but to
accept
Like S A A A —
Essential R I 1 1 M
Don’t care R I I 1 M
either way
No choice R | I 1 M
but to accept
Don't like R R R R S

Note: A: Attractive evaluation; M: Must-be evaluation; O: One-dimensional evaluation; I:
Indifferent evaluation; R: Reverse evaluation; S: Skeptical evaluation.

5 Survey results
5.1 Overall quality elements and quality classifications

Quality classifications were established from the responses to the questions on
quality elements in Table 2, following the method of Kano [1]. Table 4 shows
Kano’s method of establishing quality classifications. Table 4 is a matrix of
quality classifications for each response of satisfaction/dissatisfaction with quality
elements.

The incidence of skeptical quality and reverse quality were extremely low in
this study, and so they were excluded from the analysis.

First, the relation between quality elements and quality classifications was
analyzed without stratifying subjects. The results of the analysis of shampoo are
shown as an example. A correspondence analysis of quality classifications X
quality elements was conducted (Fig.3), and is summarized in the two-way
contingency table shown in Table 5 (see Miyakawa [5].)
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Table 5. Two-way contingency table of quality classification x quality element

(shampoo)
Ease of

Performance |Usability [placement |[Design |Brand |Manufacturer |Resources
Must-be 117 76 43 7 25 57 46
One-
dimension 129 108 93 39 91 102 54
Attractive 19 60 81 153 85 52 82
Indifferent 12 33 60 76 76 66 96
total 277 277 277 275 277 277 278

Waste Harmful [Multifu]Economically

Label material |Availability|effects |nction |advantageous |total
Must-be 35 45 46 44 9 35 371
One-
dimension 42 64 62 154 28 139 616
Attractive 79 86 87 53 89 80 532
Indifferent 121 82 82 26 144 23 419
total 277 277 277 277 270 277

From Fig. 3 we can see the quality elements corresponding to maturity of
quality elements: indifferent quality —> attractive quality —> one-dimensional
quality — must-be quality. All of the product attributes related to environmental
friendliness, “resources,” “label,” “waste material,” are positioned in indifferent
quality. The same trend was seen for refrigerators.

X/ ust-be o

Perform ance

_E. M anufac tyrer

dte .’ al fability

oy e —>
Ryjlity
M One—din ensbnal

active X
Ataactive & _____—— a Ham fuleffects

g Deskn @l conom ally advantageous

Fig. 3. Results of correspondence analysis (for shampoo)
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5.2 Relation between quality elements and quality classifications with
stratification by environmental lifestyle

Subjects were stratified by environmental lifestyle according to the “typifica-tion
of environmental awareness” proposed by Nishio, and the results are shown in
Fig. 4. The same analysis was done (data were put in a three-way contingency
table) after this stratification of subjects. The results are shown in Fig. 5, but only
for “waste material” to make it easier to understand on paper.

In 5.1, “resources” was positioned in indifferent quality, but a clear pattern
emerges after stratification of subjects by environmental lifestyle. Here, when
made to correspond to the process of quality classification maturation, we see the
directionality of non-eco, ego-eco —> pre-ego —> green consumer. Considering
the four types of environmental lifestyle shown in Fig. 2, a maturation process of
that can be assumed for this similar process. Accordingly, the process of quality
classification maturation corresponds with that of environmental lifestyle
maturation.

Ecological involvement

A (High)
Pre-eco Green
consumer
47 people 93 people
(17%) (34%)
Implementation of
» ccological behavior
(Low) (High)
Non-eco Ego-eco
76 people 61 people
(27%) (22%)
(Low)

Note: Numbers in shaded boxes are numbers of people in category
(Numbers in parentheses are percentage of 277 people)

Fig. 4. Stratification by environmental lifestyle
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y y
Must-be hdifferen
X on
* E g0 hdileren on Pre W ust-be
Ego Green

@ Z Z X
x Green
A Ar i b 4 b4 4

O ne—dm ensbnal ' O nedir ensinal
A ttrac tive
Refri gerator: resource Shampoo: resource

Fig.5 Results of correspondence analysis after stratification by environmental lifestyle

5.3 Discussion

Considering the results of the analysis described in 5.2, it seems that rising
maturity of consumers’ environmental lifestyles also leads to maturity of quality
classifications. Consumer whose environmental behavior is at a low stage of
maturity (non-eco), consider attributes showing environmental concern to be
“indifferent quality”. Conversely, consumer who has a high level of “greenness”
(green consumer), evaluate environmentally-friendly product attributes as “one-
dimensional quality”. Consumer position on a maturity axis of environmental
lifestyle can be interpreted as contributing to the variance in quality classification.

From the above one may consider the following:

(1) The hypothesis that lifestyle characteristics of individual consumers are factors
that can contribute to the variance in quality classifications holds.

(2) With respect to (1), it was confirmed that there is variance in quality
classifications on the maturity axis for environmental lifestyle.

(3) A relationship of correspondence is formed between the processes of
environmental lifestyle maturation and quality classification maturation.

(4) The variance in quality classifications related to environmentally-friendly
attributes should be kept in mind, when dealing with environmentally friendly
products in product planning, or when it is assumed that green consumers exist in
the target market.
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(5) If (4) becomes further generalized, it may be possible to make a further step
and obtain information on customers future needs by focusing on the variance in
quality elements that become “indifferent quality” as environmentally-friendly
attributes.

6 Conclusion

The variability in assessments of environmentally-friendly quality attributes was
explained by the environmental lifestyle of consumers. This variability was also
explained by the process of quality classification maturation. This suggests that
the variability in quality elements that becomes indifferent quality overall may
provide a deeper level of information for products planning.
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The analysis of dispersion effects is as important as the location effect
analysis in the quality improvement. Unreplicated fractional factorial
experiments are useful to analyse not only location effects but also dis-
persion effects. The statistics introduced by Box and Meyer (1986) to
identify dispersion effects are based on residuals subtracting the esti-
mates for large location effects from observations. The statistic is a
simple form, however, the property is not completely discovered. In
this article, the distribution of the statistic under the null hypoth-
esis is derived in unreplicated fractional factorial experiments using
an orthogonal array. The distribution under the null hypothesis can-
not be expressed uniquely. The statistic has different null distributions
depending on the combination of columns allocating factors. We con-
cluded that the distributions can be classified into three types, i.e. the
F distribution, unknown distributions close to the F' distribution and
the constant (not stochastic variable) which is one. Finally, the power
of the test for detection of a single active dispersion effect is evaluated.

1 Introduction

In quality control and improvement, it is important to control the qual-
ity characteristics by grasping the relationship between the response
and the controllable factors. The control succeeds by two kinds of works.
One is to adjust the mean response for the target value, the other one is
to minimize the spread of response. The former have been traditionally
achieved by mature scientific approaches; design of experiments is one
representation of useful methods. To the latter less attention has been
paid than to the analysis of the mean response, however, its importance
was emphasized by Taguchi (e.g., Taguchi and Wu, 1980). Hence, the

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_21, © Springer-Verlag Berlin Heidelberg 2010
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analysis of both location and dispersion effects becomes important to
the quality improvement.

By using methods such as Bartlett and Kendall (1949) and Nair
and Pregibon (1988) it is possible to estimate location and dispersion
effects from experiments with replications. Since it is not economical
to analyze dispersion effects in such experiments with a large number
of runs, there has been considerable interest in estimating location and
dispersion effects from unreplicated fractional factorial experiments.

Box and Meyer (1986) is one of pioneering works for analysis of
the dispersion effect from unreplicated two-level (fractional) factorial
experiments, and demonstrated a method for identifying dispersion ef-
fects under the assumption of effect sparsity; namely, only a few of
the effects are active. Bergman and Hynen (1997) modifies the Box
and Meyer (1986)procedure in two-level factorial designs. Blomkvist,
Hynen and Bergman (1997) developed the generalized procedure of
Bergman and Hynen (1997) for applying to two-level fractional fac-
torials and response surface methodology. Wang (1989) derives the
maximum likelihood estimators of location and dispersion effects un-
der the normal assumption with the log-linear dispersion model. Wang
(2001) expanded Wang (1989) to unreplicated multilevel fractional fac-
torial experiments. Liao (2000) proposed the likelihood ratio test in
unreplicated two-level fractional factorial experiments. Harvey (1976)
proposed a two-step procedure for location-dispersion modeling in the
general regression context. Wiklander (1998) developed the unbiased
estimator for two-level factorial designs without replications when the
linear main effect models are assumed for the location and dispersion
models. Holm and Wiklander (1999) adapted Wiklander (1998) to two-
level fractional factorial designs. Wiklander and Holm (2003) discussed
the theoretical background of Wiklander (1998) and Holm and Wiklan-
der (1999). Lee (1994) studied the Bayesian estimation and compared
it with the maximum likelihood estimator in unreplicated factorial de-
signs.

It is a difficult problem to identify both location and dispersion
effects from unreplicated experiments. Brenneman and Nair (2001)
showed the unbiasedness of some estimators under both linear and log-
linear dispersion models. McGrath and Lin (2001a) pointed out that
Bergman and Hynen (1997)’s statistic is biased under the multiple dis-
persion effect model, and proposed an unbiased estimator. Ferrer and
Romero (1993) evaluated the accuracy of the estimation for Harvey
(1976), iterative weighted least square method and maximum likeli-
hood estimation. Pan (1998), McGrath and Lin (2001b) and Schoen
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(2004) discussed the impact of misidentifying the location model to
infer for dispersion effects. McGrath (2003) developed a procedure to
determine the minimum number of additional runs needed to remove
the confounding between the dispersion effect and two unidentified lo-
cation effects.

Mostly, procedures for identifying dispersion effects have been based
on the residuals. Thus, the performance of the statistic to identify dis-
persion effects is affected by the identified location model in unrepli-
cated fractional factorial experiments. The properties and impact of
procedures to identify dispersion effects were disclosed for some mul-
tiple dispersion effect models and unidentified location effects. In this
article, an important property is added by a theoretical consideration
of Box and Meyer (1986)’s procedure. The important property is that
the performance depends on the defining relation among the location
effects which are used to calculate residuals, even if all the true active
location effects are correctly identified. We show that the null distri-
butions of Box and Meyer (1986)’s statistic can be classified into three
types depending on the defining relation among the location effects
(allocation pattern).

In the next section, we show the property of the statistic introduced
by Box and Meyer(1986). In Section 3, the null distribution is shown.
In Section 4, we show the power curves defined as the probability that
the null hypothesis is rejected.

2 The property of the test statistic for dispersion effects

We investigate the test statistic to detect dispersion effects in the proce-
dure to identify dispersion effects from unreplicated fractional factorial
designs introduced by Box and Meyer (1986). First, the location effects
are estimated via ordinary least squares and the set of active location
effects is identified. Next, the residuals are calculated by using active
location effects. Let ri be the residual vector collecting the residuals
for 41 level of the interested dispersion effect, and let r_ be the resid-
ual vector for —1 level of it. Then the test statistic for the dispersion
effect is

r'ry
D=—F 1
o (1)

where r’_ is the transposed vector of ro. The set of the location effects
is divided into four subsets as follows;

1. true active effects found to be active,
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2. true inactive effects found to be active,
3. true active effects found to be inactive,
4. true inactive effects found to be inactive.

The first and second subsets are used for calculating residuals. The
third subset generates the bias for residuals. The fourth subset are pure
errors. Let Baa, Bra, Bar be the true effects vector corresponding to
the first, second, third subsets, respectively. Then the design matrix
is partitioned into four parts corresponding to an overall mean and
three subsets, and it is divided by two parts for the row. Hence, if the
experiment designed with the n x n regular orthogonal array is carried
out, the underlying statistical model is

1
_ (1 Xaar Xray Xar ) | Baa| | (e+
1 Xpa- X1a- Xar- 0

Bar

()~ () (o ) 0

where 1 is a column vector with all the n/2 elements equal to one,

is an overall mean and k is the magnitude of a dispersion effect and

In is an identity matrix of n/2 x n/2. A single dispersion model is

assumed in order to disclose basic property. The X 44+ matrix denotes

the design matrix for the +1 level of the single dispersion effect in the

subset consisting of true active location effects found to be active.
The estimated statistical model to calculate residuals is

L
(1 Xpar Xiag €4
Y= (1 Xaa— Xja— Paa | + E_
Bra
= XpBr +e¢

Cf)”((g)"ﬂ (Io IO>> 3)

Hence, the residual vector is

() = -9 = (1~ 22 ) s+ (1, - XE2E )

r_

Due to X, X1 = nl,
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o= Xarear + (I3 - GXD. - (6x0) (5)

e= Xar (XD - LX) ($) @

where X} = (12, Xaay, Xraq), Xo = (12, Xaa—, Xja-).
Consequently,

E(ry) = Xar+Bar, (7)
E(r-) = Xar—Bar. (8)
and
X, X' \? X, X' X X'
V(ry) = k*o? <I% — +n +) + o2 ( a 3 +> ; (9)
X X' X, X' X_X'\?
V(r.) = k%> T ) 62 (I — —), (10)
n2 2 n

r; and r_ are distributed according to the multivariate normal distri-
bution, respectively.

X, X! X_ X/ . .
Lemma 1. (I% — %) and <I% — T_) are tdempotent matrices

& X X =X X, = Onyn, Oz is zero matriz.

2

X.X"\2 X. X! X X X, X! X. X!
Proof. (Jﬂ—g) Y SR s S A S B +.1f(Iﬂ—L)
2 2 n n 2 n

n
is idempotent matrix, then ~ttatte X+nX+. c XL (XX —
nI%)Xg_ = O%X%. = X+(—X/_X_)X; = O%X%( X%XT = nI).

S XXX _X) = Oz z. Hence, X_X' is a zero matrix.

: : . X_X'
Analogously, X X’ is a zero matrix due to the condition that (I = )

is an idempotent matrix.
On the contrary, if X, X’ = X_X/ = Oznyz, then (I% — %)
X_X' . . .
and (I a— T_) are idempotent matrices by the straightforward ex-
pansion. [J

If X_X! and X_X/ are zero matrices, ry and r_ are mutually
independently distributed according to following distributions;

X, X!
r.~N (XAH—ﬁAI,kQaQ (Ig — +n +)) ) (11)

r_~N (XA]_ﬁA[,Uz <Iﬂ — X_X/_)> . (12)

2 n
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Let m be the number of columns of the matrix X,

X X’ X_ X’ 1
tr(I%— ha +> = tr (I%— _> =§(n—m). (13)

n n

Consequently, we obtain the following result.

r'r r r_
Theorem 1. X_X' =X, X' =Onyn = % und =—= are mutu-
PRAN) k»20-2 0-2
ally independently distributed according to non-central chi-square distri-
n—m

butions with

degrees of freedom, and the noncentrality parame-

ters are (B, X'y 1o XaryBar)/(k*0?) and (8, X'y ;_Xar-Bar)/o?, re-
spectively.

3 Null Distributions of Test Statistics

In this section, the distributions of D under the null hypothesis Hy : k =
1 are investigated. Additionally, we assume that all the true location
active effects are completely identified as being active, i.e. X7y and
X 47— are zero matrices. The distributions are classified into some types,
depending on the design matrix of the estimated statistical model (3).

In case of X, X! = X_X/| = Oznyz, due to Theorem 1, for any

k, D is distributed according to the k? multiple F distribution with
(n—m)/2 and (n —m)/2 degrees of freedoms. We show the allocation
patterns for Taguchi’s 8 x 8 orthogonal array in Table 1. Taguchi’s 8 x 8
orthogonal array is the matrix changing the columns of the regular 8 x 8
orthogonal array expressed by Yates’s standard order (e.g. see Table 3
of Ojima et. al (2004)), and we express it as Lg. The number of active
location effects (m — 1) is shown in the first row of Table 1. If X X! is
the zero matrix, the number of columns of the estimated design matrix
m is an even number because the element of the matrix is +1 or —1.
The second row and below express the allocation pattern. For instance,
if the five effects are allocated to 1st, 2nd, 3rd, 4th and 5th columns
and the residuals are calculated based on all of those effects, D has the
k? multiple F' distribution with (8-6)/2=1 and one degree of freedoms.
Suppose the three main effects (A, B and C) are allocated to 1st, 2nd
and 4th columns and the interested dispersion effect is evaluated from
the 1st column. In Taguchi’s orthogonal array, the 1st, 2nd and 4th
columns are main effect vectors of an unreplicated three-way layout.
Under this situation, the sufficient condition so that the statistic D has
an F distribution is that 1st, 2nd, 3rd, 4th and 5th columns are included
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in the design matrix Xg. The 3rd and 5th columns denote the two-
factor interaction columns, the 3rd column is the interaction between A
and B, the 5th column is the interaction between A and C. This design
matrix is the expanded location model introduced by Bergman and
Hynen (1997). Bergman and Hynen (1997) also referred to the result
that the distribution of the statistic D based on the expanded location
model is an F' distribution. Hence, theorem 1 will be a theoretical
evidence for Bergman and Hynen (1997).

Table 1. Allocations for Lg when the D has the k? multiple F distribution

m—1 1 3 )

allocation 1 1,2,3 1,2,3,4,5
1,4,5 1,2,3,6,7
1,6,7 1,4,5,6,7

In case of X1 X! | X_X/ # Oznyn, the test statistic D under the
null hypothesis has the distribution shown in Table 3 or the constant
1 depending on the allocation pattern. The allocation patterns in case
that D is a stochastic variable are shown in Table 2. The type of the
distribution is unique for each number of allocation effects (m — 1)
except for m—1 = 2. In case of m = 2, D has two kinds of distributions.
In case m’s equal 5 and 6, the D’s do not have a distribution of this
type. In Table 3, the quantiles of the distributions for each m are shown.
The quantiles are obtained from the empirical distribution with 50,000
observations generated by Monte Carlo method. When the allocation
is another pattern except for patterns denoted in Tables 1 and 2, the

test statistic D is equal to one.

4 The evaluation of the power

In this section, the power defined as the probability that the dispersion
effect £ # 0 is detected is evaluated. In Figure 1, the power func-
tions for each m are shown. The power is evaluated on a grid of values
k = 0.5(0.1)5.0(0.5)10.0 by Monte Carlo simulations with 10,000 repli-
cations except for cases where the test statistic has an F' distribution.

We consider the cases that the allocations are denoted in Table 2.
The powers for m being an odd number are higher than those for m
being an even number except for the type II allocation of m = 3. The
power for that case is the lowest for nearly the whole evaluation range.
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Table 2. Allcations for Lg when the D is a stochastic variable in case of
X4 X, X X #O0nyxn

m—1 1 2 3 4
Type 1 Type 11

allocation 2 1,2 24 1,24 1,2,34
3 1,3 2,5 1,2,5 1,2,3,5
4 1.4 2,6 1,2,6 1,2,3,6
5 1,5 2,7 1,2,7 1,2,3,7
6 1,6 3,4 1,3,4 1,2,4,5
7 1,7 3,5 1,3,5 1,2,6,7
2,3 3,6 1,3,6 1,3,4,5
4,5 3,7 1,3,7 1,3,6,7
6,7 4.6 1,4,6 1,4,5,6
4.7 1,4,7 1,4,5,7
5,6 1,5,6 1,4,6,7
5,7 1,5,7 1,5,6,7
2,3,4 2,3,4,5
2,3,5 2,3,6,7
2,3,6 4,5,6,7

2,3,7

2,4,5

2,6,7

3,4,5

3,6,7

45,6

45,7

4,6,7

5,6,7

By observing the power curves for the range of k£ until 1000.0 (the
power equals to 0.99 for the £ multiplied F' distribution with 1 degree
of freedom), we make sure that the power curves will converge to values
less than or equal to 1.0.

Consequently, the allocations that the X X’ is not zero matrix is
not better. If m is three or five, the allocation should adopt the pattern
denoted in Table 1 by adding one inactive effect.

5 Conclusion

The property of the test statistic for identifying a particular disper-
sion effect introduced by Box and Meyer(1986) is investigated in an
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Table 3. Distributions for Lg when the D is a stochastic variable in case of
X X, X X, #O0nyn

m—1 1 2 3 4
Lower Prob. Type 1 Type 11
0.05 0.19 0.12 0.26 0.16 0.08
0.10 0.29 0.21 0.39 0.28 0.16
0.15 0.38 0.29 0.50 0.39 0.24
0.20 0.46 0.37 0.59 0.49 0.34
0.25 0.54 0.45 0.68 0.58 0.44
0.30 0.63 0.55 0.76 0.68 0.55
0.35 0.72 0.65 0.83 0.77 0.67
0.40 0.81 0.75 0.90 0.86 0.78
0.45 0.90 0.87 0.96 0.94 0.90
0.50 1.00 0.99 1.00 1.00 1.00
0.55 1.10 1.13 1.04 1.06 1.11
0.60 1.23 1.31 1.11 1.15 1.27
0.65 1.39 1.52 1.20 1.29 1.50
0.70 1.59 1.80 1.32 1.47 1.81
0.75 1.84 2.17 1.48 1.71 2.25
0.80 2.18 2.66 1.69 2.05 2.92
0.85 2.67 3.43 2.02 2.59 4.04
0.90 3.50 4.81 2.61 3.57 6.38
0.95 5.45 8.08 3.92 6.01 13.53

3,3),m=
2.2)m=
11).m=

Power

dispersion effect k

Fig. 1. The power curves the dispersion effect is detected
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8x8 regular orthogonal array. The distributions of the test statistic are
investigated under the null hypothesis, assuming all the true active ef-
fects are not misidentified. The distributions are classified into three
types which are the F' distribution, the distributions denoted in Table
3 and the constant 1(not stochastic variable). Each distribution type is
associated with the allocation pattern of Tables 1 and 2. The powers
defined as the probability rejecting the null hypothesis are evaluated.
The power curves for X X’ # O converge to a value less than or equal
to 1. Hence, the allocation should adopt the pattern denoted in Table
1, and if m is three or five, turn m into four or six by adding one inac-
tive effect. In other words, the expanded location model introduced by
Bergman and Hynen (1997) should be adopted. In practice, the active
location effects are selected by testing before analyzing the dispersion
effects. It is not better to analyze the dispersion effect based on only
the selected active effects, because the test statistic for the dispersion
effect is always one in the worst case. The factors should be allocated
based on the allocation patterns for the analysis of the dispersion effect.
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Summary. Paired comparison experiments are effective tools when the characteristics of
the objects cannot be measured directly. In paired comparison experiments the characteris-
tics of the objects are estimated from the result of the comparisons. The concept of paired
comparison experiments was introduced by Thurstone (1927). The method by Scheffé
(1952) is widely used for complete paired comparison experiments and the method by
Bradley and Terry (1952) is popularly used in incomplete paired comparison experiments.

In incomplete paired comparison experiments, the design of the experiment, that is, how
to form the pairs to be compared, is crucial to successful analysis. Many methods including
adaptive experimental designs are proposed. The tournament systems in sports and other
competitions are typical examples of such designs, but their statistical properties are not
fully investigated. In this paper, we discuss how tournament systems may be evaluated and
propose a new criterion. We also give examples of evaluating tournaments based on the
proposed criterion.

1 Introduction

Evaluation of items of interest is usually carried out by measuring certain charac-
teristics of the items. It is relatively easy if these characteristics can be measured
directly, but relatively difficult otherwise. When measuring if difficult, sensory
evaluation is often used, in which case human beings are the measurement equip-
ment.

Paired comparison experiments are effective tools when we cannot directly
measure the characteristics of the objects. It is especially useful when a person
can point out the superior or preferable item when two items are presented. The
tournament systems in sports and other competitions are typical examples of such
designs.

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6 22, © Springer-Verlag Berlin Heidelberg 2010
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Various tournament systems are adopted to rank players in competitions such

as sports and games. Competitions are divided into two groups, ‘race’ and
‘match.” In races, players compete for time or scores that can be evaluated numer-
ically. In matches, players compete face to face for a win. Although a tournament
system adopted in a competition depends on scale and period, its primary objec-
tive is to appropriately rank the participants according to their results. There are
other objectives of the tournaments such as commercial aspects. This paper is mo-
tivated by the desire to obtain an accurate, representative final ranking rather than
a spectacular upset. We focus on the statistical objective of ranking the players
correctly.
In races, ranking the participants is rather easy once the time or the scores are ob-
tained. On the other hand, it is generally difficult to rank the participants in com-
petitions decided by matches. One of the reasons is that obtaining the results
themselves is difficult. Popular tournament systems adopted in such cases are
knockout tournaments and round robin tournaments. Many modifications are pro-
posed for these systems but it is difficult to evaluate their effectiveness. In this
paper, we discuss a method of evaluating tournament systems and propose a new
criterion. We also give examples of evaluating tournaments based on the pro-
posed criterion.

2 Paired Comparison Experiments

Paired comparisons is a methodology where the items are compared in pairs to
judge which of each pair is preferred. It can be regarded as a statistical method.
We briefly explain it in this section.

2.1 Thurstone’s Method

The basic method for paired comparison methods was introduced by Thurstone
(1927). Thurstone gave five cases and gave procedures for evaluating effects of
the items in each case. In the fifth case, the proposed model is given as follows.

Xk :(ai_aj)+gijk (1)

Here, x;; denotes the evaluation (preference) of item i over item j in the
k™ replication when items are presented in this order. ¢; and a; stand for effects of
items, and & expresses the error in evaluation. It is assumed that the error is
normally independently identically distributed with zero mean and a constant va-
riance. Measurements are replicated for all the combinations of the pairs of the
items, and the effects of the items are to be estimated. Therefore the decision de-
pends on only the difference between the effects of each item. The procedure fo-
cuses on estimating the difference.
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2.2 Scheffé’s Method

This method is one of the most popular paired comparison methods. Schefté’s
method (Scheffé 1952) is based on Thurstone’s method. This method is adopted
in some ISO standards such as ISO 5492 (1992). Evaluation between the items
can be a numerical value rather than preference only. In Scheffé’s method, the
following model is assumed.

Xp =(@,—a)+y; +0,+&, (2)

Here y; expresses the combination effect (y,=—7;), and J; expresses the order
effect (9; = d;). Other symbols are defined the same as in Eq.(1).

2.3 Bradley and Terry’s Method

This is a popular paired comparison method also known as the Bradley-Terry
model. In this method (Bradley and Terry 1952; Fujino and Takeuchi 1988), the
model is given below.

T .

Py =——— 3)
7[1' +7Z'j

In Eq.(3), p;; is the probability that item i is judged superior to itemj. 7,and 7;
represent the effects of the items. These are the parameters that will be estimated
from the results of the paired comparisons. The estimation is usually carried out
by means of the method of maximum likelihood.

3 Tournament Systems

A match in a tournament can be regarded identical to comparing a pair in paired
comparison experiments. A tournament system is a procedure for determining the
pairings of the matches in order to rank the participants. In paired comparisons, it
can be regarded as a procedure for design of experiments. In this section, popular
tournament systems are introduced.

3.1 Round Robin Tournaments
A round robin tournament is a competition in which every player or team plays

against every other player or team. This is one of the most popular tournament
systems adopted in many competitions: soccer leagues in many countries, baseball
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pennant race, rugby Six Nations, and so forth. When the number of matches be-
tween the same players is one, it is called single round robin, and if two, double
round robin. The latter is often used where the winning percentage between the
players of the same strength is regarded as not equal to 50% such as home and
away games in soccer and other sports, or white and black for chess.

One of the merits of the round robin tournaments is that all the combinations
are realized so that the ranking of the players can be done for all the players.
Another merit is that ranking of the players will be done relatively accurately be-
cause the number of played games is large. On the other hand, a demerit is that it
takes time to finish all the games. From commercial point of view, lack of an ap-
parent final match can also be considered as a demerit.

For the methods described in section 2, Scheffé’s method and Thurstone’s me-
thod require comparisons for all the possible pairs. Only round robin tournaments
satisfy their requirements. So, when we adopt other tournament systems, we can-
not apply the existing methods directly. Using terms in design of experiments,
round robin tournaments are complete designs where comparison are made for all
the possible pairs.

3.2 Knockout Tournaments

A knockout tournament is a competition in which only the winning players or
teams at each stage continue to play until there is only one winner. This is also
adopted in many tournaments: Wimbledon tennis, World Cup Soccer finals, judo,
wrestling, and so forth.

Commercial-wise, the big merit is that there is a final. Another merit is that the
number of the games is not so large. However, from the viewpoint of ranking the
players, it is the least effective. In many cases, ranking the players is impossible
except for a few top players. Another demerit is that the influence of the pairing is
large, i.e. the outcome for a player much depends on to whom he is matched. To
overcome these disadvantages, methodologies such as seeding and double elimi-
nation knockout tournaments are proposed (McGarry and Schutz 1997; Marchand
2002). Stepladder tournaments (used in bowling) and the page system (used in
softball) can be considered as a variation on the knockout tournament.

From the view point of experimental design, the knockout tournaments are one
type of incomplete design.

3.3 Swiss System Tournaments

A Swiss tournament is a competition in which players or teams at each round play
against those with the same (or similar) results. Every player plays the same
number of games and does not play against the same opponent twice. The name
Swiss system is used because this type of tournament was originally adopted in
chess tournaments in Switzerland in the late 1800s. The Swiss system is adopted
mainly in mental sports such as chess.
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A merit of the Swiss system is that it is possible to rank all the players and it
can be done relatively well, if not as accurately as for round robin tournaments.
From the players’ point of view, they can enjoy the tournament because they are
not eliminated as soon as they lose a game. A demerit of the Swiss system is the
difficulties in running the tournament.

In Swiss tournaments, players play against those with similar results. There-
fore, the pairing of the matches is done according to the result at the time of pair-
ing. This pairing makes the Swiss system different from other tournaments. The
pairing rules are basically described accurately [3, 8], but knowledge and expe-
rience are necessary to effectively run the tournament. Many techniques have al-
ready been proposed by Takizawa and Kakinoki (2002), Hashimoto et al. (2002),
Kayama (2003), Kawai et al. (2005), Glickman (2005), and others. Commercial
software exists to support the running the Swiss tournaments such as Swiss Perfect
[17] and Swiss-Manager [18]. But even in this case, basic knowledge is necessary
and the pairing must be made by some means.

From the view point of experimental design, Swiss system tournaments are also
incomplete designs. In particular, since the pairings in the Swiss systems depend
on the history of the experiment, the Swiss tournaments can be regarded as adap-
tive paired comparison experiments as discussed by Glickman (2005).

3.4 Hierarchical Structure of the Tournaments

As described in previous sections, there are various tournament systems. In prac-
tice, one tournament often consists of multiple tournament systems, say, prelimi-
nary rounds and final rounds in the World Cup Soccer. In other cases, round robin
tournaments with different numbers of players are run successively. Tournament
systems have broader range if the hierarchical structure of the tournaments is con-
sidered.

4 Tournament System Evaluation

4.1 Evaluation Criteria

The principal objective of the tournament is ranking the players, but it is not clear
what is ‘good’ ranking is. Each tournament has its own objectives: to decide the
only winner, to decide who receive medals, to decide who goes through the pre-
liminaries, or to rank all the participating players.

In existing literatures, evaluating the tournaments has not been easy, and there
are various criteria used to evaluate them. A popular approach is to compare the
rank of the tournament result with the starting rank order which is assumed to be
determined before starting the tournament. Since we consider a tournament as a
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design of experiment, it may be natural to use criteria also used in evaluating ordi-
nary experimental designs. But using ordinary criteria are not enough, for the fol-
lowing reasons.

The first reason is that the objective of the tournament is not only to estimate
the effects of the items or the strengths of the players, but also to estimate the rank
order of the effects. They are often weighted, that is, the ranking in the top part of
the participants are more important.

The second reason is that the final ranking should fit better with the results per-
formed by players than the starting ranks. Using terms in design of experiment,
the result of the tournament should express not the estimated true value of the pa-
rameter but the realized value of the random variables. In ordinary experimental
design, the realized value of the random variables and the estimated parameter
correspond easily to each other. That will not happen in the tournament designs.
This is the essential difference between ordinary paired comparison experiments
and the tournaments.

The third reason is that the tournament must be fair to all the players. The ex-
pected rank in the tournament should be the same for the players whose perfor-
mance is at the same level of strength. This is a difficult problem to solve because
it means seeding and prior ranking should not affect the outcome of the tourna-
ment strength-wise even though they will be used in actual tournaments.

Considering the above reasons, we propose fo evaluate tournaments by the
consistency between the tournament result and the performance. In other
words, the tournament result rankings should coincide with the strengths per-
formed by the players. In this paper, we used Spearman's rank correlation coeffi-
cient as a criterion to evaluate the tournaments.

4.2 Evaluation Procedure

It would be convenient if we could evaluate the tournament system by mathemati-
cal means. But since the nature of the tournament system, especially the Swiss
system, is complicated, we need to evaluate the tournament systems by simulation
methods. As described in the previous section, we need to consider various crite-
ria for evaluating the tournament systems. Therefore, a reproducible simulation
method is preferred. In this regard, we need a procedure that can record the per-
formance of each game for every player. In other words, we need the win-loss
model which includes a performance measure that can be expressed numerically.

4.3 Probabilistic Model for Determining Result of a Match

The first thing needed is to express the performance numerically. This is best
done by the Thurstone model. The effect of the item in the Thurstone’s model
corresponds to the player’s true strength. The performance for each game is de-
fined to be the sum of the player’s true strength and the error. The performance
for a tournament is calculated by averaging the performance for each game.
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Elo (1978) applied the Thurstone’s model to chess. He named the true strength
‘rating’. In his theory, the error is normally distributed with zero mean and 200
standard deviation. In this assumption, it is easy to express the performance nu-
merically. Also, the winning probability between two players can be expressed
easily using the normal distribution function.

Bradley-Terry model and the Jackson’s model as described in Marchand (2002)
are sufficient in terms of giving the winning percentages but they are not suitable
for expressing the performance. In some literatures, the probability of 50% for all
the matches or ‘stronger player always wins’ is applied. In these cases, we have to
be careful what is evaluated through these assumptions.

In this regard, it is reasonable to assume Elo’s model.

4.4 Distribution of Effects of Sample Population

We also need to set the population of the players to actually compare the tourna-
ment systems. Evaluating tournament systems cannot be done with the perfor-
mance model only. We have to take into account the distribution of the player
strengths. It is of course impossible to examine the all possible distributions, but
examination is possible for typical patterns.

If we can assume the distribution of strengths for all the players in any sport,
we have to start with normal distribution. When we consider a part of the whole
population is taking part in a tournament, four cases can be considered as Nozaki
et al. (2006).

1. All the players participate at a constant rate: In this case, the distribution of

the participating players will be normally distributed.

2. Top players participate: In any competition, interest is in strong players, so
this pattern may actually be seen often. In this case, the distribution will be
skewed to the right. Simple triangle distribution is to be considered.

3. Bottom players participate: In this case the distribution is the opposite com-
pared to 2.

4. Middle players participate where the range of the strengths is small: In this
case, uniform distribution is to be considered.

In all of the four cases, we still have to decide the variance of the distributions.

We investigated both cases where the variance of the participants is large and
small.

4.5 An Evaluation Example

We have evaluated the tournaments. We evaluated two Swiss tournaments using
two criteria. The two Swiss tournaments examined are as follows.

1. Normal Swiss tournament: We have implemented the pairing system accord-
ing to FIDE rules. The basic rule is that players with the same score are
ranked according to rating. Then the top half is paired with the bottom half
according to the rating. For instance, if there are eight players in a score
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group, number 1 is paired with number 5, number 2 is paired with number 6
and so on.

2. Proposed Swiss tournament: This system is proposed by Nozaki et al. (2007).

It is intended to overcome the deficit in the normal Swiss system found by
Nozaki et al. (2006). The grouping is done as the same as FIDE rules. The
top half is paired with the bottom half but order of the bottom half is re-
versed. For instance, if there are eight players in a score group, number 1 is
paired with number 8, number 2 is paired with number 7 and so on.

The two criteria used to evaluate tournaments are Spearman's rank correlation
coefficient between the tournament ranking of a player at the end of a tournament
and;

a) the starting rank of the player at the beginning of the tournament.

b) the performance of the player during the tournament.

The latter criterion is the criterion proposed in Section 4.1. We compared the
two tournaments. We assumed a uniform distribution for the population of the
players. We examined cases where the number of the participants is 32 and 100,
with large (rating difference between players is 10) and small (rating difference
between players is 2) population variance of the participants. We simulated each
tournament 1000 times. The result is shown in Table 1 when criterion a) is used
and in Table 2 when criterion b) is used.

Table 1. Comparison of Swiss tournaments by criterion a)

Number of Variance of Normal Swiss | Proposed Swiss
Players players
32 small 0.203 0.252
32 large 0.689 0.724
100 small 0.581 0.654
100 large 0.917 0.930

Table 2. Comparison of Swiss tournaments by criterion b)

Number of Variance of Normal Swiss | Proposed Swiss
Players players
32 small 0.460 0.476
32 large 0.704 0.739
100 small 0.626 0.670
100 large 0.918 0.929

From these tables, we can see that the proposed Swiss system is superior in all
the cases. The choice of the criterion will not make a big difference when evaluat-
ing tournaments with large population variance. This is because the performance
of the players and the starting rank will have very high correlation. The choice of
the criterion is notable when evaluating tournaments with small population va-
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riance. For example when the number of player is 32, the Spearman's rank corre-
lation coefficient for normal Swiss system is 0.203 using criterion a) and 0.460 us-
ing criterion b). This happened because the criterion b) better explains who
played well in the tournament. It can evaluate the tournament according to the
performance of the players. Items for future work include increasing accuracy of
the simulation results as well as investigation on other simulation conditions.

5 Summary

In this paper, we proposed a framework to evaluate the tournament systems by
considering them as experimental design to rank players. The main point is to
evaluate the tournament, that is, the experimental design, by the performance of
the participants. We also presented an evaluation example.

In any competitions, many argue who is the best and so on. We hope our work
will contribute to objective ranking of the tournament results.
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Summary. Staggered nested experimental designs are the most popular class
of unbalanced nested designs in practical fields. Reproducibility is one of
the important precision measures. In our study, interval estimation of repro-
ducibility is proposed and evaluated by precision experiments, which we call
the staggered nested experimental design. In this design, the reproducibility
estimator is expressed as linear combination of the variance components from
ANOVA (analysis of variance). By using a gamma approximation, the shape
parameter that is needed for the approximation is introduced in our study.
Additionally, general formulae for the shape parameter are proposed. Apply-
ing the formulae, we constructed the confidence interval for the reproducibility
of three-factor and four-factor staggered nested designs. The performance of
the proposed gamma approximations is evaluated with the goodness of fit
and compared with each other. The interval estimation of reproducibility is
evaluated with the coverage probability through a Monte-Carlo simulation ex-
periment. We also compared it to the method ignoring the covariance terms.
As a result, the proposed approximations were better than the method with-
out the covariance terms. The performance of the proposed interval estima-
tion was also superior to that without covariance terms. Additionally, some
practical recommendations were obtained for designing precision experiments,
including the number of participating laboratories.

1 Introduction
In general, precision is one of the most important performance measures

to evaluate measurement methods and measurement results. Measure-
ment methods and measurement results are important basis for trading,

H.-J. Lenz et al. (eds.), Frontiers in Statistical Quality Control 9,
DOI 10.1007/978-3-7908-2380-6_23, © Springer-Verlag Berlin Heidelberg 2010
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manufacturing and quality control. There are several precision mea-
sures such as repeatability, intermediate precision, and reproducibility.
Their importance, the ways of determination and point estimations are
described in ISO 5725-3 (1994).

Repeatability, intermediate precision measure, and reproducibility
are defined in ISO 5725-1 (1994) as follows. Repeatability is precision
under repeatability conditions where independent test results are ob-
tained with the same method on identical test items in the same lab-
oratory by the same operator using the same equipment within short
intervals of time. Reproducibility is precision under reproducibility con-
ditions where test results are obtained with the same method on iden-
tical test items in different laboratories by different operators using
different equipment. Intermediate precision measures are precision un-
der intermediate precision conditions that are between the two extreme
conditions of precision: the repeatability and reproducibility. These pre-
cisions are statistically defined and obtained from measurement results
that are reported by an inter-laboratory experiment called the precision
experiment.

From the statistical view point, a measurement result y can be ex-
pressed as:

y=p+aoa+B+v+e, (1)

where 1 is a general mean or the true value, « is a random effect due to
a laboratory, 3 is a random effect due to a day, v is a random effect due
to operator, € is a random effect due to replication under repeatability
conditions. We usually assume that p is an unknown constant while «,
(B, v and € are normal random variables with expectation 0 and vari-
ances O’i, O’%, a% and J%, respectively. Hence, repeatability, intermediate
precision measures, and reproducibility are expressed as linear combi-
nations of variance components corresponding to each definition, e.g.,
0% + 03 + 03 + 0% is the statistical expression of reproducibility.
Nested experiments are commonly used to estimate precisions. Es-
timates are often obtained through ANOVA (analysis of variance) esti-
mators of variance components. The estimators are expressed as linear
combinations of the mean squares from the ANOVA. They are also
unbiased estimators and obtained without any assumption of the dis-
tribution. Interval estimation is important to evaluate the precision
as well as point estimators. However, it is difficult to construct the
exact interval estimation for the precision except for repeatability. In
the case of balanced nested experiments, the mean squares are mu-
tually independent chi-squared random variables; the distribution of
the linear combination is often approximated by chi-square distribu-
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tion multiplied by a constant through the method of moments. This
method is sometimes designated as Satterthwaite’s approximation. It
can be refered here to Satterthwaite, F. E. (1946). For the case of stag-
gered nested experiments, the approximation is complicated because
the mean squares are chi-squared random variables with correlation.
Kaniwa and Ojima (2000) derived the approximate distribution of the
precision estimators in staggered nested experiments. However, the es-
timators are approximated by chi-square distribution multiplied by a
constant without the covariance terms.

In this paper, using the method of moments with covariance terms,
the distribution of the estimator of the reproducibility is approximated
by a gamma distributions multiplied by a constant for the case of m-
factor staggered nested experiments. That is, general formulae for the
shape parameter are proposed by using Satterthwaite (1946)’s approx-
imation and Ojima (1998)’s canonical form. Applying the formulae,
we constructed the confidence interval for the reproducibility of three-
factor and four-factor staggered nested designs. The performance of the
proposed gamma approximations is evaluated with the goodness of fit
and compared with each other. The interval estimation of reproducibil-
ity is evaluated with the coverage probability through a Monte-Carlo
simulation experiment. We also compare it to the method ignoring the
covariance terms.

2 The staggered nested design

{-th experimental unit a(m)

)

a(2)

a(l)

Fig. 1. Experimental unit of general m-factor staggered nested design

Let Ay, As,..., A, be the random effect factors, with A; nested
within Ag.q1, £ = 1,..., m — 1; the corresponding random effects are
denoted by a(1), «(2),..., a(m). The factor Ay is the kth factor from
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the bottom of the hierarchy, as mentioned before. All effects a(k) (k =
1,...,m) are assumed to be completely independent normal random
variables with zero means and variances 0,%.

The model for the m-factor staggered nested design as shown in

Figure. 1 can be written as

m 7j—1 m
yij = n+ Y al)iy=p+ Y o)+ oD )
=1 =1 l=y

where a(l);; = a(l)j, for all I > j, j =1,...,m; i = 1,...,n. This
model is expressed by Ojima (1998). Let y; be a data vector of the
ith experimental unit, with y; = (Yi1 Yi2 --- Yim), where A’ is the
transposed matrix of A. The expectation and the dispersion matrix of
y; are

E(yi) = tim
Var(y;) = ZO‘?(GZ‘ ol )= %
=1
Cov(ys,yy) =0, fori#i (3)

where j,, is the m x 1 vector of units, G; is the [ X [ matrix of units, I;
is the identity matrix of order [ x [, O is the zero matrix, and A ® B is
the direct sum of matrices A and B. Furthermore, let y be a vector of
all data with y' = (y, y5 ... ¥,,). The expectation and the dispersion
matrix of y are

E(Y) = UJmn
m
Var(y) =1, @ % = Z 0L, @ (G; @ 1,_))
1=1

where A ® B is the direct product of matrices A and B. For example,
for the three-factor staggered nested design, the dispersion matrix of
y;i is as follows.

111 11 1
Var(y))=o3 [111 | 403 |11 |+0?| 1
111 1 1
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3 Gamma approximation of the reproducibility
estimator

3.1 Canonical form

ANOVA is usually used for the variance components estimation. Con-
cerning the staggered nested designs, general formulae can be referred
to Ojima (1998). We review the results briefly for the convenience
of constructing general formulae for the shape parameter by using a
gamma approximation.

To construct an orthogonal transformation in an experimental unit
of y;, let p;r be a standardized vector of order m that represents a
contrast that corresponds to Ay, i.e.

/ 1

pkzw(jk —k Om—k:—l) forkzl,...,m—l
I,
Pr = —ipdm (4)
The matrix Py = (P; Py ... P,,) is an orthogonal matrix of order

mxm. Using Py, y; is orthogonally transformed into u; = P/in. Based
on the equation (3), the expectations, variances, and covariances of the
elements of u; are obtained as follows.

E(u) =0, fork=1,...,m—-1
E(uim) = m'?p, (5)
k
-1 +k(k+1) ,
Var(ug,) = , fork=1,...,m—1
ar(ugg) ; T 1) oj or m
(-1 +m
Var(uin,) = Z - 012, (6)
=1
k
I(l-1) /
C ks Wit k<k <
OV (Wik, Uy, ) = Z [k(k+ 1)K (K + 1)]1/2 m
C =1 2 k (7)
ov uzkvuzm Z[k} k—|—1 1/20-l7 <m
For each value of the subscript k, u;x(i = 1,...,n) is normally, inde-

pendently and identically distributed, because y; is independent of y
for all i =i .
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3.2 Gamma approximation of the estimator of
reproducibility variance

The shape parameter needed for the estimate of reproducibility vari-
ance is derived from approximation by a gamma distribution. The
approximation method is the method of moments. By this method,
the distribution of the estimator of reproducibility variance is approxi-
mated by a gamma distribution with the shape parameter ¢* multiplied
by a constant c¢. The approximation method of the shape parameter is
sometimes called Satterthwaite (1946)’s method.

We constructed general formulae for the shape parameter as follows,
by equations (4), (5), (6) and (7) and the method of moments from the
characteristic of the gamma distribution. The following formulae are
derived from the expectation and the variance:

> of =cg’ (8)
=1

m—2 m—1

n
+ — 1V8I(uim)2 +2 Z Z Cov(uk, uik/)2

2 m
man szaf(uik)z
=1

k=1 k' =k+1
m—1
+2) " Cov(ug, U?m)] = 29" (9)
k=1

From equations (8) and (9), we have ¢* and ¢ as follows:

2(5;@2)2

¢ = ™ (10)
ZVar uik)? n 1Var(uim)2+
k=1
- m—2 m—1 m—1
2 Cov(uir, uy ) + 2 Z Cov(uir, u?,)
k=1 k' =k+1 k=1

m
2
>
=1

c = _¢*

(11)
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3.3 Three-factor staggered nested design

Figure. 2 shows an example of the experimental units of the three-factor
staggered nested design. To construct an orthogonal transformation
in the experimental unit y;, let px be a standardized vector of order
m = 3 that represent contrasts corresponding to factors defined by the
equation (4), respectively, as follows:

1 / 1 / 1

i-th experimental unit

& (3)

a(2)

K

y il y i2 y i3

Fig. 2. Experimental unit of the three-factor staggered nested design

It should be noted that they are uniquely determined without signs.
The matrix P composed by py is an orthogonal matrix of order 3 x 3
with P = (p1 p2 p3). And using P, y; is orthogonally transformed into
w; = (Ui o uig)/ as u; = P'y,. Then the dispersion matrix of u; can
be expressed by equations (6) and (7) as follows:

2
oy 0 0
Var(w)) =P'SP = | 0 02+ (4/3)02  (2'/%/3)02
0 (2Y2/3)03 o? +(5/3)03 + 303

Table. 1 shows the ANOVA table for a three-factor staggered nested
design. M S(=Mean Square) V is expressed as SS/d.f., hence MS is
Vi = 851 /n, Vo = SS3/n, and V3 = SS3/(n — 1), respectively. From
Table 1, the ANOVA estimators are derived as:

63 = (1/3)Vs — (5/12)Va + (1/12)V3, 65 = (3/4)(Va — V1), 61 = YL)
12
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Table 1. The ANOVA table for a three-factor staggered nested design

factor SS d.f. MS E(MS)

m =3 SS3 n—1 V3 (5/3)024-30?2,
k=2 S8, n Va +(4/3)03
k=1 SSl n Vl 01

On the other hand, the shape parameter ¢} can be expressed by the
equation (10) as follows.

9(al2+a§+a§)2
O'1+{0'1 (4/3) 2} —|— {01 (5/3) 02—1-303} ]

1

il 4,
—i—9a

Since variance components are unknown, the above equation is calcu-
lated as the estimates, by using the equation (12).

- Vi+Vo+ Vs 2
== ( . (13)
n
SNV VR4 —— V24 S(Vo—17)?
- 1+2+n—13+4(2 1)
3.4 Four-factor staggered nested design
i-th experimental unit
| | @)
@(3)
a(2)

i

yzl yil yx'3 yi4 yzl yzl yﬂ yi4
Design 1 Design 2

Fig. 3. Experimental unit of the four-factor staggered nested design

Figure. 3 shows an example of the experimental units of the four-
factor staggered nested design, including the generalized staggered
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nested design. These designs can be referred to Ojima (2000). We con-
structed an orthogonal transformation, the dispersion matrix of u;, and
the shape parameter of the staggered nested design (Design 1), and the
generalized staggered nested design (Design 2), respectively.

Firstly, to construct an orthogonal transformation in the experimen-
tal unit y;, let px be standardized vectors of order m = 4 that represent
contrasts corresponding to factors defined by the equation (4) as fol-
lows:

(Design 1)
/ ]_ / 1
plzm(l—loo),pQ_Gl/Q(ll —20),
: 1 ;1
p3—121/2(111—3),p4=§(1111)
(Design 2)
'
P1= 5175 (1-100), po= 5775 (001 -1),

| |
p3=§(11—1—1),p4=§(1111)

Secondly, dispersion matrixes of u; can be expressed by equations
(6) and (7) as follows. However, in Design 2, the matrix is based on the
equation (3) and the standardized vector.

(Design 1)
Var(u;) = P'SP
o? 0 0 0
4 1 1
0 0% + =03 ——o03 —o3
1 3 2 3\/5 2 \/6 2
e L02 o? + za2 + §02 1 iaz
0 o3 o3 of + 02 + ~03 + 4072

2\/3 2\/‘ 2

(Design 2)
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Var(u;) = P'SP

a2 0 0 0
0 0?+ 03 0 0
3 1
=10 0 o+ 503 + 203 503
1 3
0 0 50% o? + 503 + 203 + 403

Table. 2 shows the ANOVA table for the four-factor generalized
staggered nested designs. MS (=Mean Square) V is expressed as
SS/d.f., hence MS is Vi = SSi/n, Vo = SS9/n, and V3 = SS3/n,
Vi = SS4/(n — 1), respectively. From Table 2, the ANOVA estimators
are derived as:

Table 2. The ANOVA tables for a four-factor staggered nested designs

factor SS  d.f. MS E(MS)
m=4 SS; n—-1 Vi 02+ (3/2)0%+ (5/2)02 + 402
. k=3 SS;3 n Vs ol + (7/6)02 +(3/2)03
Desienl = p_ 9 55, n WV +(4/3)03
k=1 551 n V1 0'1
m=4 SSy n—-1 'V, 02+ (3/2)03 + 203 + 403
. k=3 SS3 n Vs o2 +(3/2)02 + 202
Design2 49 8% o W ot + 03
k=1 551 n Vl O'%
(Design 1)
6% = (1/4)Vi — (5/12)V3 + (1/12)Va + (1/12)V4,
o = (2/3)Vs — (7/12) - (1/12)n3,
63 = (3/4)(Va = V1), &1 = V1. (14)
(Deagn 2)
= (1/4)(Va = V3), 65 = (1/2)Vs — (3/4)Va + (1/4)V4,
63 =Vo— Vi, 62 = WA, (15)

Lastly, shape parameters ¢35 (Design 1) and ¢4 (Design 2) can be
expressed by the equation (10) as follows.

(Design 1)
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16 (02 + 02 + 02 + 02)*

?2 = o1+ {01+ (4/3)0 } + {0} + (7/6) 02 (3/2)c } +
o’ {07 + (3/2)02 + (5/2)03 + 407} +
(1/9)0% + (1/3)0% + 2 {(1/2V3)03 + (3/2v/3)03 }*
(Design 2)
. 16 (a%+a§+a§+a§)2
¢3 =

al—i-{al +0§} + {of + (3/2) 02+20} +
{01 (3/2) 02+203+404} + (1/2)03

1

Since the variance components are unknown, the above parameters
are calculated as the estimates through equations (14) and (15):

(Design 1)
. Vi)
5 = e (16)
LIVE Vo Ve + 3 Vit
2{(1/8)(Va = V1)* + (1/12)(2V3 — V2 — V1)*}
(Design 2)
2
5 = (V1+1;2+V3+V4) (17)
VE+ V3 4V + —— Vi +2{(1/4) (12 - V)*}
o —

4 Interval estimation of reproducibility variance

In this section, interval estimation of the reproducibility variance is in-
troduced. The reproducibility variance is estimated as the sum of the
ANOVA estimators of the variance components as follows.

(Three-factor staggered nested design: R = 3)
Gpey = (1/3)(Vi + V2 + V3) (18)

(Four-factor staggered nested design (including the generalized stag-
gered nested design): R = 4)

6ry = (1/1)(Vi+ Vo + V3 + Vi) (19)
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By equations (18) and (19), the reproducibility variance is exactly
equal to the average of M'S (=Mean Square) V. This is a general prop-
erty of the staggered nested design including the generalized staggered
nested design.

Here, the gamma distribution has scale parameter 6 and shape pa-
rameter k. Let § = 2 and k = ¢*/2, where the gamma distribution
is identical to the chi-square distribution with ¢* degrees of freedom.
Therefore, the approximate 95% confidence interval of the reproducibil-

ity variance o2 is expressed as follows.

¢* X O-R Qs* < O_R
Ch=d/26=200%) ~ " Gz dpo=zo0m

The approximate shape parameters are equations (12), (16) and
(17), respectively. And estimators of the reproducibility variance are
equations (18) and (19). Here, G(k = ¢*/2,6 = 2,0.025) means a
quantile when the upper probability of the gamma distribution is 0.025
under § = 2 and k = ¢*/2. G(k = ¢*/2,0 = 2,0.975) means a quantile
when the upper probability of the gamma distribution is 0.975 under
0 =2 and k = ¢*/2.

5 Evaluation of the methods

5.1 Evaluation of the gamma approximation

To evaluate the accuracy of the approximation by the method of mo-
ments, the Kolmogorov-Smirnov Test (KS test) is often used. The KS
test statistic Dy is defined by

Ds = sup |F(x) — Fs(z)|,

where s is the sample size, F'(x) is a hypothesized CDF with fixed
parameters, and F(x), also called the empirical distribution function,
is a step-function that increases by 1/n at each data value.

The evaluation based on the KS test is investigated by Monte-Carlo
simulation experiments. Hence, estimates of the reproducibility vari-
ance are obtained by generating random effects «(1), @(2),...,a(m)
using the normal random variates. Fs(x) is obtained by s = 1000 times
iteration and their order statistics. The approximate distribution func-
tion F'(z) is obtained by the gamma function, the shape parameter
(e.g. equations (14), (17), and (18)), and the constant c¢. We show the
case of m = 4, that is, the four-factor staggered nested design, under
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experimental conditions ¢7/0? = 0.5,1.0, and 2.0; 03/07 = 0.5,1.0,
and 2.0; a% / a% = 0.5, 1.0, and 2.0; number of participating laboratories
n=4,56,7,8,9,10,20, and 30, and we assume 0% = 1.0 without loss
of generality.

The performance of the KS test is evaluated with the probability of
the goodness of fit by 10,000 times iteration. Additionally, the critical

value Cj is
/1. 2
Co = ¢/ —1In— =0.042947;
25 «

the significance level of the test, «, is 0.05.

Table. 3 shows the probability of the goodness of fit in conditions
of 02/02 = 1.0. It indicates that the performance of the approxima-
tion is good when n is greater than 5. A similar tendency appears in
the four-factor staggered nested design without covariance terms, the
three-factor staggered nested design with covariance terms, and with-
out covariance terms. Also in the four-factor generalized designs with
covariance terms and without them, we are confirming similar results.
Here, the design without covariance terms is that the covariance terms
are ignored in expressions for shape parameters and their hat.

Table 3. Probability(%) of the goodness of fit by the KS test

Condition
aﬁ 032, a% 4 5 6 7 8 9 10 20 30

1.0 0.5 0.5 66.75 78.88 82.90 85.35 86.66 88.43 88.98 93.69 95.43
1.0 73.96 82.52 85.92 88.48 89.12 89.91 90.48 93.81 93.10
2.0 81.65 86.68 89.54 90.10 91.43 91.27 91.75 94.41 93.33

1.0 1.0 0.5 69.72 80.04 84.75 87.41 88.28 89.04 90.37 91.91 94.12
1.0 74.35 82.22 85.54 87.89 89.54 90.71 90.32 93.20 94.43
2.0 81.00 85.87 88.48 89.97 90.77 91.71 92.05 93.78 93.67

1.0 2.0 0.5 73.53 82.34 86.45 88.17 89.29 89.88 90.79 92.96 94.97
1.0 7543 82.99 86.61 87.90 89.69 90.23 90.40 93.27 93.99
2.0 79.80 85.30 88.11 89.93 90.00 91.29 91.45 93.94 94.02

5.2 Evaluation of the interval estimation

The interval estimation of the reproducibility variance is evaluated with
the coverage probability by the equation (20) through a Monte-Carlo
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simulation experiment. We show the case of m = 4, that is, the four-
factor staggered nested design with experimental conditions o%/0? =
0.5,1.0, and 2.0; 03 /0% = 0.5,1.0, and 2.0; 03 /0% = 0.5,1.0, and 2.0;
number of participating laboratories n = 4,5,6,7,8,9,10, 15,20, and
30, and o7 = 1.0 (without loss of generality). The generation of simu-
lation data is repeated 10,000 times.

Table. 4 shows the coverage probabilities including the true values
for the 95% confidence interval under conditions of n = 5,10, 15, and
20. Case 1 is the four-factor staggered nested design without covariance
terms, and Case 2 is the one with covariance terms. It indicates that
Case 2 has better performance than Case 1 in the real situation; i.e.
03/0? > 03/0? > 03 /0?. The performance of Case 2 is good regardless
of the condition unless 02/07 is small (e.g. 0.5). And the number of
participating laboratories will be sufficient with more than n = 4 when
o3/l > o2/o} > 03 /0%,

On the other hand, Table. 5 shows the result for the four-factor
generalized staggered nested design same as conditions of the four-
factor staggered nested design. It indicates that Case 1 has a good
performance as well as Case 2. From this, we think that there is little
effect of covariance terms in this design. We can confirm this by the
equation (17). But if the value of covariance terms is large, Case 2 will
probably have better performance than Case 1.
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Table 4. Coverage probability(%) including the true value for 95% confidence
interval in the four-factor staggered nested design

Condition n=2>3 n =10 n =195 n =20

o o3 o5 Casel Case2 Casel Case2 Casel Case2 Casel Case 2
0.5 0.5 0.5 96.02  96.56 95.09  95.65 95.02 9531 95.00 95.35
1.0 96.51  97.03 95.64  96.22 95.22  95.80 94.83  95.36

2.0 96.37  96.78 95.63  96.28 95.13  95.77 94.85  95.48

1.0 0.5 95.74  96.38 94.85  95.37 94.86 95.44 94.59  95.12

1.0 95.63  96.42 95.51 96.11 95.10  95.63 94.92 9544

2.0 96.15 96.87 95.02  95.68 94.71  95.57 94.60 95.44

2.0 0.5 94.70  95.62 94.42  95.32 94.61  95.57 94.51  95.23

1.0 95.19  96.17 94.44 95.46 94.63  95.60 94.23  94.96

2.0 95.29 96.14 94.81 95.78 94.72  95.53 94.65  95.50

1.0 0.5 0.5 95.12  96.00 94.86  95.25 95.01  95.36 94.98  95.25
1.0 95.40  96.04 95.00  95.50 95.12  95.53 94.61  95.05

2.0 95.95 96.51 95.17  95.88 94.93 9549 94.71  95.29

1.0 0.5 94.85  95.63 94.51  95.21 94.32  94.94 94.40 94.82

1.0 95.20  96.02 94.73  95.42 94.75  95.20 94.30  94.89

2.0 95.57  96.32 94.83  95.85 95.31  95.89 94.76  95.35

2.0 0.5 94.46  95.33 93.87 94.82 94.47  95.24 94.24  95.02
1.0 95.09  95.96 94.46  95.36 94.55 95.33 94.42  95.13

2.0 95.65  96.43 94.82  95.68 94.52  95.34 94.59  95.57

2.0 0.5 0.5 93.61  94.38 93.68 94.13 93.85  94.05 94.52  94.68
1.0 94.38  95.27 94.11  94.56 94.18  94.53 94.42  94.57

2.0 95.26  96.08 94.98 95.41 94.68  95.05 94.58  95.00

1.0 0.5 93.41 94.16 94.26 94.62 94.15 94.54 94.10 94.36

1.0 94.46  95.22 94.14 94.54 94.54 94.88 94.61  94.97

2.0 95.26 96.25 94.63  95.28 94.72  95.12 94.95 95.36

2.0 0.5 93.79  94.72 93.93 94.70 94.20 9491 94.18  94.75
1.0 93.89  94.96 94.36  95.02 94.58  95.15 94.21  94.75

2.0 94.94  95.79 94.08  94.89 94.48  95.16 94.17  94.84

6 Conclusions

In this paper, using the method of moments with covariance terms,
the distribution of the estimator of the reproducibility was approx-
imated by a gamma distribution for the case of m-factor staggered
nested experiments. That is, general formulae for the shape parameter
were proposed. Applying the formulae, we constructed the confidence
interval for the reproducibility in the three-factor and four-factor stag-
gered nested designs including the generalized staggered nested design.
The design with covariance terms exceeds the performance of the one
without covariance terms when o3/0%? > o3/0? > o3 /0%. However, in
the generalized staggered nested design, the design without covariance
terms has the performance as well as the one with covariance terms.
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Table 5. Coverage probability(%) including the true value for 95% confidence
interval in the four-factor generalized staggered nested design

Condition n=>5 n = 10 n =15 n = 20
07 02 0} Casel Case2 Casel Case2 Casel Case2 Casel Case?2

0.5 0.5 0.5 96.38  96.62 95.54  95.71 95.26  95.44 95.35  95.50
1.0 96.18  96.57 95.93  96.08 95.46  95.68 95.23  95.41

2.0 96.11  96.52 95.60  95.96 95.15  95.51 95.12  95.45

1.0 0.5 96.56  96.84 9547  95.59 95.57  95.64 95.16  95.22

1.0 95.95 96.35 95.58  95.82 95.62  95.79 95.45  95.62

2.0 96.02  96.31 95.41 95.64 95.02  95.31 95.04 95.31

2.0 05 95.77  95.97 95.34 95.42 95.71  95.74 95.50  95.54

1.0 96.10 96.31 95.13  95.29 95.64 95.76 95.26  95.36

2.0 95.90 96.29 95.55  95.75 95.49  95.66 95.33  95.53

1.0 0.5 0.5 95.55  95.89 95.47  95.62 95.16  95.26 95.00 95.11
1.0 95.49  95.87 95.24  95.36 95.21 9542 94.95 95.07

2.0 96.02  96.40 95.44  95.70 95.02  95.28 94.90  95.28

1.0 0.5 95.51  95.85 95.34  95.48 95.01 95.11 94.97  95.04

1.0 95.81  96.03 95.18  95.31 95.24  95.36 94.99 95.14

2.0 95.77  96.21 95.53 95.83 95.52  95.72 95.21  95.49

2.0 0.5 95.21 9543 95.67  95.74 95.35 9540 95.17  95.20
1.0 95.91  96.03 95.27  95.36 95.15  95.20 95.11  95.18

2.0 95.86  96.08 95.59  95.77 95.07  95.24 95.15  95.33

2.0 0.5 0.5 94.03 94.43 94.01 94.13 94.06  94.12 94.55 94.60
1.0 94.64 94.96 94.53  94.68 94.37  94.45 94.29  94.42

2.0 95.49  96.03 94.95 95.24 94.93 95.21 94.62 94.81

1.0 0.5 93.82  94.22 94.64 94.69 94.65 94.70 94.78  94.80

1.0 95.13 95.44 94.11  94.30 95.06  95.12 94.86  94.93

2.0 95.61  95.98 94.87 95.14 95.20 95.36 95.34 9547

2.0 0.5 94.63  94.77 94.67 94.74 94.78  94.83 94.99  95.00
1.0 94.76  95.09 94.77  94.88 95.43 9547 95.13  95.15

2.0 95.25  95.59 94.86 95.10 95.00  95.18 94.95  95.09

Additionally, we recommended the necessary number of participat-
ing laboratories in the three-factor and four-factor staggered nested
design. Our recommendation will contribute to the planning of preci-
sion experiments.
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